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AT TR EH & R T 20 R IE “Banach ZE[t] £ D55 compact &S C LD IEHE
RKEOCBEBTIZOWT, REifz € F(T) ={y € C: Ty = y} \THRIGRT % 5D E K
FlE %, @ RREOFTRUEZBD” TT. 2L T, AR, T ORRRRIDERIZD
WTO—FED survey TT. 2P NITESME 20T, REZILLE L.

WL ODDHRPUREREZ 2 HiTRARLUET. ok, FRFMDOEE > TWAWE
23 2RI BRI Zo0BOHITT. 207D, %< OFFEEIX, Hit L WREIZ
M2, ZORRBREMDIRBEISITIFLHBRED A, UL, EEONLRTIF a7
ik, Bl RE S 9. BRI, Hilbert Z2fIZH W T X, Browder B EH (7
H 2.1), Halpern B O EFE (FEEL 2.2), projection RO EH (EH 2.3 72 &) O HE OB
X, FOICIRERSI N TWE YA, Browder OERE 2.1 12 DWW T, SFHZREIT 5 Z &
W&o T, BEHICEZORMNEEZ2EFTCEXT. UL, ZTOEHD Banach ZE[H
ANDHLERTH % Reich DEHE 2.4 X Takahashi-Ueda OEHE 2.5 (2 DWW TIX, FEIHZ #RES
LTH, NS ZFAMROHBE TIIEMTEEEA. o DEMFD T T, GFlHZ fRHEAIC
B ZLIETETH, TOREED S, B LEEVHBIIZENP S EBR - TEEEA.
o T, BEEHEDORRBBIZIE, ki< TH, 205 OEHOMED IHIRIZ M T X 55k
HHOREER ) 5 & DRMDI M E D IPOFEMEER 1%, EWRTIERVwWEEWET.

ZDRRBBLENSDE 142 LT, AT, mICGKEHEOME, HEDREIZDOWT,
FO—HaFEL £9. /i TIX, Hilbert ZE[E] TD Browder DEH 2.1 & projection £
DEMDEfFRZEZZLZ L 3. EH 2.1 D Banach ZZf~DLIR TdH 5 Takahashi-Ueda D
EH 2.5 1%, ERITARERDZVNRIZLEFZIIZEZATVET. LrL, 2hilfuz, 5
XEEONRELUERA. 72720, SRIZERD»SH LNBRWVWDT, EfIs S50, &
DIAWZEFTOMHED WL DT DWW TR U £ 9. Halpern ZLDEHE 2.2 1% Hilbert
ZEDOFRTHZIZEED ST, BRI NS SFORMAMFEECEH 2.1 TERI NS
Browder B 41 & DREIFRIK, ZDFEANSIK, AR IXE X FHA. 72720, EH 22 %15
BRIV B THONPE 2 EH D £9. BYTIE, TORGBROMERR & 5RO %%
AT, —hk Gateaux T8 WTBEZR / IV I & KfD —Fk™ Banach ZE[fi] T, Takahashi-Ueda,
DEH 2.5 Z{KE L T, Shioji-Takahashi DEH 2.6 #E < FIEEZR VIR £
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2. WL DD BRI E F

N Z EOBBITRTOES, REEBIRTOESGL LET. CIIEIIIEEESL L,
SR DT “FEZE B LU . AREICHAT 255 - HERITDOWTIE, Frzo TIRE
THHLU 9. #l21, Banach 22l E 226 E OFAMES C D EADEBRE U TOH
B P DFEIET 2720121, EWC—REDEM 2 HETIHEND Y £7.

AHOHTTIX, Hilbert 22 H DA HRHAMES C LOFEEREAEBR T IZDOWT,
TR EEL D BLRI I D D BRI el 2 S8R U, 2T, TS DR 28R L £ 9

Theorem 2.1. Let C be a bounded closed convex subset of a Hilbert space H and T be a
nonexpansive self-mapping on C. Let {a,} be a sequence in (0,1) satisfying lim, a,, = 0.
Let w € C' and define a sequence {w,} in C by

wy, = apu+ (1 —ay,)w, for each n € N.
Then {wy} converges strongly to z = Ppryu.

REHL 2.1 13, Browder D AE)RUEER [1] LIFIENHGRAVIZEZETY. EH 2.1 &M%
Wi 72 3 BIBRE {a,} % bARE L PO, EEE 2.1 D FIETHER X N5 55 {w,} % b1%
B {a,) EHISR e CI2LD B EFIEIERZ &2 UL ET; hhi iy, Bz B-
SA £ Y. bRE {a,} 1Za, € (0,1) & lim, a, = 0 2§72 3HITT. —H&oD
Banach ZEfiiTH, A F URERSIE, B-SAlIEERKTE Y. MRS, ne N T
WZSwy=au+(1—a,)yforye C&ddL, S, BWC LOMINGHTHZZ L DHER
13K 5 T3 . Banach DHi/NEMSFEE L O S, DM—DARE R w, € CHBFEHEL X T

Theorem 2.2. Let C be a bounded closed convex subset of a Hilbert space H and T be
a nonexpansive self-mapping on C. Let {a,} be a sequence in (0,1) satisfying

(a) lim,a, =0, (b) >  a,=o00, (c) >, |any1 —an| < oo.
Let w € C' and define a sequence {x,} in C by 1 € C' and
Tpi1 = au+ (1 —a,)Tx, foreach n € N.
Then {x,} converges strongly to z = Pp(ryu.

