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In the classical Littlewood’s two-period model of static revenue management for airline
seat reservation as well as its extensions to multi-period models by others, it is assumed
that the demands in each period are independent and that customers whose request for
reservation are once rejected disappear immediately. This assumption does not reflect a
common behavior of customers in practice that they tend to seek booking again at higher
fare. The theoretical treatment of such buy-up behavior is not simple because of the resul-
tant mutual dependence of the demands over several periods. Some literature heuristically
(incorrectly) treats the two-period model with customers’ buy-up behavior.

In this paper, we study the optimal booking limits in the two- and three-period static
revenue management models with customers’ buy-up behavior in which a given fraction
of customers whose request for seat reservation are rejected in each period try to book in
the following periods at higher fare with some probability successively. Specifically, for the
three-period model with buy-up factor « from the third to the second period and another
factor 8 from the second to the first period, we derive a set of simultaneous equations for the
optimal booking limits for the third and second periods in terms of the multiple integrals
involving the distribution functions for the original demands in the three periods. Numerical
examples are provided to illustrate the dependence of the optimal booking limits on a and
. It is observed that the maximized expected revenue increases as « and [ increase by
reducing the optimal booking limits accordingly.

1 ELC®HIC

LARZa2—3RI AV b (revenue management) (PAFTIEA —IL R R AV K (yield manage-
ment) & FDON7) OFGGIX, 1978 FFITKE THIZE XM FIFEFE (Airline Deregulation Act)
WAL U, TS E RS TR U 728 228 241D PeopleExpress #: D ZZfEB E4 (2 5t
e 5720, KFMZERD American Airlines #:2BEFD A > 7 A VEEREFHI> AT s SABRE
IZEAONTTPHEB» SRRO T Z FHIL, PHHIZE>TRESELASZ L Z2HAHL
ZEANZR Y R ZE TV TH S (6], [13, p. 6].

HEDLVR=Za =3I A Y MO LR DB ETIVOHIKIE, 24K, British Airways f:
\ZJ@ U 7z Ken Littlewood (1972) MRE L7z 2 IFE TV CTH 5 [10]. TDETITIE, kiT%
BHICEHETE S LYy —FIZIELWRETRY, HRAMEIVWTINZRDLEY R AEIC
FEED ZEITkD, FREERKET 20 TIEIRL, xR TEZ e 2HEET. BRI
WL DLV Iy —RIZZLED L, BIZESTRERVEKETHEHRORVWE Y R AR THZE
JEDRN WO ERIRRZBN, LYy —FITE> TH RVEFERIC ERZ&T 5. L, Z
DHIREMET E L &, EV R AR L I IR T IE, Bzl < 022K L 72
ii%@b&ﬁm@&6t<té.ﬁof,vyv—%tfyﬁzﬁ@ﬁﬁ AfEERE E1Z, ¥
RIS PR KIZZR D KD RV Yy — B P AR D Rl (RBE T v ¥ I v b, optimal
booking limit) % 3k 6 MENEAMbLI N 5.



4 H, Littlewood D& (Littlewood’s rule) & MEIEN 2 ARIE, HEHEEZE C, BHOTH
Bl % ro, BIIOTFHIREZ ry (> 1) &L, EVRAED (MEERLEE) D) ORI ENE X
LN EIZ, LYy —RKIZTINEZEZ S LROEEE by 2515H7 T 5K

= P{Dy>C b} M
TH5. TIT, rofr1 ZRELL (fare ratio) &\ 5. FHNIENIK - 7 B 2 r P T5E
LNdE VS RAMKT Y F Y (nested booking) iRZREL TW5B. ZORIE, by ALY
FABDE Dy IZIITHKIFEL, LYY —EDOE Dy ITHRFEL TWARWZ 2 IZIERET 5.

