Hardy-Sobolev inequalities in the half space

Yoshihiro Mizuta and Tetsu Shimomura

Abstract

Our aim is to establish Hardy-Sobolev inequalities for Sobolev functions in Herz-
Morrey spaces, which extend the classical Hardy inequalities in the LP Lebesgue
space.

1 Introduction

In the half space H = {z = (21, ..., Zn_1, Tn) : &, > 0}, the Hardy inequality says that

/|u )Pz pdaz<< . _1) /|8u/8a: ()P 2P da (1)

for 8 <p—1 and all u € C*(R") such that v = 0 on OH. Further,

/|u [Pz pdx<< +1) /|8u/8x \(2)|P 2P da (@)

for 8 > p—1 and all u € C}(R"); see e.g. [7], [9], [10], [11] and so on.
In connection with the inequality in the book by Maz’ya [11, Theorem 1, p. 214], we
have

/( [u(a) )”xﬁdx
H vx%_l%—x% !
< (Zﬁ)p /H (\/(au/axn_l)2+(0u/8xn)2)pxﬁd$ 3)

for < p—2and all u € C*'(R") such that v = 0 on 9H, and

/< Jua) >px%
< (%)p /H <\/(8u/8azn_1)2+(Gu/axn)2)px§daz (4)

—p+2
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for 8> p— 2 and all u € Cj(R™).

The proofs of those results are given by an elementary calculus with the aid of Minkowski’s
inequality and Holder’s inequality.

Our aim in this note is to extend those Hardy type inequalities in L? to the Herz-Morrey
space MP48(R™) (see §3.1). It is well known that Morrey spaces and Herz spaces play an
important role in harmonic analysis and PDE. For fundamental properties of Herz-Morrey
spaces, we refer the reader to [2], [3], [4], [5], [6], [8], [13], [14], [15], [17], etc.

For 1 < m < n, write

/ /! n—m m
x:(Ila--->In—maxn—m+la'-->xn) :(Zlf,l' ) eR x R™.

As an extension of (1), we show the norm inequality:
//|—1

" ullamas@ny < ClIV ulllamas @) ()

for 5 < (p—m)/p and u € C*(R") such that u = 0 on {z = (2/,2") : |2"| < 1}, where
V'u = (0u/0Tp_ms1, -, Ou/Ox,), which is an extension of (3). If u € C}(R™), then (5)
holds for 5 > (p —m)/p, which is an extension of (2) and (4).

The borderline case of (1) and (2), that is, the case § = p — 1 > 0, is treated in the
following:

[t oste/a)| 7 < (ﬁ) [ 10wos,raz o (6)

for all u € C*(R™) such that u =0 on {z = (2/,x,) : z, > 1} and

p
/ |u(z)[Px; [ log(ex,)| P do < <L> / |Ou/ Oz, P22~ dx (7)
H p—1 H

for all u € C*(R™) such that v = 0 on {z = (z/,z,) : x, < 1}. We extend (6) and (7) to
the Herz-Morrey settings.

Our final goal is to establish Hardy-Sobolev inequalities for Sobolev functions on H in
the Herz-Morrey settings.

2 The classical Hardy inequalities in the half space
For 1 < m < n, write
T = (T1y oy Ty Tt 1y oy T) = (2, 2") € R*T™ X R™,
We show Hardy type inequality similar to Maz’ya [11], as an extension of (3).

THEOREM 2.1. Let p > 1 and 8 < p — m. Then there exists a constant C' > 0 such that

</]HI (lTSI”)p g dx) "’ = Z#Lﬁ </H V" u(z) [Pl da:) :

for u € C*(RY) such that u = 0 on OH.