EHE 2.2 1%, Wittmann [14] (2 & % Halpern Bl DO SRUNAEI TS . EH 2.2 D5 % i
72 9 HIEERE {a, ) &2 w—RE LIPS, EEL 2.2 DFIHTHEK S N5 54 {z,} & w—RE
{a,}, THHR u, AR 2, 1282 W-FIEIERZ 12U £ 9. @i i, B W-
RAVEEOET. wARE {a,} 1T a, € (0,1) & (a), (b), (c) Zi/z TSI TT. —HBD
Banach ZEf]CTH, IANH UERER S, W4 {z,} DEKRTELZ LIEHSNTY.

(a), (b) 1%, REEEIZIX, {a,} DIELERAIRE RN 0 ITIUR 5 2 & 2 EE L £9°. {a,}
YO THRER IR UBFAFERE 7 51F, (a)—(c) 1T R Tz I N £ 9. Wittmann D
ZME () 1, 0 ITRRRTUNER T B {a, } PERFAFEEIN SENITTNE I L 2HET D
LEDTY. AUMmEEL, () LIFERLIEMN (THORE) BREINTVET.

EHEL 2.1, 2.2 DAHIZ, hybrid & XN 2 58IREH O HIEA H 0 £9; “hybrid” & W
D EE T EIE D S K2 L S5 TY. UL, hybrid # &\ 5 Il IS BUA I IE P P8
BETT. 1o T, AR TIE, T DEERRX 2l TIRIZEIHT % projection B &\ 5 HillE %
PNET. C 2 Banach Z2[i] E OFAMEDRE, T2 C LOHCE R, ue ELULET.

YR ZMF DT T, {Poul D33 2z € F(T) ([ZHINGRT 2 BARMESDE {C,) D
ARFIEZ R U726 D%, projection BOGRINKEHL LRI LIZLET. 272U, C,
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MW—REE (v} TH D case REEZFHBICHRT 2 LHBVIL R ITEET. 22
T, C,NFT) £ WOl zEES ZICLET; ioflesEx o ET.

RIZ, BEFHEIZES>T, ne NTLIZES A, PEKRTE Ty, € A, &bl
9. 205 {y,} Bz € F(T)IZBIPURT % & &, ZOTHi & 2 A {A,} 25D
Fhi & LU X 97; Takeuchi [12] 20, A, DERKIE, —fRICIE, 4, & A, ITHKEFT 2
PEULNEEA. BB A, BEAE{A,} BHEHIETOEIOTHEREL T ZI W,

Hybrid 2L DI EEL DM & U T, Takahashi-Takeuchi-Kubota [9] 12 & 2 &EH 2.3
EXITET. ZOEH 231, R U7 projection FLDFRINKHEHL T .

Theorem 2.3 (Takahashi-Takeuchi-Kubota [9]). Let C' be a bounded closed convex
subset of a Hilbert space H and T be a nonexpansive self-mapping on C. Let a € (0,1)
and {a,} be a sequence satisfying a, € (0,a] for alln € N. Generate {y,}, {Cpn}, {zn}
by C1 =C, z1 € C, and y, = apr, + (1 — a,) Tz,

Comi={z€Cy:|lz=ull < |z —xnll}, @01 =Pc for each n € N.

n+1

Then, {x,} converges strongly to Ppryu.

Reich [4] IZE R 2.1 & —FRIZIE S 7275 Banach Z2[fIZL5R U, Takahashi-Ueda [10] I
EM 2.1 ORBRDLRER/E LUz, 26 1E, BWAEHZIZOVWTOMREDR L UTHRR
INFE U7z, X7z, Shioji-Takahashi [6] IXEH 2.2 % Banach ZE[fIZHRER L £ U7z,

NS DFERZMHM LU £, 7272, Takahashi-Ueda D FEHE 2.5 & Shioji-Takahashi
DEH 2.6 D original DA i’P)P/\ﬁ‘ DDHWVWDT, KFETIE, —kk Gateaux #7737 HE
78/ )V I B FDO —Hfi Banach ZERICBHAR U CRUA L £ R A ERUE, EH2.4-2.6

L;t IV LD AIRENEIZ H O —BREARE S NT WS 2 & TY. T0d, KHEHE
IZE AR, EBO R OIHEE D LB AEE R ERE RO I L 2 mREBT 5RETT.

Theorem 2.4 (Reich [4]). Let C be a closed convex subset of a uniformly smooth Banach
space E, and let T : C' — C' be a nonexpansive mapping with a fized point. Let x belong
to C. Define for each 0 < k < 1 a point wy in C' by wy, = kTwy + (1 — k)x. Then the
strong limg_.; wy, exists and is a fizxed point of T.

Theorem 2.5 (Takahashi-Ueda [10]). Let E be a uniformly convex Banach space whose
norm is uniformly Gateaux differentiable. Let C' be a bounded closed convex subset of E
and T be a nonexpansive self-mapping on C. Let {a,} be a sequence in (0, 1) satisfying
lim, a, = 0. Let u € C' and define a sequence {w,} in C by

wy, = ayu+ (1 —a,)w, foreach n e N.

Then {w,} converges strongly to z € F(T).