ZDORATE, FRNTELRD VY Y —RIZTRTCGERT S 2 LTWBHA, FEE
i, TN oBDO—MIEEVWEETEFNL LS L THDT, EVXAENEZ 72 X5 2RI
5. IO RBEETHE (BErS5HRT) N1 7y 7 (buy-up), (FiZE2tth 5 R T) sell-up,
& %\ vertical shift, upgrade 72 & L X, EXMTEZORENEZRINT WS, N1 T v
TEOBMEL LDV Y ¥ —FRIKET 20T, HmKIZIE, 2 00IZE 2 HEAIMALT
FanwlbRza—<wx Ay MlEERY, ZHIFE TV OB LTI H TR0,

FRHTE Doz Yy —EPRINC TR ZRD 516 % /84 7 v TE (buy-up factor) &35
W, aTRT (0<a<l). RZ2—3 32V A Y bONREIKNSEZETH S Phillips [12] & Talluri
and van Ryzin [13] 121%, RERD HEPRIUNLSIEIZ LD, VY vy — & T ae D &IdfH b3
ZEART DA

1 <’"_2_a> _ P{Dy>C 1) 2)

WRINTWVWS., ZORDEMIFEFBEL (modified fare ratio) £ IFIFN 5 [12, p. 168].

KXQ2)lFa—=0 (N1 TvITHwn) ok, KAQ)ICRETS. Lrl, X (2)F N1T vy
TNHLGEIIREEEZHIEITOLIY —EH Dy ZEATVWREVDT, BHOLWIEHHS
MTHD. AREDOH 2 =HIZKA (2) 25 ET 2R (3) 2m7. ZDIEL WAL Pleifer (1989) [11] ¥
Brumelle 5 (1990) [5] 12 & > TEXNZE DT S 05, [Hn, HkeD Tk [12, 13, 14] (251 H
INTWVWAR.

NA T TR WG ED Littlewood DYEAN (1) DL E T IVADHLER L LT, Belobaba [1, 2]
IZ & % EMSR(expected marginal seat revenue) JiifliED H 5. Z DI BIEE, BLERIIIZEES (1
Bz D TR, DROAEMAHEREZHTIERH LD, fiBRTIPVPTVOT, 5
THEHEDY 7 MYz 7IibNTWD DI L TH 5 [15, p. 136]. EMSR KOHEARIZ X % )5
HEDNAL T Thd 5% M E T IVAD#EHD Bodily and Weatherford (1994) [4] £ Belobaba
and Weatherford (1996) [3] IZR XN TW5 %Y, Phillips [12, p. 169] I “heuristic grafted on to
another heuristic” &, 7z Talluri and van Ryzin [13, p. 63] (& “somewhat ad hoc adjustment
to an already heuristic approach” LFELTW5. #BFIX N1 7 v TRKEZM S HiklE, BHED
BEATHZINO ANSHHEID DHETHSD] EE>TWVD.

NAT Y TWRHLH R=a =2 VAV METIVE, BHOBFEPHEKETLET LD
MBI TH D0, ZOMITIEAES TIER\W. Gallego and Topalogue (2019) [7] 1% T52H 51,
ZHEIID0, FHPOTEIMEMET 515G 1T % Littlewood DIERIX EMSR, & EAED L
BRZRDTE7. UL, Littlewood DERIZ EL KHEET 2 ik, oz v#EELWI &A?
FhoTz] EIBRTWS.

BB, INATYTETIV] EVWIERTHEINTVEIHN L R=a—< 3T A Y FEED
HBHDT, EREETS. You (2001) [16] KT (2003) [17] i, N1 T v T EE %Ko
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7z Lee and Hersh (1993) [9] DEIE T V&, NA T v I RH2HEITHELTWS. 5T,
Jiang and Miglionico (2014) [8] I, TV M IR EZHL S 2y b T =R RZa—<vHx TR
VRNEBITLTWS, Bl R a—< 2 VA Y T, RREE SRR ICEg D, &
HORRHEMRICEET 2% (G421 AN) 3R Py TRG r, OREEZ TN Z KD D EIRET D
(7“1 >r9 > >T > > ) H UK T DFEFED 72T IUE, Kb b C:%%ﬁ@ﬂ@m (] < Z)
DREfEZRD D (1 HZTAEE) 23, ZNERTNETHNZHED S, TNoDmXIcHIF5d [
AT T EARMED (N1 Ty T CRIBTHEDHDTH 5.
AL SHHE T IVE TCUNRA RN o720, TORRLESEHEOFEIILLTDOLED TH .
(1) ETIVOHHME
o BIEDKDITEIZIL D ATz,
o BHIADTBIEDIEN THRNE T IV % BB ZfRAT L 7=,
o HIEHHEIETCIEA I NS Bellman OEGEMEFEE] AEATERVWET VEE- 7.
(2) FRIED FriE
o RHIMICH T % bfEZ 2ARMICELEL, @XMk L 7.
o ZMWORHET Y X)) Iy NEBHT 2720 0#N R E RINIZR U 72,
o BUFHITIE, KRFEVIERDOMERG & L2 BEABOMBEIED A% AWz,
(3) E=mk
o HTYFUITVIY NPNASAT v TR LD T HZ & Z2MERL 7=,
o RIS NSNS 7w TRE L HIZHWINT 52 L 2R L 7=,
o ZIKIEIIZHTZ2ELWARZ R R AETEHE, TOREKREMHRU 7=,
(4) SEOHE
o [A USRI, FERHKIZ 4B EOE T MICEILRTE 508, EMEIZ x5,
o NAT v TDELHFHE L DMIZTHNE G R DEREIZEZMIF T NETEEN?
¢ NA Ty TDEBIZE TN T v TORMRPE S TL BETIVIIKZ D5 ?

