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Abstract

We consider non-autonomous iterated function systems (NAIFSs). NAIFSs are
generalization of the iterated function systems and are an important method to con-
struct generalized fractals (limit sets). However, many researchers only deal with
NAITFSs defined on bounded sets (in some sense) or compact sets. The aim of this
paper is to present a method to construct the limit sets (and the limit measures)
generated by NAIFSs (with weights) defined on complete (separable) metric spaces,
which has not been discussed before. If an NAIFS (with weights) satisfies a “good”
condition, we can construct the limit sets (and the limit measures) generated by the
NAIFS (with weights). We also discuss some basic properties. Besides, this paper
presents some examples of NAIFSs.

1 Introduction

Benoit Mandelbrot recognized importance to study fractals around 1970 and many re-
searchers have studied fractals in many directions. Mathematically speaking, there are
some methods to construct and study fractals. One of the most important methods to con-
struct fractals is the application of iterated function systems (for short, IFSs). Especially,
the fractals (limit sets) generated by IFSs with finitely many mappings are studied since
around 1970 ([8], [2], [15], [6], [4], [9], [10]). However, some researchers have studied not
only the limit sets generated by IFSs but also the limit sets generated by non-autonomous
iterated function systems (for short, NAIFSs). There are some results on the limit sets
generated by NAIFSs ([3], [7], [14], [1], [12], [13], [5]). This indicates that we can analyze
not only the limit sets of (autonomous) IFSs but also ones of NAIFSs. Note that the
authors of those papers only deal with NAIFSs defined on bounded sets (in some sense)
or compact sets.

The author found that we can generalize Hutchinson’s idea to the setting of NAIFSs
(with weights) on complete (separable) metric spaces which are possibly unbounded. The
aim of this paper is to present a method to construct the limit sets (and the limit measures
) generated by NAIFSs (with weights) on complete (separable) metric spaces based on
Hutchinson’s idea.

We first consider an NAIFS defined on a complete metric space and show that we
can define the limit sets as the limit of a sequence associate with the NAIFS under a
simple condition. Since the sequence of limit sets satisfies the property which is similar to
the self-similarity, we can regard it as generalized fractals in some sense. Note that if we
assume a stronger condition, we also show the exponential convergence to the limit sets. In
addition, under the same condition, we construct the projection mapping. it is important
to analyze geometrical properties of the limit sets. Moreover, to construct a generalization
of self-similar measures, we next consider an NAIFSs with (positive) weights defined on
a complete separable metric space which is possibly unbounded. By the above ideas, we
also define the limit measures as the limit of a sequence associate with the NAIFS with



weights under the same condition. Note that if we assume a stronger condition, we also
show the exponential convergence to the limit measures. In addition, we also show that
the support of the limit measure is compact and is equal to the limit set under the same
condition.

2 Preliminaries and main results

In this section, we present the setting and the main theorems in this paper .

2.1 Definition and main results on NAIFSs

Let I be a set and (X, p) be a complete metric space.
Definition 2.1. We say that ({ fi}ier, {Jn }nen) satisfy the setting (NAIFS) if
(1) {Jn}nen is a sequence in {J C I | J is finite}, and

(ii) {fi: X — X}ier is a family of contractive mappings on X with the uniform con-
traction constant ¢ € (0, 1), that is, there exists ¢ € (0, 1) such that for all i € I and
xr,y € X,

p(fi(x), [i(y)) < ¢ pla,y).

Note that there exists z; € X such that z; is the unique fixed point of f; for each ¢ € I
since X is complete and f; is a contractive on X for each ¢ € I. Let dy be the Hausdorff
distance on K(X) which is defined by

dig(A,B) :=inf{e >0| AC B,,BC A} (A,BeK(X)),

where for each € > 0 and A C X, we set Ac := {y € X | Ja € A, p(y,a) < €}. For each
neN, F,: K(X) = K(X) is defined by

Fu(A) == | fi(4),

i€Jp

which is well-defined since each f; is continuous on X and each J,, is finite. Each mapping
F,, is often called the Barnsley operator ([11]).

Let (X, p) a metric space and s € (0,1). We say that the sequence {z,}nen converges
to = with an exponential convergence rate s if there exists C' > 0 such that for each n € N,
we have p(z,,z) < Cs™.

We now present the two main results in this paper.