Theorem 2.6 (Shioji-Takahashi [6]). Let E be a uniformly convex Banach space whose
norm is uniformly Gateauz differentiable. Let C' be a bounded closed convex subset of £
and T be a nonexpansive self-mapping on C. Let {a,} be a sequence in (0, 1) satisfying

(a) lim,a, =0, (b) >  a,=o00, (c) >, |any1 —an| < o0.
Let w € C' and define a sequence {x,} in C by 1 € C' and
Tps1 = apu+ (1 —a,)Tz, foreach n e N.

Then {x,} converges strongly to z € F(T).
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3. YEfi

I YN 2 U £ 9. 594412 Hilbert Z2[H] & Banach 2 O FEREM AR 2 KE L £ 7.
E %% Banach 2], E* % E OALHERBOGZER E U, i 2> TE #£ {0} &L
. x € Ely € E*IZDVWT y*(x) & (z,y*) EREL, () ZWHEE PV ET.
(z,y")| < ||lz|[lly*]| DAL L £9°. FE OFRAIEK%E By, DKM % Sp & RFLL £ 7.

Clarkson @ P ®D modulus § IFIRDIRIZEFR I NE T

d(t) = inf{l — ||%(x+y)|| 12,y € B, t < ||z —y|} forall te(0,2].

EW»S E* ~NOREAMEEHR J 2 IROMRIZEHRL £7:
Jr={z* € E: (x,z*) = ||z||||=*||, ||[z*|| =||z||} foreach x € E.
JIE E Do B ~DEFI G4 (normalized duality mapping) & FFIE4 % 3. Hahn-

Banach DEH K Y Jr #£ ¢ TY. £7z, J(ax) = aJz (a € R) DHERIZTEZ TT.
E % Banach Effl& LEd. 202 &, IROFIEVRIL £

(1) Suppose C'is a closed convex subset of E. Then C' is weakly closed.

T%EDWMAEEGECPO ENDODEBRELET. TOREHRESE F(T) L RLLUET;
F(T)={y e C:Ty =y} TWHEIK (nonexpansive) &%, IRDVELT DI & TT:
|Tx — Ty|| < ||z — y| for each z,y € C. E DFIES C 55 RNDEH f 73 coercive
ek, C DS {z,} D lim, ||z, = co ZHE72 3 7% 51X lim, f(z,) =00 &85 I L TT.

E 78 Kadec—Klee property Z£iD &%, E DSl {z,} Pz € EIZHHIERKL, R
{lna |} 23 ||z ICERT 272 51K, {2,} AY 2 (TINS5 Z & T

EE, BRI RIEDIAAIZ L > T, B OMDRE L ABRELT. [T, E=E™ & A
e B L&, BIXERY (reflexive) EIEEN X T, E* D5 * fiH & SAAHD—E0T 5 72
b, KFETIE “GGAM OAZFEHALET. 2oL &, HHREAMESILT compact T

(2) Any bounded sequence {z,} in E has a weakly convergent subsequence.

E D3 EFY (strictly convex) &1, || - ||? A EF N Z & T
I(1 = @)z +ayl* < (1 —a)||z]* +ally|® forall z,y€ E (z#y), ac(0,1).

E 23—k (uniformly convex) & 13, RIS D Z & TY: 4(t) > 0 for all ¢ € (0,2].
E D—kki7e o1, B3P, RN TH Y KadeeKlee property 2 5 £ 9.

r,y € Sp T 21T, limeo(||z + ty|| — ||z|)/t PEET B & &, IV LD Gateaux (5T
R, 2\ E E XS A (smooth) & EWVWET. /)L AW —Fk Gateaux M TTRE & 1,
y € Sp ez, (el vy € Spizown TR T 5 Z & T

RO TP ERFEEIZ DOV T DOEARWRERD S, £ < OBRERFERIEPNE T

Lemma 3.1. Let C' be a closed convex subset of a reflexive Banach space E. Let f be
a lower semi—continuous convex function from C into R. Suppose f is coercive. Then
there is uw € C satisfying f(u) = infyec f(x) € R. Suppose further that f is strictly
convex. Then, such u is unique.

C & B CHFER 7 Banach Z2[H E OPFIMESG E LE Y. 2O L&, |- || I coercive,
5y NPEGLDEEMNTT. o T, Lemma 3.1 £V, uw € FEZ.IT, |lu—wy.] =
infyeo|lu—vy|| 2Wi723 y, e CPHELIDFMELET. ue EZ8IZ Pou=y, CTEERZS

NDEM Po % ES C O LD (metric projection) & N E 7
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Hilbert ZE[H]I13¥5 & 227 —Hki'h Banach ZE[fTdh 0 |, 1§ O 7272 —Fki™h Banach 221X, ¥
5 h, BEFE M, [T KadecKlee property % ff2 Banach ZE[{]T9 .
E %15 5 7% —k&'™ Banach 22, C % E OFMNES, T % C LOJEILRBE A G B L
LET. Zo&&, FIAIX RD (3)~(9) DERDVHILL £
(3) E* is smooth, strictly convex and reflexive.
(4) J is a bijection from E onto E*; we can regard J as a mapping from F onto E*.
(5) J is norm to weak continuous.
(6) The normalized duality mapping J* from E* onto £ and J~! coincide.
(7) z= Pcu if and only if z € C and inf ec(z — y, J(u — 2)) > 0.
So, inf,ec(Pou — vy, J(u — Pow)) > 0 holds.
(8) F(T) is closed and convex.
(9) Suppose further that C' is bounded. Then, F(T') # o.
(3)-(9) DIF & A L3 & 70 RN ARE Banach ZZMTHALL, BHIZWL DO0E LD
VSR THAZ L 928, FElIC I3l snwZ iz U9
FRAHNOPHIZET 2ROMMEIZR SN TWET; Weng [13], Xu [15] 2 S H.