2 2HEETIL

FiIbELa FRHERE AL C ERH

TvExFIT) IV by ro <11
Q,E\H (7"2 Pﬂ) 1,ﬁﬂ (7"1 F'E])
N J R DS EE S 5 1)
NAT v TR
2HUTK D% Dy 1HNTk 2% Dy

X 1: XA Ty TRb5 2MEHNL RZa—< T A YV FETIL.



NAT Y THH 3 2EHNL RZa—< X TVAVNET N (M) IZBT2RETYF 7Y
I MEEETARE LT, X (2) OMEWIEBRICHER U7z, ELVWRIL, FIRROMERGm & ik
FEZEY, WO LS cEI NS, BHIZEY, HOFSE, KFEOES A& I3z, #lz
LH, Rz 2 s,

9, 2T TSI 2 EFEBUIE

D, Dy < by,

So(b ) == min{bg,Dg} =
2( ? {bg D2 > b2

THY, 1T D EEEEIZ

Sl(C, bz) = min{C — by + max{O, by — DQ},Dl + ozmax{O,Dg — bz}}

2 iz Fe Bk o 72 BRI 2K 1IC PR 2 KD 2BE
. mlH{C - DQ,Dl} D2 S bQ,
min{C — by, D1 + Oz(Dg — bg)} Ds > by
Dy Dy + Dy < C, Dy < b,
_ C — Dy D1+ Dy > C, Dy < by,
D+ OZ(DQ — bg) D+ oz(Dg — bg) <C- ba, Doy > bo,
C — by D1+04(D2—b2)>0—b2,D2>bQ

Ths.
GRORZMRIZT 5720, BHIRLITE (B (FHFEOEGNLIEZ N HRERTDH
5 EREL (ZDMRER, BEEPRE TLELHNTIEL ), TOMBEE e &EEKE

Fy(x):=P{D; <z} ; fi(x):=dF(x)/dz, x>0
F(0)=0 ; Fioo)=1, t=1,2

THEAB. 25958, KNI THNI N BHEBOMRHED

b2
E[Sy(by)] = / 1 - Fy(a))de,
b2

E[Sl(c,bg)] = C—b2+ ) Fg(x)[l—Fl(C’—x)]dac

C—bsy _ o
—/° &<®+£Jli)ﬂmm
0 «
YERING,

ZDrE, FRIND BB
E[S(C,b2)] = E[Sa(b2)] + E[S1(C, b2)]
TH Y, HIFFINEE (expected revenue)

E[R(C, bg)] = T‘QE[SQ(bQ)] + T‘lE[Sl (C, bg)]
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THd. NS 1EHb, OEFEEBTHS. TNOBWAOTRETH H B LIETIUE, HIFFIX
WEBRKRIT S by DI (Bl 7y F 2270 Iv ) bl

dE[R(C, by)]
db

d*E[R(C, by)]

; 72 <0
b=b} 2 b=b3

THHTE S, EDOHER»S

b5 +(C—b3)/ i} .
/b F)FC — B — aly — b5)]dy

1 -T2 _ 5
11—« 1 N 1—F2(b§)
. P{DQ>b§,D1+O€D2§C—(1—G{)b;}
B P{Dy > b;}

= P{D1+a(Dz—b3) <C —by | D2 > b3}

NEOND., INPRETyF V7V IV b 2RO ELVWARTH Y, BRREIH

1
: a<§—a):p{ Di+a(Ds—b5)>C—b; |Dy> b5} (3)
- 1

11 T2 Reb B BRI E D 50

IHEEFETIENTES. X (3)1F, Pfeifer (1989) [11] & Brumelle & (1990) [5] I2HWT, o
LEHELWERICE D EANTWASY, Lok S, HcEMNS. WiEo AR (2) 2o
TEHALZZ by DfEIE, ELWDE KD HRELARD, HRNEENRDRLRDDT, HhRnnd
BW7Za5.

