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1. Introduction

We consider generalized form of discrete Schrodinger operators de-
fined on H = (2(Z4;,C"), d, n > 1. We let

(1.1) Hu(z) = Hou(z) + V(z)u(z),
where Hj is a convolution operator
Ho,n H0,12 HO,ln Uy
(12) Hou— | Mox Moz o Mo b fe ) g
HO,nl Ho,nz s Ho,nn Unp,
(1.3)  Hojrur(r) = Z fir(x —yur(y), wp € 62(Zd)7
yezd

and V(z) = (Vi(x),...,V,(x)) is an R"-valued function on Z.

The above operator H is derived from discrete Schrodinger opera-
tors on periodic lattices, which are considered as tight binding Hamil-
tonians of an electron moving in a crystal in the field of solid-state
physics.

ExAMPLE 1.1. Discrete Schrodinger operator on square lattice. For
u € (2(Z4), we set
1
Hou(z) = (Hsqo + V)u(z) = ~54 u(y) + V(z)u(z), =€z’

ly—z|=1

EXAMPLE 1.2. Triangular lattice. For u € ¢*(Z*) and V : Z* — R,
we set

1S

Hyu(x) = (Hyo + V)u(z) = 5 Zu(:c +n;) + V(z)u(z), ze€Z
=1

where n; = (1,0), ny = (=1,0), ng = (0,1), ny = (0, —1), ns = (1,—1)

and ng = (—1,1).
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FIGURE 1. Square lattice.
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FIGURE 2. Trianular lattice

ExAMPLE 1.3. Hexagonal lattice (graphene). For u = *(uy,uy) €
3(Z2) @ (3(Z?%) = (*(Z*;C?) and V : Z* — R?, we set

Hpeu(x) = Hyepu(x) + Vu(x)

_ L ug(wy, ) +ug(wy — 1, m9) + up (g, 22 — 1)
3\ wi(xy, o) +ur(ry + 1, 20) + up (g, 20 + 1)

( Vi(z1, z2)uy (21, 22)

’ = ) S ZQ.
Va(@1, 22)ua (1, 2) ) T = (1, 72)

Note that hexagonal lattice = Z? x {0, 1} (2 Z?*) with considering the
canonical Z?-action.

More examples of lattices, such as Kagome lattice, diamond lattice
and graphite, are found in [1].

In this note we develop a scattering theory for the pair of operators
Hy and H of the form (1.1) with V' of long-range type, and we see that
as an application we can construct a long-range scattering theory of
quantum walks on Z<.

We note that if f = (fjx) # 0 has a finite support and

(1.4) fir(—2) = frj(x), z€Z 1<jk<n,
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FIGURE 3. Hexagonal lattice. Circles and squares cor-
respond to the first and second entries, respectively.

and if V' is short-range, i.e. |V (z)| < C(z)~” with p > 1, then the wave
operators

W+ = st—Lirinoo eHeitHop (Hy)

exist and are complete Ran W= = 3,.(H) (see [2], [1] and [6]). Here
Hac(A) denotes the absolutely continuous subspace of A and P,.(A) de-
notes the orthogonal projection onto H,.(A) for an selfadjoint operator

A.

2. Main theorem

We denote the Fourier transform F by

s

(2.1) Fu(§) = : , €Tt = [-m,m)%
Fu;(ﬁ)

(2.2) Fu;(€) =(2m) % Z ey, ().

Then F is a unitary operator from H onto H = L2(T%; C"). We casily
see that F o Hy o F* is a multiplication operator on T? by the matrix-
valued function

hii(§) hia(§) -+ hin(§)
hoi1(§) haa(§) -+ han(§)

(2.3) Ho(§) = : : . : )
where
(2.4) hin(€) =Y e fiu(a).

z€Z4
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In this note we assume that h;;,’s are smooth functions on T¢, equiva-
lently f;x’s are rapidly decreasing:

sup ()™ | fix(2)] < o0
T€Z
for any m € N, where (z) = (1 + |z|?)2.

Note that o(Hy) = {\ | det(Hy(&) — A) = 0 for some £ € T?} and
H, is a self-adjoint operator if and only if Hy(€) is a symmetric matrix
for any € € T, equivalently, (1.4).

We assume the selfadjointness of Hy and a long-range condition of

V.

ASsuMPTION 2.1. (1) fj’s are rapidly decreasing functions satis-
fying (1.4).
(2) V =%V, ---,V,) has the following representation

V=V, + Vs,
where each entry of V7, is the same, i.e., Vi, = *(V,, -+, V}) with some
V, : Z* — R. Furthermore, there exist p > 0 and C,C, > 0 such that
(2.5) |02V ()| < Cofa) ™70,
(2.6) Vs(@)| < Clx)™'"

for any = € Z¢ and a € Z2. Here 92 = 0% --- %4, 0,V (z) = V(z) —
V(x — e;) is the difference operator with respect to the j-th variable.

We denote the set of Fermi surfaces corresponding to the energies
in ' CR by

(2.7) Ferm(I') :={p= (£, \) € T? x I | A is an eigenvalue of Hy(¢)}
={p= (&) € T x T | det (Ho(¢) — ) = 0}.

DEFINITION 2.2. \g € o(H,) is said to be a non-threshold energy
of Hy if the following properties hold:
(1) For any & € T such that det(Hy(&) — Ag) = 0, there exists an

open neighborhood G C T x R of p = (&, \¢) such that Ferm(R) NG
has a graph representation, i.e.

(2.8) Ferm(R) NG = {(§,A()) [ £ € U}

with some U 3 & and A € C*(U).