Lemma 3.2. Let {s,} be a sequence in [0,1] satisfying > - s, = 0o. Let {d,} be a
sequence in [0,00) and let {e,} be a sequence in R satisfying limsup, e, < 0. Let {c,}
be a sequence in [0, 00) satisfying Y - cn < 00. Suppose dpi1 < (1 —8,)d, + Spen + ¢y
for eachn € N. Then lim, d,, = 0.

IR DAL demiclosed principle [2] & XN E T

Lemma 3.3. Let E be a uniformly convex Banach space E. Let C be a bounded,
closed and convex subset of E and T be a nonexpansive self-mapping on C. Suppose
that {z,} is a sequence in C which converges weakly to some z € C and satisfies
lim, [|[Tx, — x,|| = 0. Then, z € F(T).

Hilbert Z2[H] T ®D Browder O EH % | i & 727 —Fki™ Banach ZE[H & X Lth LU DD 4 i
THEZELET. 20L& AbLDAEDOHEEIX, C XS 17—k Banach 25/ E
DERBAMES, TI1EC LOFFEKRECEHRTYT. T2 ETOHM” S, (1)-(9) Ll
32, 33 HHICHHTE LY. i, L ZHEIP SIROMEZEIHTE £7.

Lemma 3.4. Let E be a smooth uniformly convexr Banach space. Let C' be a bounded
closed convex subset of E and T be a nonexpansive self-mapping on C. Let uw € E and
{z,} be a sequence in E satisfying lim,, | Tz, — z,|| =0 and

(3.1) limsup, ||u — z,|| < [Ju — Preryul|.
Then {w,} converges strongly to Ppryu.

i 3.4 DFFETIE, (8),(9) & v, F(T) IFFEZEHAMELGTHD, (2) 0, {z,} 1XFFN
KD RHHET. 2= Pru & UEXT. {z,,} & 27 IZHPCERT S804 & U X
. limy, |72, —2,|| =0 LM 33 &0, 27 € F(T) 218% 7. 2= Priryu &/ VLN C
ETHETEERED, |z —ul| < |27 —uf < liminfj ||z, —ul| TY. #>7T, (3.1) &Y,

Iz = ull < (127 —u|| < liminf; ||2n, — ul| < lmsup; (|2, —ul < [z — ull.
ZDZ o, lim; ||z, —ull =z —ul| =[]z —ul| 2ZBXT. 2 = Ppoyu B —ETH

5l eF(T)&Y, z2=2 TY. EH KadecKlee property Z£i 5, {z,, —u} 2
5



P—u=z—ulZHNHRT D 2FEINE, {2, —u} Dz —w TIPS D Z &N
/\75‘ DX MS, {z,,} 1F 2 ITHBPERL 9. {z,} DEREDGPCERS 225 {z,,} #°
IR 5 Z e 2R L E U, o T, {z,} HED 2 ITHPURL £ 9.
—7:7, 5 ffiClk, Halpern 1M Shioji- Takahashi D EH 2.6 %, —kk Gateaux (7 W 5E
7/ v I FE D — k™ Banach 25 CHERR L £ 9.
E ¥ —Ff Gateaux (4> FTREZR / )V I % F¥D Banach ZE[f72 51X, IRDVERAZ L £9:

(10) We can regard J as a mapping from E into E*.
(11) J is norm to weak*, uniformly continuous on each bounded subset of E.

Banach ZZ[H] E 7% (4) 7» (10) OME 2K T, IROBERDP LU £7:

(12) ||z + 9yl < ||=||* + 2{y, J(x +y)) for each z,y € E.
%12, E DV Hilbert 2 H TH 5 & SIRA D, BERHFEELZ 1 DMERAL XY, H TIE
7%@5@5 J IR TR T, E 512, OB ARIZR D720, IR L £9:

(x, Jy) = (x,y) = (y,x) = (y, Ju) for cach z,y € H.

4. B—gi4l

AHfiz@ L T, Cld Banach 22 E OFFHNES, TIXC LOJEEKRACEH L L,
{w,} % b{REK {an} IR ue CIZLDB-RAlE LET. TIXEREGHTY.
AHITIX, Browder DEH 2.1 ZFEHH L, (RD Z & 2R L £ 97: Hilbert 22l T,
(4a) B~ {w, } ¥ u & UTHEEL |u — Ppepyul| DFBROHFIZEFEL X7
(4b) Browder DEHIZ, FBHE{C,} BRI NTWEEAD, projection H T
U, BRRICEREEDZ DI TIED D FHA. JRBOFRETO B-E4 {w,} DFF
fﬁﬁ’]i&‘lﬁ IHFHE UL 9. AOEmZ@EL T, B-f¥l {w,} 2D > TE, FH
DHIk 2 & D, BIETE EHFET 5 T & 2RV ITNEENTY. AT
IMFTTEEFEADT, EORRZRMEICIRDYH 2D Z2%ITHZ XL EEA.