A EDRERDOBAER % R, KRR L ZHDORKEIE C = 100,71 = 100,70 = 70 LIREL,
I g = 50, g = 80 L IEHE(R % 0 = 09 = 25 & & DIEMAN % &M F,(0) = 0, Fi(00) =
1,t=1,2%2%i7-3 L5ZELF L

(552) -0 (2] /o 2]
22 fe(@)] vrem oo

ERET D, ZIT0(x) & ¢(a) IFEHEERDHADONMERK L ZEERKTH 2.

¢@y:v%fm<—§> ;@@%:[;Mw@:%[Hﬁﬁ(%ﬁ] — 0 <1 < 0.

ZOERIZLY, Dy OFYIROEREREE 1y KO oy PS5 THED, ZOTNE oy /iy < 1785
BHTEDIFE/NI V.

BIEAERZR LIRS, ZORERD L, XM Ty TR VBRI L, 7Ty F 7Y Iy
M2 TS (LYY —KOPHUTRERZFO ) 2212k D, HIFMRIBEZ 2222005,
NAT Y TRYPHDBEELLEIZEY (SDOHITIE o > 0.513) BEITIE, LYy —FKIZIFeE<ES
20 (b5 =0) ARVPERVWEWD Z ik,

Ft((E)

=
&
i




F1: NATYTDDBE 2L R 2= X VAV N ETIZBITARETYF 7)) Iy
N & HHFRINES & T8 R S 250 D HH A4 oD B A 51

o [R@E)EEsH  ERCK) ESC.h)] ES:(3)]  BSi(C.0)
0.00 1 61.9781 J 7665.45 194.2272 1 58.5756 J 35.6516
0.10 1 56.6482 4 7737.69 1 93.6766 1 56.5926 4 39.3443
0.20 1 50.0483 4 7830.30 1 92.9065 1 48.6782 4 44.2282
0.30 1 41.2456 4 7955.11 1 91.7387 1 40.6253 4 51.1134
0.40 1 28.0141 J 8137.54 1 89.7354 1 27.8667 J 61.8687
0.45 1 18.1528 J 8267.56 1 88.1102 1 27.8667 J 69.9946
0.50 1 4.44990 J 8442.45 1 85.7592 1 4.44875 J 81.3104
0.513 10.01449 J 8498.24 e 84,9868 1 0.01449 J 84.9723

Tosia] T o 1850273 1850213 0 185.0973
0.55 0 J 8657.38 J 86.5738 0 J 86.5738
0.60 0 J 8850.30 J 88.5030 0 J 88.5030
0.70 0 4 9164.49 J 91.6449 0 J 91.6449
0.80 0 4 9395.44 4 93.9544 0 4 93.9544
0.90 0 4 9560.60 4 95.6060 0 4 95.6060
1.00 0 4 9676.96 4 96.7696 0 4 96.7696

3 3HEETI

NATwITRBHELHL R a =< 32V AV NETIVOEE RT3 U WL I
o ZHNZTFHIZRDBEDE (FHE) MM THRN
o [ERABEDEIEIZHATFT 2D T, BINGHEHEIZSEWT, Bellman Oi@E MR (Bellman’s
optimality principle) (Z & % ¥\ & R18% (backward recursion) 23# 2 72\
e TH5.