Proof. Let u be a function in C*(R") such that u = 0 on OH. Then, for 2 € H note that

bd
u(z) = /o%u@ ra) dr,
so that )
|| " u())| S/O |V u(z! ra™)| dr. (8)

By Minkowski’s inequality gives

v ! 1/p
(L sas) = < [ (L 00 utatratyezyao) © ) ar
H ; .
/p p1
< (/ (|V"u(y>|xg/l’)pdy> /T—B/p—m/pdr
H 0
P 8/p\P 1/p
< _— v ! P d :
< L ([ Gl an)
as required. .

Set
H(r)={z=(2/,2,) e R xR :|z,| <r}.

The borderline case of Theorem 2.1 is treated as follows.

THEOREM 2.2. Let p > 1. Ifu is a function in C*(R") such that u = 0 on R™\ H(1), then

(f () e rae) ™ < 2 ([ e ma)

Proof. Let u be a function in C*(R") such that uw = 0 on R™\ H(1). Then, for = € H note
that

>~ d
u(z) = —/1 Ju(:c ra”) dr,
so that -
2| Mula)| < / IV u(e!, ")) dr. ()
1
By Holder’s equality, we have for x = (z/,2") € H

1/p

2" u(z)] < (/loo (rl/p’(log(e/mn))alv,,u(x,’mu)op dr)
X (/oo(log(e/mn))—apzr_1 dr) i

1/5511 l/p
p
(/ 1/p (log(e/rxz,))* |V"u(x','r’x”)|) dr>

* <1 _lap/> (1og(e/xn))—a+1/p'

IN
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when 1 — ap’ > 0. Consequently, Minkowski’s inequality gives

/ 2| )Pt log(e /)| Pde
H

/" oo
/ PP/ (/ |V”u(x',7‘x”)|pxﬁ_m|log(e/rxn)|“p|log(e/xn)|_“p_ld$) dr
1 H

)
(5 _lap,)p/p/ [ ([ 9t ot ) ot fu) 7 )
)

1/yn
/ V()P og(e/ya) | ( / |log<er/yn>|-“p-1r—1dr) dy
1

p/pl
()" L [ e

1 p/p
Here we see that — has the minimum ¢, at a = 1/(p + p'). O
1—ap ap

IN
7/ N
—
I
S
3.

Next we give extensions of (4) and (7).

THEOREM 2.3. Let p > 1 and § > p — m. Then there exists a constant C' > 0 such that

5/17 P 1/p 1/p
p| Zn p " B
(/Hlu(x)l (I ,,|> dx) g—ﬁ_wm </H|V u(z)| xndx>

for u € C§(RM).

Proof. By (9) Minkowski’s inequality gives

(/ﬁ;{(Ix”l_llu(x)l)l’xﬁdxy/p < </1°<> (./]H.[(lv”u(x,,Tl‘/,)|l»g/p)pd$>1/?) N
( /H (IV”u(y)IazZ/”)pdy> v /1 > —r=mip g,

1/p
e ([ ey a)

as required. O

IN

THEOREM 2.4. Let p > 1. If u is a function in C*(R") such that u =0 on H(1), then

» 1/p 1/p
( / ('“@') xg—muog(exn)rpdx) < ( / Iv"u(x)lpxﬁ‘mdfﬁ> :
B\ |2 p—1\Ju




Proof. By (8) and Hélder’s equality, we have for z = (2/, 2")

m—1 ! 1/p " / i\ v
|| Hu(x)] < / (r P (log(erxz,))* |V u(z', ra )|> dr
0

1 ) 1/p
X (/ (log(erzy,)) P r~! dr)
1/zn

= (/o1 <r1/p/(log(emn))aW"u(x’,m’/)|>p dT)
X( : )W (log(ex,)) > /7

1/p

1—ap

when 1 — ap’ > 0. Consequently, Minkowski’s inequality gives

[ uta)em ogen,)| s
H

1 p/pl 1 ,
< ( ,> / rP/v (/ IV u(x', ra™)[PaP~™| log(erx,, ) || log(ea:n)|_“p_1da:> dr
I —ap 0 H
1 p/p 1 )
(=) [ (L9 ot osten) i osten 1y ) i
1—ap 0 o
1 p/p’ 1
(=) [ Ivatwps iosten)l ([ ogtenn/ml s ) ay
—ap H 0
1 p/p’ 1 /
, — [ [V"u(y) [Py, " dy.
(1 —ap ) ap Ju
1 p/p o
Here we see that — has the minimum ¢, at a = 1/(p + p'). O
1 —ap ap