4.1. —f%® Banach ZEfETD B—mFl.
RO (1) 1 FIZIFEM, (i) DBEHTT:
(i) b BRI {a,} DEBHESNE b REIRD T, {w,} DIEBEDOEHFIE B-H4TY.
(ii) lim, ||Tw, — w,| = 0.
(i) ZHER L £9. w, = a,u+ (1 — a,)Tw, &9, |w, — Tw,|| = a,|jlu — Tw,|| TY. C
WFERBDT, lim, a, =0 &V lim, ||Tw, —w,|| =0 BPEVET.
4.2. 7& L H7e—Fk Banach ZZE TD B-=71.

E %8 o 7 —kR Banach 22l & U, fIOFREFZEDOETE L LET. ZDE &, (H)
&0 JlEnorm to weak continuous T9. X7z, (8), (9) & b, F(T) I3IEZE Eﬁﬂ%AVCT
B OME TR & b s (iii)-(v) Z#HHL 7.

(iii) JJw, — 2||*> < (u— 2z, J(w, — 2)) forallm e N,z € F(T).

(iv) 0 < (u—wy, J(w, — z)) forallne N,ze F(T).

FERIZze F(T),ne NZ2EELET. 2D E AFGITREHET:

1w, — 2||* = {apu + (1 — ap)Tw, — 2, J(w, — 2))

= (ap(u—2)+ (1 —a,)(Tw, — 2), J(w, — 2))
6



< a,{u—z,J(w, — 2) (1 — ap)||Tw, — z||||w, — =]

) +
< a,{u—z J(w, — 2)) + (1 = a,)|Jw, — z|*.
BHLT, a,€(0,1) 2FRT DL (i) 2FF£7:
anllw, — 2|1? < an(u — 2, J(wn, — 2)),  |Jwn — 2||* < (u — 2z, J(w, — 2)).
72, ROBEFRD S (iv) BRENE T
lw, — 2| < (u— 2, J(w, — 2)) = (u— wy, J(w, — 2)) + ||w, — z||*.
{v.} & bARE {b,} RN ue CIZXDB-RAELXT. {w,} EbARE {a,} &
H#Rue CIt&2B-RAITLR. 2O E RHPEILL £
(v) {wn} E{v,} D32, 20 € CITHPURT 570 61F, 2 =2v € F(T) TY.
(ii) & b lim, [[Tw, — w,]| = 0 TT. {w,} M 2z¥ € CIZ@IPEKHL T I#fER D T,
|7z — 2| =0, llB, ¥ € F(T) TY. FAMKIZz" € F(T) TY. I’£->T, (iv) &9,
(U —wy, J(w, —2")) >0, (u—2vy,J(v,—2")) >0 foral nel.
(U — wy, J(w, — 2°)) = (u— 2%, J(w, — 2¥)) + (¥ — wy, J(w, — 2°)), {w,} D’ 2% € E
ZHRINER U J A norm to weak THElfEL D, (u— 2% J(2¥ — 2)) > 0. &> T,
(u—2"J(=z"=2") >0, (u—2z"J(="—2"))>0.
ZITIJ(RY—2%)=—J(=Y—2°) 2BET 5L,
0<(u—2z2"J="—2")+ (u—2"J(z"—2"))

= (2" — 2", J(2¥ = 2")) = —||2* — 2"|)*.
IDIZEeMS, 2" =2"e F(T) 23%7.
s, FEEAE L 2 D0 B-RAID IR T 272 51F, A UARBEI R8P L £9.

4.3. Hilbert ZET®D B—=51.

E % Hilbert 221 H & U, hOFREIXTOEF & UET. 44, F(T) IZIEZEMAMTT.
E 7z, BOIEDPNBIZRD 906, (iv) IJIROBRIZZAD £7°
(vi) 0 < (u—wy, J(w, — 2)) = (u—w,, w, — 2)
= (W, — z,u —wy) = (w, — 2z, J(u—w,)) forall ne N, ze F(T)
FEEURTWRRIZ J 2 LEL. 22T, ne NIZ&IZ, C, Z#IRDRIZERL £
Con={yeC:{w, —y, J(u—w,)) = (w, —y,u—w,) >0}
ZDLE w, € C, IFEHTY. £/, (vi) &V, 0# F(T)C C, foralln e N. HiZ, C,

ZIH S PIZIEEFINESTT 26, () 2EET S5 E w, = Po,u TY. $RTDneN
IZDOWTC, Prryu € F(T) C Cp & w, = Po,uWEALUTWET NS, IREFET

sup,, [|[u — wn|| < |lu — Pryul.

(4a) ZHER L £ U7z Hilbert 22 TIE, B4 {w, } 13 u 2l & UTHE ||ju— Preryul|
DEBROHFIZEALIAD 6N TWET. /o T, lim, ||[Tw, —w,| =0 &Mi&E 3.4 XD, {w,}
1 Prryu € F(T) 1IZ58PCR U £97. Browder DEEE 2.1 DFEHASE T U £ L7z,

(4b) & Z DFEHN HHEFR T & £ U 72: Hilbert 22 T, Browder OERIL, 2T
X, B U7z C, DR T T WR D projection BITY . O, Z AR U 721212 Po, u D3R
F2@HEDOFME L ATHI, w, BEIZRE->Tw, 2F->TC, ZEKL TVWEXT.
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5. W-—xi41]

Afffiz @ LU T, C 1% Banach Z2[H] E O ERANES, T C Lo EHREAEH L L,
{x,,} 2 w—RE {a,}, W R uwe C EAMR 2, e CITED W-RFIELET.

AHiTIX, Shioji-Takahashi DEH 2.6 &% L £ 9. Shioji-Takahashi 1%, FEEXITIX
MDERZRUE U 28 L [AROEERZ L TWVWET.