ZD7, SHET MOV TS, 2HET VKT 2RO HEEZHVWD (G55 HKEET
%) . 3WHETNVIZEWT, Mo, REOEC AL IE¥, 11 (EERER) , 21, 3
H (FRBELR) LIRS, SHNC PR TE R8N 2IC TR ERD DR Z o & L, 28T
WTERDSTBEVNTIIFRNE RO Z2MERZ L35 (K2). t HITHZITRDEOH (FE)
ZIEEDOHGRIMERER D, & U, TNOIEEWIMNLTH Y, DB F(2) = P{D; <z} &
BEB fi(z) == dFy(x)/de,2 >0 255, F(0)=0,F(c0) =1%2KET S (t=1,2,3). &
JEEEE C LU, tHOREZE r, (rs<ro<r)&l, 7yF2T7YIv &b (by<by <C)
95,

ZO3HMEETIVIZEWT, FHHIZFH I N5 FEFEIE

53(b3) = min{b3a D3}a

min{by — D3, Dy} D3 < b3,

Sa(b2,b3) =4
mln{bg — b3, Dy + Q(Dg — bs)} D3 > bs,



- FBEE L C o
Fibata vy < 1 &

7‘“7#‘/7‘\])3‘7}‘63 7‘“7#‘/7“])3‘7}‘62 re <71
3 (T3 P;]) 2 (7"2 P;]) 1 #4 (7"1 F'?])
\ VAN J REFE AN 5 /5 1)
NAT v THa NAT v TH B
3Tk E% Dy 2 Tk 5% Do 1THIZ k5% Dy

X 2: NAT Y THHD3IHEHK L RZa—< 2 IR FETFIL.

S1(C, by, b3)
min{C — Dy — D3, D} Dy + D3 < by, D3 < b3,
_Jmin{C — b2, D1 + B(D2 + D3 — b)} Dy + D3 > bs, D3 < bs,
| min{C — Dy — b3 — a(D3 — b3), Dy } Dy + (D3 — bs) < by — by, Dy > bs,

min{C’ — bQ,Dl + 5[D2 + Oz(Dg — bg) — b2 + bg]} D2 + Oz(Dg — bg) > bg — bg,Dg > b3

THZO6N5. D3 >b3De &, 2HIZIE (D3 —b3) DA T v TEPKS Z LITHERT 5.
Zh o OARHE I

E[Ss(bs)] = /0 "0 By,

bs
E[Sg(bg,bg)] :bg—bg—i‘\/0 Fg(x)[l—Fg(bg—x)]da:

ba—bs bo — ba —
—/ F3 <b3 + 2TH> Fy(z)dz,
0 4

b3 bo—=z
E[S1(C,bs,b)] = C — by + /0 Fy(2)dz /0 L)1 - Fi(C— =~ y)dy

ba _ bo—2z
+/b3 F3<b3+z b3)dz/0 )1 - Fi(C — = — y)ldy

a

b3 C—ba — —
—/0 F3(z)dz/0 fo (bz —z+ %) Fi(x)dx

ba _ C—by — —
_/ F3 <b3+z b3>d2/ f2 <b2—Z+—C b2 $) Fl(w)da:
b3 a 0 B

ba+(C—b2)/8 _ C—by—B(2—b2) o
—/ F3 <b3—|—z b3>dz/ f2 <b2—z+%> Fi(z)dz
0

by «

THb.




BE> T, HARGUNZRI 2 28 by, by DEEEL

E[R(C, ba, b3)] = T3E[S3(b3)] + TQE[SQ(bQ, b3)] + TlE[Sl(C, ba, b3)]

ThHD. TUT, WEINAABKT S by — b5 & by — b3 1%, M HER
OE[R(C, by, b3)] _ OE[R(C, by, b3)]

=0
by by =b},bs=b3 b3 ba=b},bs=b3
Dfgr LTHROoNS (BESRM). 22T,
OE[R(C,by,b3)] — OE[S>(b2,b3)] OE[51(C, by, bs)]
by - Oby o Oby ’ 5)
OE[R(C,ba,b3)] . dE[S3(b3)] L OE[S3 (b2, b3)] 4y OE[51(C, by, bs)]
dbs 7 dn oy ! dbs

ThHsb.