3 Herz-Morrey space

3.1 Herz-Morrey space
For 1 < m < n, write
T = (T1, s Ty, Tnomi 1y o Tp) = (2, 2") € R X R™

and set
H,(r)={z=(2",2") e R"™" x R™: |2"| < r}

and A, (r) = H,,(2r)\ H,,(r). To extend the Hardy inequality in the half space, for p > 1,
q > 0, a weight w and an open set G C R", we consider the Herz-Morrey space

ME#(G) = {f € Lige(G) : || f oy < oo},

where

[e’s) d’f‘ 1/q
1/ |z @) = (/ (W) | namey)” 7)
0
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in case ¢ < 00; in case ¢ = 00, set
[l azze )y = sup w(r)|| fllzecname)-
r>0

When w(r) = rf, we write MP98(G) for MP%+(G). For fundamental properties of Herz-
Morrey spaces, we refer the reader to [2], [3], [4], [5], [6], [8], [13], [14], [15], [17], etc.

3.2 Hardy inequalities for Herz-Morrey space

Let us begin with the Hardy inequality in the setting of Herz-Morrey space in the half
space.

THEOREM 3.1. Let p > 1 and § < (p—m)/p. Then for 1 < k < m there exists a constant
C > 0 such that
//|—1

2”1 ull s geny < CHIV ulllygpos gny

for u € C*(R") such that u =0 on Hy(1), where V"u = (0u/0zy _my1, ..., Ou/0x,).

THEOREM 3.2. Let p > 1 and 8 > (p—m)/p. Then for 1 < k < m there exists a constant
C > 0 such that
//|—1

2”1 ullygpan geny < CHIV ulllygpos gny

for u € Cj(R™).

3.3 Corollaries to Theorem 3.1
Set
H={z= (2", 2,) : z, > 0}.

As easy consequences of Theorem 3.1, we give the following.

COROLLARY 3.3. Let p > 1 and 5 < (p — 1)/p. Then there exists a constant C' > 0 such
that

HUHM{”‘L—IW(H) < CHau/aanM{Wﬁ(H)
for u € C*(R") such that v = 0 on OH.

COROLLARY 3.4. Let p > 1 and < (p —m)/p. Then there exists a constant C' > 0 such

that
|l gy < CUIVullgpn

for u € C*(R™) such that w =0 on Hy(1).



3.4 Corollaries to Theorem 3.2

COROLLARY 3.5. Let p > 1 and 5 > (p — 1)/p. Then there exists a constant C' > 0 such
that
HUHM{”‘L—”B(H) < CHau/aanM{”q»ﬁ(H)
for u € Cj(R™).
COROLLARY 3.6. Let p > 1 and 5 > (p — m)/p. Then there exists a constant C' > 0 such

that
//l—l

2"l pgpas gy < UV ulllygpiat e

for u € Cj(R™).

3.5 The borderline case of Theorem 3.2
THEOREM 3.7. Let p > m > 1 and set w(r) = r=™/?|log(e/r)|~7, where

v=1 when q > p;

v=1—1/p+1/q  when0 < q<p.
Then for 1 < k < m there exists a constant C' > 0 such that
//|—l

12" ullagpo @y < CHIV ulll g tommirg

R™)

for u € C*(R") such that v =0 on R™\ Hy(1).

3.6 The borderline case of Theorem 3.1

In the same manner we treat the borderline case of Theorem 3.1, as an extension of (5).