AR ST. C % —kk Gateauz I TTRELR / IV I % i D —8E'™Y Banach 22/ E D& FLEA™
KGeLExd. Tz C LoFERLRREAERE L, {1,.} 2 wtfE {a,}, HIHRue C &
MR 0, e CIZE2 WS ELET. 2D E, ROLIZLET

(st) BB u € CIZEBTRTD BAFID 2 € F(T) ICHIET 3 72 5 12,
WA {2,) % = € F(T) I8 L £ 3.

Z DE5R L Takahashi-Ueda DEH 2.5 225 EH 2.6 BWEHINE T, EH 2.1 26 E
Hoo2nEHINE T, EH 2.5 X FR ST D original DFEMA L, Banach limit 2\, 43
PORTVWEREZTEA. 2T, 2010 FEHD, FRST DFEEDFEHZRRL 7
i 3.2 2 Z# U Banach limit Z2H L CWEHA. 7270, ZHUEHLVEDTIED
D £ A TUL7. Chidume-Chidume [3] 1%, 2006 ££1Z, 1FIX[F UFEAH % $2/R U, original
DI & X BAMED S B L3k LT W E 9. BEHh7e Z 212, Shioji HE A, 1998 4
'Z, Banach limit Z{/H U7 \WEERHZ BRIZHE/R UL TWE U 7z; HE#& [5]. Shioji , Banach
limit % f 5 original DFEIH%Z, R REBMANIZE L TV D TIEBR W KBTI .
7z, M 5] 1%, 2NN ERBLRNEZZ < EATVWS LS b ET.

5.1. —f%® Banach ZZEETD W-R7l.
RD (1) DL L X9
(I) lim,, |7z, — x,| = 0.
CRAFRTINS, K=sup,o|y| <oco 2 LET. FREIZn e N ZEEL XY,

|Zn42 = Tog1|| = |ans1u + (1 = ang1) TTnp1 — (@nu + (1 — an)Tay,)||
< angr — anl|[ul] + (1 = an )| T2p1 — T || + |angr — anl | T2, ||

< (1= api1)||Tns1 — xnl| + @ngr X 04+ 2K |apy1 — ayl.
w—ARE {a, } 1F (b),(c) 272§ DT, i 3.2 KD, lim, |z, —2,]| =022 ET. £/,

[z = Tanll < l[2ni1 = 2l + 2041 — T

= [[#nt1 — Zall + anllu — o] < (201 — 20l + 20, K

- T, lim,a, =0 XV, lim, ||z, — Tx,||=0%2EF% 7.

FiE ST DFEIHZ RIS % &, (¢) I lim, ||z, — Tz,|| = 0 2 RT L EDABETT,
Ae(0,1),=A+(1-NT&ULET. S\ DC LOFERGHTHLI L F(T) =
F(Sy\) DRERITAS T . Suzuki [7] 1k, T ORDHYIZ S, 2L, HE (a),(b) 2T %
€ U 7= LR EL {b, }, HIH R w e C, ¥R vy € CIT& o T, EH 2.2 DFIHTRS
{yn} ZEBLUE U ZUTC, lim, |y, — Syl = 02856025 Z 8 2R L E U7z, Bk

BWRER T, TGRS, FEPSPPEND D, TN ERZERLUEEA.
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5.2. —¥k Gateaux MO AIEEAR / L L% FD—Fk™y Banach ZZETD W—=51.

E % —Fk Gateaux 53 7IBEZR / )V L % £ D —fki'h Banach ZEff] & U, D E I£Z D
FREUET. Zorg, F(T) BIHFEMRNESTT. ERST ZiHL X7

W 5551 {x,} DWE lim,, ||z, — Tz,|| =0 £ D, IROBKZR {b,} C (0,00) BPEHEL £

(bs) lim, b, =0, ||z, —Tz,| =02 if ||z, — Tx,| #0
FaRELn € NIZTDWTIED, € (0,1) DT, {b,} % bR E AREET. ZOkk
W2, BRI, {2, — T} £ 03 o &ERHIZ 0TI T 2 bARE {b,} 2F A D
ZEeNTEET. 2O {,} eililfilRue CIZ&2B-rAIZ {w,} ELET. RELD,
{w } 1xd 5 2 € F(T) IZHPERL T, Z U T, RO (1) OfEREZEHEE UET:

(IT)  limsup,,(u — 2o, J(z, — 20)) < 0.

A RRET. a, € (0,1) ZZEL T, (12) DB |2+ y|2 < ||z]? + 2ly, J(z + v))
L Tngr — 20 = ap(u— 20) + (1 —ap)(Tz, — 20) WCHEALET. LD € NIZTDOWT,
lznsr = 20l* < (1L = an) (T — 20)[* + 2{an(u = 20), J(xns1 — 20))