ZZIZHND FRBEBROGEO 7y 7)) 2y MZEET 5 1 BMS L, SHOEZEDS
HEREBEEBDOLEEHESE LT, ROIDIZHEZONG, £, 3HOMETHREREIL,
TyXTYIv b by BRI EHINL,

dE[S3(b3)]
dbs
THd. 2HOMETHEBERIZOVWTIE, 0<a<1Dl ¥,
OE[So(by, b by b —b
OE[52(ba,b3)) 283)2’ 3)] = 1—/ F3(z) fa(ba —z)dz—/ Fs <b3 + 2 3) fa(ba — z)dz
2 0 b3 @

= P{D3 <b3,Dy+ D3 > bz} +P{D3 > b3, Do +C¥(D3 — b3) > by — b3} >0
TH5. X 1IN 7y TERDHMHERTH L. 2WOMETHERERL, 207 v+
YT Iy N by BT EMNT S, £77,

) b2 —
OE[Szg(bzz,bs)] = 14 Fy(bs) + (é _ 1) /b3 fs (b3 + ZTb?’> Fy(by — 2)dz

:1—F3(b3):P{D3>b3}>O

= —P{D3 > b3, Dy + a(D3 — b3) > by — b3}
—aP{D3 > b3, Dy + a(D3 — b3) < by — b3} <0
Thbd. 2HOMRBHTHEEEE, 3HOTYyF 7Y Iy by 2T LEDT 5.
1 HADHHRE P RIBESEEIZ DOV T, 0<a <1 KU 0<pB<1DLE,
OE[S1(C, by, b3)]

=—1+[1—(1-B)F(C —by)

Oby
b3 b2 _
X { F3(Z)f2(b2 - Z)dz + /b F3 (b3 + sz3> f2(b2 — z)dz]
0 3
bs C—bo - o
+(1-=0) [/ Fg(z)dz/ fo (bz —z+ %) fi(z)dx
0 0

b2 — b O=b> C—by—
+/ y (b3+z 5>dz/ £ (bg—z+—2‘”> fi(z)dw
b3 o 0 B

b2+(C—b2)/p — be C—ba—f(z—b2) C — by —
+/ F3 <b3+z 5>d2’/ f2 <b2—2+—2$) fl(ac)da; s
bo «a 0 B




bo—bs
8E[S1(({)Cb;b2, boll _ (1—a) {Fs(b3) /0 F2(y)[1 = F1(C = by = y)]dy

bo P bo—2z
'ﬁL'&<%+Z bvdaé fa(y) f1(C =z — y)dy

(0%

b L
- [1-01-=p)F(C - bz)]/ F3 (bg + ab3> fa(by — 2)dz

bs

C—bs o _
- F3(b3)/0 f2 <b2 — bz + %) Fi(r)dx

b B C'—ba _ _
+B|:/b F5 (bg—l-z ab5>d2/0 f2 (bQ_Z“F%) fl(x)da?

ba+(C—b2)/B —b C—b2—B(2—b2) C — by —
+/ F3 (b5+z 3>d2’/ f2 <b2_2+—2$> fl(x)dx]}
bo a 0 B

TH5. a=0%B3=00D5E, RUOEERIb =by ETEHRNZRX2EZTT LN TES
N, MBHIRD 78, BT 5.
BAEEIEY 7 b7 =7 @ Mathematica & i\ 5 &, 2 ZEEA E[R(C,ba,b3)] DKM %
FindMaximum CE#RD D Z & &, @V GEADM % FindRoot TRDLHZ L ETE 5.
zZT, AG)rofFoNs AR

1 T9
1—ﬁ<E_B>
{P{Dggbg,D2+D3>b;,D1+5(D2+D3—b5)>C—b;} }

+ P{D3 > b3, Dy + o(D3 — b%) > b — b%, D1 + B[Dy + a(D3 — b)) — bk + b%] > C — b5}
P{D3 < b%, Dy + D3 > b5} + P{D3 > b}, Da + a(D3 — b%) > b5 — b3}

(6)

WZHEHT S (ZOMRIIAMIFICBITE2HAERTH D).
X (6) DAELDFEHE, 7Ty X7 Iy MOSEEAE b5, b5 D& ST, 1A Ty 781D
AL R

P{Dg < b;,D2+D3 > b;}—l—P{Dgg > b;,DQ—i-Oz(D:g—b;;) > b; —b;}

b3 b3 _bx
=1 —/0 F5(2) fo(b5 —z)dz—/ Iy <b§+ z bS) fa(b5 — 2)dz

b3 o

Ths. £z, R6) DALOHFIE, 1HIZBEWT, FHERDDZEHMMPEFRL D 2\
KTHY, TDLED Dy < b DBEIZ, NBA Dy > b DBEIZR->TW5S.