THEOREM 3.8. Let p > m > 1 and set w(r) = r®~™/P|log(er)| =7, where v is the constant
appearing in Theorem 3.7. Then for 1 < k < m there exists a constant C' > 0 such that
|||£L’”|_lu||M,f"q’“’(]R") < CH|V”u|||M5’Qv“"m)/"(Rn)

for u € C*(R™) such that u =0 on Hy(1).

4 Hardy-Sobolev inequalities for Sobolev functions

4.1 Hardy-Sobolev inequality for Sobolev functions

Our aim in this section is to give Hardy-Sobolev inequalities for Sobolev functions on H.
We write M} (H) for M;"**(R™) whose functions are considered on H. We also write M
and H for M; and H;, respectively.

THEOREM 4.1. Let p > 1 and f # (p—1)/p. For 0 < XA <1, set 1/py=1/p—A/n > 0.
Then there exists a constant C' > 0 such that

||u||MPA»qv)‘*1+3(H) < CHNWHM@»M(H)

for v € C}(H).



When g = p, we have the weighted inequality for Sobolev functions.

COROLLARY 4.2. Letp>1,8# (p—1)/p,0 < A< 1and1/py=1/p—A/n. Then there
exists a constant C' > 0 such that

/ |u(z)[PraA= 18P gy < © (10)
Ju

for all u € C}(H) such that / |Vu(z) [Pz do < 1.
Ju

This gives Sobolev’s inequality when A = 1, and Hardy’s inequality (no account of the
best constant) when A = 0.
To show Theorem 4.1, we prepare the following two lemmas.

LEMMA 4.3 (Sobolev’s inequality (see e.g. [1], [11], [12])). Let p > 1 and 1/p* = 1/p —
1/n > 0. Then there is a constant C' > 0 such that

[0ll Lo ey < ClNIV [l Lo em)
for v € C(R™).
Let A(r) = H(4r) \ H(r/2).

LEMMA 4.4. Let p > 1 and 1/p* = 1/p — 1/n > 0. Then there is a constant C' > 0 such
that

||UHLP*(A(T)) < C{"’_IHUHLP(A(T)) + |||VU|HLP(A(T))}
for u € C{(R") and r > 0.

For this, take ¢ € C}(A(1)) such that ¢ =1 on A(1) and |V¢| < 2, and apply Lemma
4.3 with v(z) = p(z,/r)u(z).
4.2 The borderline case of Theorem 4.1

In the borderline case 8 = (p — 1)/p, we establish the following results by using Theorems
3.7 and 3.8.

THEOREM 4.5. Let p > 1. For 0 < X\ < 1, set 1/py = 1/p — A/n and w(r) =
A1+ =1/P| log(e/r)| =7, where 7 is the constant appearing in Theorem 3.7. Then there
exists a constant C' > 0 such that

1wl sronae @y < ClIVull] proa.o-170
for all w € C}(H) such that u=0 on H\ H(1).

THEOREM 4.6. Let p > 1 and set w(r) = 7~ =V/P|log(er)|~7, where ~ is the constant
appearing in Theorem 3.7. Then there exists a constant C' > 0 such that

[ellarex s ey < ClINVUl | pgoa.o-2) 700

for u € C§(H) such that w =0 on H(1).



4.3 Corollaries
When ¢ = p, we have the weighted inequalities for Sobolev functions.

COROLLARY 4.7. Let p>1,0< A <1 and 1/py=1/p— A/n. Then
/ |u(z)|P> (2t e=N/p) log(e/:cn)rl)m de < C (11)
H

for all u € C}(H) such that u=0 on H\ H(1) and IVl || w0170y < 1.
COROLLARY 4.8. Let p>1,0< A <1and1/py=1/p— A/n. Then

/ lu(z)|P> (x;\L_1+(p_l)/p| log(e:nn)|_l)pA de < C (12)
H

for all u € C}(H) such that u =0 on H(1) and 1V ulll go.0. -0y < 1.

Our results here give (weighted) Sobolev’s inequality when A = 1, and Hardy’s inequal-
ity (no account of the best constant) when A = 0.
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