(2) Let & be arbitrarily fixed so that det(Hy(&) — A\g) = 0 holds,
and let A\(¢) be as in (2.8). Then VA(&) # 0 holds (note that A, (&)
is smooth function on U, by the smoothness of Hy(§)).

Let T'(Hp) be the set of non-threshold energies of Hy. Then H,
has purely absolutely continuous spectrum on I'(Hy), i.e., 0,,(Hp) N
F(H()) = O'SC(H0> M F(H()) = Qb
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THEOREM 2.3 ( [10]). Suppose Assumption 2.1 and I' € I'(H,).
Then one can construct Isozaki-Kitada modifiers J = JLp such that
the modified wave operators exist:

(2.9) W= (T) = s-lim e e o gy (1),

where Ey, denotes the spectral measure of Hy. Moreover, the following
properties hold:

i) Intertwining property: HWi(T') = Wi (') H.

ii) Partial isometries: |Wie(T)ul| = || B, (T)ull.

iii) Completeness: Ran Wi(T') = Ey(T)H o (H).

The case of n = 1, e.g. discrete Schrodinger operators on square and
triangular lattices, is considered by Nakamura [5] and the author [8].
Moreover, Theorem 2.3 includes the result by the author [9], where a
long-range scattering theory for discrete Schrodinger operators on the
hexagonal lattice is studied. See also [3], [4], [7], [12] and references
therein for scattering theory of Schrodinger operators on R

3. Formal proof

For n = 1, modified wave operators are constructed as follows: Let
o RTx T — R and

Jiu(z) = (27?)’g /Td @O Ty (€)dE.

The phase functions ¢4 ~ x - £ are solutions to the eikonal equation
Ho(Vapi(2,6)) + Vi) = Ho(€),

where V, is a smooth extension of V, onto R.
The proof of existence of (2.9) is given by the stationary phase
method. Let W (t)u = e e~#Hoy, Then we have for +¢t, +5 > 0

W(t)u—W(s)u = /t ™ (HJ. — JLHy)e Houdr.
It follows that S
(HJ — JuHo)e Moufa) = [ ctoste0 000, . )5ule) s
where '
as(w,€) =Ho(Vaps (2, €)) + Vi) — Ho(€) + O({a) ")
=0({z) " 1).

The stationary points are determined by Vepy(z, &) — tVeHy(§) = 0,
approximately
x = tVeHy(§) # 0
by the nonthreshold condition in Definition 2.2. Thus we obtain ||(H JL—
Jy Hy)e #oqy|| = O((t)=17°) and W (t)u is a Cauchy sequence. We omit
the proof of completeness. For a rigorous proof, see [8] and [10].
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If n > 2, one of the reasonable proofs is to diagonalize Hy(&). We
choose a unitary matrix U(€) such that

U(&)"Ho(§)U(€) = diag(A;(€)) if Euy(e)(I') # 0.
Let J ; be the corresponding modifier to A;(D,). Then
Jy =U(D,)diag(Jy ;)U(D,)"

satisfy the claim of Theorem 2.3. The above argument works in the

hexagonal lattice case (see [9]). However there is a case where U(¢)

cannot be taken globally, e.g. 51_ 2t i on |{] = 1. For a
§2 — &3 —&

rigorous proof, we consider orthogonal projections onto Ker(Hy(§) —
A;(§)) instead. For details, see [10].

4. Application to quantum walks

Let H = (*(Z;C?). For ¥ € H, we use the notation

- ( g; ) .U, € 2(Z) = (*(Z;C).

We consider quantum walks
U:=S5C and U, := SC,

defined as unitary operators on H, where

su = (),

Cp : 2 x 2 unitary matrix,
and
C = C(x): 2 x 2 unitary matrix-valued function on Z.
Then JF o Uy o F* is a multiplication operator on T by
Uo(§) = 5(§)Co,

where

Note that
o(Uy) = {\ | det(Up(&) — X) = 0 for some € € T} C S*.
We set
Ferm(') :={p = (§,\) € T x I | A : eigenvalue of Uy(&)}
for T' C St



DEFINITION 4.1. )y € o(Up) C S' is said to be a non-threshold
enerqy of Uy if

diédet(Uo(ﬁ) — o) #0 for any & s.t. det(Up(&) — Ag) = 0.

Let I'(Up) be the set of non-threshold energies of U.
In this case, the long-range condition for perturbation is the follow-
ing.

ASSUMPTION 4.2. Let B(z) := C;'C(x). Then
B(z) = e"*1d + Bs(x),
where

05 Ve(w)| < Cafar) 1,
|Bs(x)] < Cla) "

for x € Z* and a € Z% with some p > 0.

THEOREM 4.3. Suppose Assumption 4.2 and I' € I'(Uy). Then one
can construct Isozaki-Kitada modifiers Jo = Jy p such that the modified
wave operators exist:

(4.1) WE(T) = s-lim eV Jo e By, (1),

t—+o0

where Ey, denotes the spectral measure of Uy. Moreover, they are par-
tially isometric from Ran Ey,(T") onto En(I)Hq(H).

REMARK 4.4. Wada [11] has already studied a long-range scatter-
ing theory, however the method from discrete Schrodinger operators
can cover any dimensional case. Note also that the long-range condi-
tion by [11] is different with that of this note.

The construction of Jy is as follows. Let \(§) be arbitrary branch
of eigenvalues with Ran A € I', and ¢4 (z, &) be such that

Then we define Jy by the same manner. The proof is given similarly
to [10].
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