P{D3 < b3, D3 + D3 > b3, D1 + 3(Da + D3 — b3) > C — b3}

+ P{D3 > b3, Dy + a(D3 — b3) > b5 — b3, D1 + [D2 + (D3 — b3) — b5+ b3] > C — b3}

b3 5 z— b}

/ F3(z) fa (b5 — z)dz+/ F; <b§ + " )fg(b§ —2)dz
0

b3

by C—b o
; Fg(z)dz/o fa <b§ —z+ %) fi(x)dx

=1-[1-F(C—-b)




b3 — b C—b3 —br —
+/2F3 (b§+z 3)d2/ 2f2 (b;—z—l—c 2 .’L‘) fl(a:)da:
bk o 0 B

bi+(C—b%)/8 7% C—bs—p(z—b%) %
+/2 ’ g<@+z %>m/ﬁ ’ 2h<@—z+c % x)ﬁ@mx.
b o 0 B

ZOMRRIE, 2HETVOERRE (3) T 2 L FETH 5.
3T F VOB EN 2 R, RIEEERE C =180 2 LU, FEEIX 2 WME T IV L RAEOERIE
A (4) 12D LIBT3, SORG L FEEOIEBAMADINT A ZfEEEK2ITRT.

# 2: 3B ETIVOBIER D /S5 X Z{H.

| R | RIRIEBD IR D FE D, ke

t r it e o TR | o/
1| 600 | 45 47.0473 | 25 22.9930 | 0.4887
2 | 300 | 48 49.6234 | 25 23.3332 | 0.4702
3 | 150 57 577498 | 25 24.1184 | 0.4176
At 150

S312, (o, 8) Fill £ THRAMS NN E[R(C,b5,b5)] 2 70y b 5.

3: (o, B) i ECERARAIL S N RS E[R(C, b5, b%)].

3, NMMTv TR e 3HBET NI 2R AMFHNGEZRT.

10



CATERIG LR TCABPANCT CENM T ZRO>E SANARTMHL
FOVCRAME 2NR0=U=QR AT (LAXCLEE FARINRY G Y 20 (A) "9 T2 ‘23 DY REHEIM T
DNZYEZHEML S VY C ‘94 T@2L0<UY=UR{ A4S (4AXCLEHE ‘R (T@EZMLIM T REO > EL Y
YRAUMLIM ) NRY ¢ Y >0 () "¢ AT 28X LI 2CRUENNTCE>E0D CORLNKAME DNTLAN AT XY
LEDMHE ‘9w g@20=0< YR &S (L A% LR RZ (Y@K LM CRIZO > Y@L RLFL M €) VR
goaYwo () 'g@2 0<U<YR AT (GAXCLEE ‘RRARNNERUY 20 () "L UQENEHOC TR €
OUSRY FENEHO (LA LI YUZEOLTYCUURIAML) T=9=0 ‘SRQUrE8% 0 (N1%L

ALY ) 0=¢ =PRIV G QEYUR 2 LRI ‘RO YR I R VskL &L ‘ROUZEFENN R

WL 0 = £ = & M 0 < £ =%
9'€0988 991298 8 TT9E8 OL0808 9'6T8LL €80LFL LGLYTL €T9189 | 77696¥9 G'€90€9 T'S9LT9 | T
G'TEOF8  G'TGGTS  F'0T6SL  0°8GTOL  8°'68TEL  00PE0L S'0SEL9 08T | ¥'6LLT9  L'6LE09 LTI6E6S | 670
6'0LL8L 0°6TE9L L'8LLEL 0'SITTL OF0S89 L'T0SG9 0°E€LOSY | 9°8EE09 89TLSSG §'SELLG  L'6T0LS | 80
7'GG6CL  G'8G90L €TTE89 FVG6G9  F99GE9  TFOTTO  L'TGLSS | €8GL9G  O°EI8GSG  9FEISG  €9ELFS | L0
6°LLL99 9°LELF9 078929 TITI09 TTGGRG T6LFIS | GTLYFG T'€T9ES  9°TITES  VGYSES  1°G09ZS | 9°0