< (1 —ap)||zn — 20l]* + an(2(u — 2o, J(Tni1 — 20))).
o T, (II) DM HER T ENIE, wRE {a,} 1T (b) ZHE72 9 DT, 4l 32 LD
lim,, ||z, — 2z0||> =0 2FX 9. WIS, W4 {z,} 1& 20 € F(T) IZHIPERL £ 9.
(IT) WAL £9. b, € (0,1) 2B T UL, w,— 2, = by(u—2z,) + (1= 0,) (Tw, —x,)
& (12) &0, EFEDnEc NIZDWT,
(%) [wn = @n]* < (1= 00) (Twy — x)[|” 4 2(bn(u = 2), T (wy, — )
< (1= b2 ([|Twy — Ty || + | T — 2 ]))?
+ 2b, ((u — wy) + (W, — ), J(w, — )
< (1= bp)?lwn — w* + 267 [, — 20| + bi
+ 2b, [|wy — 2 ||* + 26, (u — wy, J(wy, — 3,)).
BT, b, €(0,1), K = supyec |yl < oo ZFE I N
20, (U — Wy, J (2, — wy)) < V2| wy, — 20 ||* + 262 |wy — 2] + b2,
(u—wy, J(x, —wy,)) < 3b,(4K?) 4 b,(2K) + 5b3.
ZDOREXNE lim, b, =0 KD, IRAERIZL L £7.
(ITa)  limsup,, (u — wy, J(x, —w,)) < 0.
F2, EEDn e NIZOWT, IROBURDIRIIT D Z L IZHH SN TT.

(u — 29, J(xn — 20))
= ((u— 20, J(xy, — 20)) — (u — 20, J(xp, — wy)))
+ ((u— 20, J(xy, — wy)) — (U — Wy, J (T, —wy))) + (U — wy, J(z, — w,))
< {u— 2z, J(xy, — 20) — J(xy, — wy)) + ||wn — 20|||2n — wa|| + (u — wy, J(2, —wy)).
ZZETOHRMS, CIFERTH Y, (Ia), lim, [|w, — 2| = 0P EIZLTWET. £
7z, limy, ||(zn — 20) — (zn —wy,)|| = 0 TH Y, (11) K0, JIFEHRLES LT norm to
weak C—RREGTY. ZNoho, REEFET.

lim sup,,(u — 2o, J(x, — 20)) < 04 0+ limsup,, (v — w,, J(x, —w,)) < 0.
9



() Z2HEFRL £ U7z, Aih, FRST OFEHMBK T U E LU, ZOFEHIE, (11) 26HL
TWBDT, EW—kk Gateaux AT HER /W L BFDEWHRME2EITEHA.

5.3. Hilbert ZZETH W—-R%1.

E % Hilbert 2 H & U, LB EIXZTDEF L LET. 2D & 52k £-72<
6] UFNET, EH 2.1 75=6EIE 22MEMPNET. 272, KT o L Bz £ 9.
EH 2.1 DFERD S, BARTTH, Wi {,} 1 Preryu (ZHRIBR L 7

ZZET, EH 2.1(25) MO EH 2.2(2.6) #EL FIHEZMHIL £ Uz, KHGZR0IK
DET. {z,} & wARE{a,}, TR ue C ¥R, e CITLDW-RHELE LT,
02, {a, P ITHRET 27 B8 {w, } ZEKR LU E L7z, WIS lim, ||z, — T2, =0
£ 0, (bs) &7z bAREA{Db,} BEFEIEL, 2D {b,} LHIHRuw e CIT&dB-RH%E
{fw,} EUE UK EH 2106, {w,} 1 29 = Ppeyu IZHPERL £9. 2D {w,} DM
He {x,} LDOREFKEDS limsup,, (u—w,, J(z, —w,)) S 0Z2EZ INzE2T 2 {w,}
= Prryu (2R D2 e 2R UE L. 727U, limsup, (u — wy, J(z, —w,)) <0
"ﬁz’-f limsup,, (u — 2o, J(, — 20)) < OPMFEHINE L7z, £ U T, Banach Z[H] Tk

MY LTI, BTEDSBREZESBIINET DMV REIZRD £9.

REHL 2,213 Hilbert ZHDOERTH B IZBED ST, R U7ZEEHA S, W s5I D AT
MG HRTIFE NV LA D LIS v & v 9. EH 2.2 DD SR 0 EIUE, W
A {z,} & BRI {w, } EE—D R Prepyu lZEPORL £9205, lim, ||z, —w,| = 0 KT
lim sup,, ||z, —ul| < |Ju— Preryul| D3E L £97. Hilbert ZZRIZRWHEE 22D T, “@#
8172 B 58 {w), } 23EAE, lim, ||z, —w)|| = 0 £/ limsup, ||u — z,| < |Ju— Preryul]
BHRITRDDZZENTET, 2O o, M 22 ORMNMEEZZEP VO LPSES
AEHDME SN D TIFR WD LEZLDIFRERTIEH D FHA. LoL, FEakkZ
LI, ZZETOFRSTOBMBIERTIE, 20 ZHRELRVE LS H 5 %< WEETA.

6. HILBERT ZE[H] O 5RIX o & B

AFEDHER % BT % & Hilbert 2R Tld, IRD (#) DKL T DERICEDNE T

(#) TARNTOBINKER X, AMNITIE, FFAHIPH % £ D projection B T7.

z € F(T) s8R % ks {y,} B FH E (P) ICXoTHEHEIND E L, e, € (0,00) &
lim, e, =0 &7z 985 {e,} ZEDET. ne NTLITA ={yeC:|y—u.ll <e.}
LN, B E (P) 1, BEIRICHAH#IP (A} 2FFDOFHE (AP) L ALREET.

