
RISC Packages for q-Series / 1

A workshop on q-series, quantum modular forms

and representation theory

Kyoto University, October 6, Japan

RISC Packages for q-Series

Peter Paule

Johannes Kepler University Linz
Research Institute for Symbolic Computation (RISC)














































































RISC Packages for q-Series / A Bit of History 2

A Bit of History
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SYMBOLIC COMPUTATION with special functions & sequences

Number Theorists played a pioneering role; e.g.:

“Computers in Number Theory” (Oxford, 19691)

1
taken from John B. Cosgrove’s home page
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Volume 1, 1st edition 1968, Exercise 1.2.6.63:
[50] Develop computer algebra programs for simplifying sums that
involve binomial coe�cients.
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1st edition 1989; contains Gosper’s algorithm (1978).
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2nd edition 1994: What is the di↵erence to the 1st edition?
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Answer:
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Gosper ! Zeilberger:
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◆
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◆
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k � 1

◆

Web source: https://archive.org/stream/historyofjapanes00smitiala
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q-binomial coe�cients:
✓
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n = 0: 1

n = 1: 1 1

n = 2: 1 1 + q 1

n = 3: 1 1 + q + q2 1 + q + q2 1
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Back to q = 1: We know that there are identities like

nX

k=0

✓
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k

◆
= 2n

but
�n
k

�
does not telescope! ; Creative Telescoping (Zeilberger):
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Recall:
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Recall:
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Zeilberger’s algorithm solves Knuth’s [50]-problem from 1968:

1st edition 1996
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An algorithmic supplement to “Concrete Mathematics”:

1st edition 2011
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A conversation with Donald E. Knuth conducted
by Edgar G. Daylight (Paris, June 18, 2014):

Knuth: Learning how to manipulate formulas fluently, and how to
see patterns in formulas instead of patterns in numbers — that’s
what my book “Concrete Mathematics” is essentially about.
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A conversation with Donald E. Knuth conducted
by Edgar G. Daylight (Paris, June 18, 2014) [contd.]:

Edgar: Which was also the topic of Manuel Kauers this morning?

Knuth: Right. In fact, he and Peter Paule in Austria recently
published a beautiful book called “The Concrete Tetrahedron”,
which is sort of the sequel to ”Concrete Mathematics”.
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Contents of the “Concrete Tetrahedron”
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Contents of the “Concrete Tetrahedron”
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Computer Algebra Session 1
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NOTE. MMA procedure (i.e., comes with MMA):
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NOTE. MMA procedure (i.e., comes with MMA):
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Creative Telescoping:

NOTE. Zeilberger’s algorithm delivers a proof certificate:
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Creative Telescoping:

NOTE. Zeilberger’s algorithm delivers a proof certificate:
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q-Telescoping:

NOTE. The qZeil package implements objects like:
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q-Telescoping:

NOTE. The qZeil package implements objects like:
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Recall:
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.

NOTE. MMA has no built-in q-hypergeometric summation.














































































RISC Packages for q-Series / Computer Algebra Session 1 31

Recall:
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For

SUM(n) :=
nX

k=0

✓
n

k

◆

q

q(
k
2)

this implies

SUM(n) = (1 + qn�1)(1 + qn�2) . . . (1 + q)SUM(0)

= (q; q)n.

; Algorithmically this special case of the q-binomial theorem can
be found as follows:
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Also the q-version of Zeilberger’s algorithm delivers a proof
certificate:
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Also the q-version of Zeilberger’s algorithm delivers a proof
certificate:
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Also the q-version of Zeilberger’s algorithm delivers a proof
certificate:
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fn,k � (1 + qn�1)fn�1,k = gn,k � gn,k�1

and
gn,k = cert(n, k) fn,k.

Details on Cert[]: P. and Riese (1997)
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fn,k � (1 + qn�1)fn�1,k = gn,k � gn,k�1

and
gn,k = cert(n, k) fn,k.

Details on Cert[]: P. and Riese (1997)
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fn,k � (1 + qn�1)fn�1,k = gn,k � gn,k�1

and
gn,k = cert(n, k) fn,k.

Details on Cert[]: P. and Riese (1997)
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Computer Algebra Session 2
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Note:
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1X

k=0

qk
2

(q; q)k
=

1Y

j=0

1

(1� q5j+1)(1� q5j+4)
[1st Rogers-Ramanujan id.]
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How to download the RISC packages?
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How to download the RISC packages?