0'6T709 9T698G €1969C 0'8ETSG GL0GES T'OLLIG | G'00STG  O€TTIG T1'8860¢ G'€680S 0°L180G | G0 ¢
L'GTESS  T'220LG €LL9SG T'9LZPS S9ISTG  6'86CTS | £9900 0°8EL6V  9°9996F | 0°€S96F L'THI6Y | F70
G'L89LC  1'09G9C €'€9EGS  TTLOVG €7T698G  €87TIS | 9°6896F 09TF6F 1°9026F 1°80T6F ¥ T906¥ | €0
Q'GPELS  T°60€9G 9L0TGC S'9L6EG T1'SE9ZS  6°'66TTG | 9°GIS6Y  L'S0E6Y 6 L¥06F 0°9068F 8°TT8SV | 0
9'LCTLS  V'C8I9G TGIIGS  L'T66EG 0°6092¢ ¥'GSITG | 9°CVS6Y 1'8GT6F L'TL6SY 6'SO88F 9908V | T°0
L'GL69S  €€809G LFG0SG L'SS8ES FI6GTS  TLLITS | T'0E86V  0°0826F 90S68F TVSL8F GOF98F | 0

WHLO 0= §9 < &g WL 0 < 89 < I
I 60 80 L0 9°0 0 70 €0 z0 10 0
0

WX Y E S QLI VULEEFECFR Y R VL AL e €

11



£ 3R

1]
2]
3]

[14]

[15]

[16]

Belobaba PP, Air Travel Demand and Airline Seat Inventory Management, Ph.D. Disser-
tation, Massachusetts Institute of Technology, Cambridge, Massachusetts, 1987.
Belobaba PP, Application of a probabilistic decision model to airline seat inventory control,
Operations Research, 37(2), pp.183-197, 1989.

Belobaba PP and Weatherford LR, Comparing decision rules that incorporate customer
diversion in perishable asset revenue management situations, Decision Sciences, 27(2),
pp-343-363, Spring 1996.

Bodily SE and Weatherford LR, Perishable-asset revenue management: generic and
multiple-price yield management with diversion, Omega, 23(2), pp.173-185, 1995.
Brumelle SL, McGill JI, Oum TH, Sawaki K, and Tretheway MW, Allocation of airline
seats between stochastically dependent demands, Transportation Science, 24(3), pp.183—
192, August 1990.

Cross RG, Revenue Management, Broadway Books, 1997. /K& KR, 0 & 7 WRERIZ
s %2 AT RMINGEER] 09T, HARFEEMKRIE, 1998 F 10 H. H4&E X7
DAL~ =TI - T ATV A vs 7 AV B UHijiZe.

Gallego G and Topaloglu H, Revenue Management and Pricing Analytics, Springer Science
+ Business Media, 2019.

Jiang H and Miglionico G, Airline network revenue management with buy-up, Optimiza-
tion: A Journal of Mathematical Programming and Operations Research, Published online:
10 March, 2014. http://dx.doi.org/10.1080/02331934.2014.896079.

Lee TL and Hersh M, A model for dynamic airline seat inventory control with multiple
seat bookings, Transportation Science, 27(3), pp.252-265, August 1993.

Littlewood K, Forecasting and control of passenger bookings, Proceedings of the Twelfth
Annual AGIFORS Symposium (edited by J. Hinson), pp.95-117, Nathanya, Israel, 1972.
Reprinted in the Journal of Revenue and Pricing Management, 4(2), pp.111-123, 2005.
Pfeifer PE, The airline discount fare allocation problem, Decision Sciences, 20(1), pp.149—
157, Winter 1989.

Phillips R, Pricing and Revenue Optimization, Stanford University Press, 2005.

Talluri KT and van Ryzin GJ, The Theory and Practice of Revenue Management, Springer
Science + Business Media, 2004.

van Ryzin GJ and Talluri KT, An introduction to revenue management, Tutorials in
Operations Research, pp.142-194, INFORMS 2005.

Walczak D, Boyd EA, and Cramer R, Revenue management, in Quantitative Problem Solv-
ing Methods in the Airline Industry, A Modeling Methodology Handbook (eds. C. Barnhart
and B. C. Smith), Springer Science + Business Media (2012), pp.101-161.

You PS, Airline seat management with rejection-for-possible-upgrade decision, Transporta-
tion Research Part B: Methodological, 35(5), pp.507-524, June 2001.

[17] You PS, Dynamic rationing policies for product with incremental upgrading demands,

FEuropean Journal of Operational Research, 144, pp.128-137, 2003.

12