5.3 DELEZEEEL X9, {w,} ZEKT 2 FHE (Pb) I, 4HioiEiw L 0, AW
i& projection T bt. 7z, B 2.2 Of5ERL Sk 0 BN, lim, |z, —w,| =0 TT.
MoT,ne NZTEIZA, ={yeC:|ly—wn| < ||zn—w,||} & THUZ, (Pb) % Fra#ipH
{A,} Z2FiDOF#i & (APb) L ALY LT 2,,w, € A, FEHHTYT. 2720, ||z, — w,|
DFHI 72\ ND T, AW ZZiEiwm T, Bb, Hllbert 78] TlZ, Browder ’_ﬂ@ﬂﬁﬂﬂﬁﬁﬁ
2.1 & Halpern B1@IUREHE 2.2 1%, L AMITIX, BFAHIPH % FF D projection BT .

FEHPIZOVWTHIEL X7, 5)5%%%&%@%5@3@5&%%%2i3‘. Z DFRA
HE FhiE CEMUBESRIC I > TEBICFRICTEZ RO, BEE TS Ck7z0) K
PHDOTH, HLLIEZ @Tﬂ%nﬂﬂﬁbf'#ﬁ@%?&kmuu’éﬂa‘éﬂiﬂ' BEEFZAET.
ZUT, 0, 2stepn TEDFED EHELET. 2D & lim, 5, =0&2> 7 ,6,=0
EWVWHRMITERZLZUEEA. EBOMEILX, ZOoRRMEZFE TRV LTY. %

LZh, FEICLo T, HEL T AR EHm LS FEEL RV LNEEA. I
10



&, BIZITRGEGEEROARIROEZREDP SHS NPT, TN [11] 228, £72, BEE T
LRVEET 2 & HEmNIZIK, BEET2RP SO TNIERIIER D Z LW HS
NEY. ZOEMITER T IUL, EEOBE L FEERRLRD | FE LRI E MY

BRVBH Y 9. GRE” 20D FRIRBAPRIPHAE 12 X > TR AN X7

on %, PRENLEFE UWHRICES 201, HRNICHETE S 1 DOHIHE 52 5
OMFATLFAOFEMEHABELET. ZOL I, lim, 5, =0&2 Y2 5, =0
EWVWS ML ABETT . 7272 L, FFAHIHI, EF» SMHS PRI, 1 DDIRERUT Lo
THEAOND LR A, b, Bk U7 {A4,) R, HEAEHD 1 DOz
EIEA. FEEHE VORI, G L VWO FEOBRS 2T 5 Z LB EBTIX
5L, TR, HH VI L 72, R ek E AR A 57O EAINE L.

KKk ko

This work was supported by the Research Institute for Mathematical Sciences, a Joint
Usage/Research Center located in Kyoto University. Z O\ iakasZz R 2% W
TlnizZ e & FriR R W BR SE, BRHIRSZRZE REY id JG BTN LU X g,

REFERENCES

[1] F. E. Browder, “Nonlinear operators and nonlinear equations of evolution in Banach spaces”,
Proc. Sympos. Pure Math., 18 Part2, Amer. Math. Soc., Providence, R.I., 1976.
[2] F. E. Browder, “Semicontractive and semiaccretie nonlinear mappings in Banach spaces”, Bull.
Amer. Math. Soc. 74 (1968), 660—-665.
[3] C. E. Chidume and C. O. Chidume “Iterative approzimation of fized points of nonexpansive map-
pings”, J. Math. Anal. Appl., (2006).
[4] S. Reich, “Strong convergence theorems for resolvents of accretive operators in Banach spaces”, J.
Math. Anal. Appl. 75 (1980), 287-292.
(5] MR IERS, “FEIRREEROFEHL AR ERHTT 2 5RO E R 7, 58255k 1031 (1998), 157-167.
[6] N. Shioji and W. Takahashi, “Strong convergence of approrimated sequences for nonerpansive
mappings in Banach spaces”, Proc. Amer. Math. Soc., 125 (1976), 3641-3645.
[7] T.Suzuki, “A sufficient and necessary condition for Halpern-type strong convergence to fized points
of monexpansive mappings”, Proc. Amer. Math. Soc., (2007).
[8] W. Takahashi, “Nonlinear Functional Analysis”, Yokohama Publishers, Yokohama, 2000.
[9] W. Takahashi, Y. Takeuchi and R. Kubota, “Strong convergence theorems by hybrid methods for
families of nonexpansive mappings in Hilbert spaces”, J. Math. Anal. Appl. 341 (2008), 276 — 286.
[10] W. Takahashi and Y. Ueda, “On Reich’s strong convergence theorems for resolvents of accretive
operators”, J. Math. Anal. Appl. 104 (1984), 546-553.
[11] PrNsElE, “BEEGHRONL DD R 1 TORE L, %28k 2194 (2021), 108 — 119.
[12] Y. Takeuchi, “Shrinking projection method with allowable ranges”, J. Nonlinear Anal. Optim.,
10(2) (2019), 83-94.
[13] X. Weng, “Fized point iteration for local strictly pseudo-contractive mapping”, Proc. Amer. Math.
Soc. 113 No3.(1991), 727-731.
[14] R. Wittmann, “Approzimation of fixed points of nonexpansive mappings”, Arch. Math. 58 (1992),
486-491.
[15] H. K. Xu, “Inequalities in Banach spaces with applications”, Nonlinear Anal. 16 (1991), 1127-1138.

(Yukio Takeuchi) TAKAHASHI INSTITUTE FOR NONLINEAR ANALYSIS, 1-11-11 NaAkazaTo, MI-

NAMI, YOKOHAMA 232-0063, JAPAN
E-mail address: aho314159@yahoo.co. jp

11