Theorem 2.2 (Main Theorem 1). Let ({f;}icr, {J/n}nen) satisfy the setting (NAIFS).
Suppose that there exists g € X such that

E {maxp(wo,zi)} " < 0. (2.1)
i1€Jn
neN

Then, there exists the unique sequence of compact subsets { K, }men in (X) such that
for each m € N and A € K(X), we have

lim (Fp, 0 Fipp1 020 Frpan—1)(A) = K, in K(X).

n—oo



In addition, for each m € N, we have
K, = Fm(Km+1)

Moreover, suppose that there exists zg € X,

. 1
a = limsup p/max p(xo, z;) < —. (2.2)
n—-o0 iEJn C

Then, forallm e N;r € {r >0 | c<r < l,ac < r} and A € K(X), (Fyo Fpt10
<+ 0 Fin—1)(A) converges to K,, as n tends to infinity in (X) with an exponential
convergence rate 7.

Theorem 2.3 (Main Theorem 2). Let ({f;}icr, {/n}nen) satisfy the setting (NAIFS).
Suppose that there exists g € X such that z( satisfies the inequality (2.1). Then,
diam(f,|, (Km+n)) converges to zero as n tends to the infinity. In addition, for each
m € N, there exists a surjective mapping 7, : H?‘;mJj — K, such that

{mm(w)} = m fol (Kman),

neN

where w = Wy W41+ € H(;im Jj and fu), = fum © fwmi1© 000 fuwn, ., Besides, my, is
uniformly continuous on II52  J;.

Moreover, suppose that there exists xg € X such that xo satisfies the inequality (2.2).
Then, for each 7 € {r >0 | ¢ <r < 1,ac < r}, diam(f,|, (Km+n)) converges to zero as n
tends to the infinity with an exponential convergence rate r.

2.2 Definition and main results on NAIFSs with weights

Let I be a set and (X, p) be a complete separable metric space.
Definition 2.4. We say that ({fi}icr, {Jn }nen, {Pn}nen) satisfy the setting (WNAIFS) if
(i) {Jn}nen is a sequence in {J C I | J is finite},

(ii) {fi: X — X}ier is a family of contractive mappings on X with the uniform con-
traction constant ¢ € (0, 1), that is, there exists ¢ € (0, 1) such that for all i € I and
z,y € X,

p(fl(m)a fZ(y)) <c p(:L“,y), and

(iii) for each n € N, py, is [0, 00)-valued functions on I with p, (i) > 0 if and only if ¢ € J,,,

and p,, satisfies
E pn(i) = 1.
1€Jn

Let P1(X) be the set of Borel probability measures defined on the complete separable
metric space (X, p) for which there exists a € X such that the function x — p(a,x) is
integrable. Note that for each b € X and P € Pi(X), we have [y p(b,z)P(dz) < oo .

Let Lip; (X) be the set of R-valued functions f on X such that p(f(z), f(y)) < p(z,y)
for all z,y € X. Let dy/x be the Monge-Kantrovich distance on P;(X) which is defined
by

i) =sup{ [ gau= [ | g et} (v e pix))



M, : P1(X) = P1(X) (n € N) is defined by
My (p)(B) := Y pali) u(fi(B)) (B € B(X)),
1€Jn
where B(X) is the set of all Borel sets in X. Note that for each n € N, M,, is well-defined
since
[ plaa) ) = 3 00 [ ploa) o 1)

i€Jn

= pali) /X p(fi(x),a) du <> pali) /X p(fi(x), fi(z)) + p(fi(2), a) du

1€Jn 1€Jn
= pali) {/ c p(zi,z) du+p(2i,a)} < oo0.
i€y, X

Each mapping M,, is often called the Foias operator ([11]).
We now present the following two more main results in this paper.

Theorem 2.5 (Main Theorem 3). Let ({fi}ier, {Jn}tnen, {Pn}nen) satisfy the setting
(WNAIFS). Suppose that there exists g € X such that z( satisfies the inequality (2.1).
Then, there exists the unique sequence of probability measures {v, }men in P1(X) such
that for each m € N and p € P1(X),

lim (Mm o Mm+1 0--+0 m+n—1)(ﬂ) =VUp In PI(X)

n—oo

In addition, for each m € N, we have
Um = My (Vim+1)-

Moreover, suppose that there exists xg € X such that xg satisfies the inequality (2.2).
Then, for each m e Ny r € {r >0 | ¢ <r < 1lyac <r}and p € Pi(X), (My, 0 My41 0
-0 Myyn—1)(p) converges to vy, as n tends to infinity in P;(X) with an exponential
convergence rate 7.

Theorem 2.6 (Main Theorem 4). Let ({fi}ier, {Jn}tnen, {Pn}nen) satisfy the setting
(WNAIFS). If © € P1(X) has a compact support, then supp(M,,(x)) = F,(supp(u)) for
each n € N. In addition, if there exists zp € X such that z( satisfies the inequality (2.1).
then for each m € N, we have supp(vy,) = K, and if u € P1(X) has a compact support,
then

nh_)ngo supp(My, © My y10 -+ 0 Mypyn—1(p)) = supp(vim) in K(X).

Moreover, suppose that there exists o € X such that xg satisfies the inequality (2.2).
If w € P1(X) has a compact support, then for each r € {r > 0| ¢ <r < 1,ac < r},
supp(Mp, 0o Mp410-+ -0 My yn—1(1)) converges to supp(vp,) in £(X) as n tends to infinity
with an exponential convergence rate r.

3 Some comments

In this section, we give some comments on the main results.



3.1 Bounded case

In Theorem 2.2, we assume that the set {z; € X | ¢ € I} is bounded instead of the
assumption (2.1). By slightly modifying the proof of Theorem 2.2, we have the following
result.

Theorem 3.1. Let ({fi}tier, {Jn}tnen) satisfy the setting (NAIFS). Suppose that Z :=
{#z; € X | i € I'} is bounded. Then, {K,, € K(X) | m € N} is a bounded set in (K(X), dg)
and there exists the unique sequence of compact subsets { Ky, }men in K(X) such that for
each m € N and A € £(X), we have

lim (Fj, 0 Fpp10-+-0 Frpn-1)(A) = K, in K(X)

n—oo

with an exponential convergence rate c. In addition, for each m € N, we have
Ky = Fr(Kimt1)-

By Theorem 3.1, we also construct the sequence of the limit sets as the limit of the
sequence in IC(X) generated by the Barnsley operators of an NAIFS defined on a bounded
set. In fact, if the set of the unique fixed point of the contractive mappings is bounded,
then we reduce to the case of an NAIFS defined on a bounded set. Besides, by Theorem
3.1, we deduce that for all m € Nand A € K(X), (FnoFpnt10---0Fpin—1)(A) converges
to K, as n tends to infinity in &(X) with an exponential convergence rate c¢. This is the
same case of [14].

3.2 Examples of the setting (NAIFS)

The following counterexample shows that if we do not assume the condition (2.1), the
conclusion in Theorem 2.2 does not hold in general.

Example 3.2. Let f;: R = R (j € N) is defined by
fi(x) :=clx —aj) +aj = cx+ (1 — c)a; (x € R),

where ¢ € (0,1) and a; > 0. Let I := N and J, := {n}. Note that for each j € N, q; is
the unique fixed point of f; (i.e. z; = a;) and Fj({z}) = {f;(z)} for each z € R.
Then, for all m,k € N and « € R, we have

k—1

fmo"'ofm-i-k—l(x) :Ckx+(1 _C)cham+l‘ (31)
=0

Let ¢ = 1/2, a; = 2" and = € R. Note that ), |2z]| ¢’ = co. Then, for each k € N,
the equation (3.1) is the following.

k—1
1 1 2m+l+l 1 -
2—kZE + 5 E T = 2—kZE + k2 ,

fmo---o fm—&—k—l(gj) =

which deduce that for each m € Nand z € R, Fj;, 0---0 F,,1x1({x}) does not converge
as k tends to infinity.

In addition, the following example shows that there exists the setting (NAIFS) with
the condition (2.1) and (2.2) but {z; | ¢ € N} and {K,,, € K(X) | m € N} are not bounded.



Example 3.3. In the previous Example 3.2, we set ¢ = 1/2, a; =i and x = 0. Then, we
have

Z |2 ¢ = Z% <oo and limsup {/z, = limsup /n=1<c L.

We deduce that this example satisfies the condition (2.1) and (2.2). Note that {z; | i €
N} = N is not bounded. In addition, by the equation (3.1), for all m, k € N, we have

k—1

m+1

fmo“'ofm+k—1(x):§: ol -
=0

Therefore, we have K, = {2m + 2} for all m € N since

k m+1 P om Ny
> > =Z§+Z§—>2m+2
=0 =0 =0

as k tends to infinity. Thus, we deduce that {K,, € IC(X) | m € N} is also unbounded.

Moreover, the following example shows that there exists the setting (NAIFS) which
satisfies the condition (2.1) but do not satisfies the condition (2.2).

Example 3.4. In the previous Example 3.2, we set ¢ = 1/2 and a; = 2°/(i + 1)2. Then,
we have 1

SN SRR

e e (0D

which deduce that this example satisfies the condition (2.1). However, we have

limsup {/z, = limsup {/27/(n 4+ 1)2 = limsup 2/ {/(n +1)2 =2 = ¢ .

n—oo n— oo n— oo

We deduce that this example does not satisfy the condition (2.2).
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