Step 1: go to
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Step 2: email to me and download the RISCErgosum package



RISC Packages for q-Series / How to download the RISC packages? 49



RISC Packages for q-Series / How to download the RISC packages? 50

NOTE. For each of the packages some extra information is given; for

example, for qZeil:
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Not all RISC combinatorics packages are bundled in RISCErgoSum:
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Not all RISC combinatorics packages are bundled in RISCErgoSum:
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Symbolic Summation in Quantum Field Theory

JKU Collaboration with DESY (Berlin–Zeuthen)

(Deutsches Elektronen–Synchrotron)

Project leader: Carsten Schneider (RISC)

Partners: Johannes Blümlein (DESY)

Peter Paule (RISC)
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Evaluation of Feynman diagrams

Behavior of particles

//

Z
�(N, ✏, x)dx

Feynman
integrals

DESY

✏✏

Evaluations required for the
LHC experiment at CERN

simple sum expressions

processable by physicists

99

X
f(N, ✏, k)

multi-sums

RISC

(symbolic summation)
oo
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= F�3(N)"�3 + F�2(N)"�2 + F�1(N)"�1 + F0(N)

Simplify ||

N�3X

j=0

jX

k=0

kX

l=0

�j+N�3X

q=0

�l+N�q�3X

s=1

�l+N�q�s�3X

r=0

(�1)�j+k�l+N�q�3⇥

⇥ (j+1
k+1)(

k
l)(

N�1
j+2 )(

�j+N�3
q )(�l+N�q�3

s ) (�l+N�q�s�3
r )r!(�l+N�q�r�s�3)!(s�1)!

(�l+N�q�2)!(�j+N�1)(N�q�r�s�2)(q+s+1)"
4S1(�j +N � 1)� 4S1(�j +N � 2)� 2S1(k)

� (S1(�l +N � q � 2) + S1(�l +N � q � r � s� 3)� 2S1(r + s))

+ 2S1(s� 1)� 2S1(r + s)

#
+ 3 further 6–fold sums
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F0(N) = (using Sigma.m, EvaluateMultiSums.m and J. Ablinger’s HarmonicSums.m package)
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F0(N) = (using Sigma.m, EvaluateMultiSums.m and J. Ablinger’s HarmonicSums.m package)
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Challenges of the project

About 1000 di�cult Feynman diagrams have been treated so far

(some took 50 days of calculation time)

#

About a million multi-sums have been simplified

(most were double and triple sums)

Resources

I up to 9 full time employed researchers at RISC/DESY

I 4 up-to-date mainframe DESY computers at RISC
+ exploiting DESY’s computer farms

I New computer algebra/special functions technologies
(new/tuned algorithms, e�cient implementations,...)
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Not all RISC combinatorics packages are bundled in RISCErgoSum:
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Not all RISC combinatorics packages are bundled in RISCErgoSum:
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Not all RISC combinatorics packages are bundled in RISCErgoSum:
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Not all RISC combinatorics packages are bundled in RISCErgoSum:
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Ismail-Zhang formula: leads to the frontiers of what in the
“holonomic universe” is computationally feasible today.

Important classical expansion of the plane wave in terms of Gegenbauer

polynomials C(⌫)
m (x):

eirx =

✓
2

r

◆⌫

�(⌫)
1X

m=0

im(⌫ +m) J⌫+m(r)C(⌫)
m (x).

q-analogue? Mourad Ismail and Ruiming Zhang [1994] found:

Eq(x; i!) =
(q; q)1 !�⌫

(q⌫ ; q)1 (�q!2; q2)1

⇥
1X

m=0

im(1� q⌫+m) qm
2/4J (2)

⌫+m(2!; q)Cm(x; q⌫ |q),
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Eq(x; i!) =
(q; q)1 !�⌫

(q⌫ ; q)1 (�q!2; q2)1

⇥
1X

m=0

im(1� q⌫+m) qm
2/4J (2)

⌫+m(2!; q)Cm(x; q⌫ |q),

• J (2)
⌫+m(2!; q) is Jackson’s (second) q-Bessel function:

J (2)
⌫ (z; q) :=

(q⌫+1; q)1
(q; q)1

1X

n=0

q(⌫+n)n (�1)n(z/2)⌫+2n

(q; q)n(q⌫+1; q)n
.

• Cm(x; q⌫ |q), x = cos(✓) are the continuous q-ultraspherical
(q-Gegenbauer) polynomials :

Cm(cos ✓;�|q) :=
mX

k=0

(�; q)k (�; q)m�k

(q; q)k (q; q)m�k
ei(m�2k)✓.
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Eq(x; i!) =
(q; q)1 !�⌫

(q⌫ ; q)1 (�q!2; q2)1

⇥
1X

m=0

im(1� q⌫+m) qm
2/4J (2)

⌫+m(2!; q)Cm(x; q⌫ |q),

• The basic exponential function Eq(x; i!) [Ismail & Zhang, 1994];
For x = cos(✓) and |!| < 1, in terms of basic sine and cosine,

Eq(x; i!) := Cq(x;!) + i Sq(x;!),

where

Cq(x;!) :=
(�!2; q2)1
(�q!2; q2)1

1X

j=0

(�qe2i✓; q2)j (�qe�2i✓; q2)j
(q; q2)j (q2; q2)j

(�!2)j ,

and

Sq(x;!) :=
(�!2; q2)1
(�q!2; q2)1

2q1/4!

1� q
cos(✓)

1X

j=0

(�qe2i✓; q2)j (�qe�2i✓; q2)j
(q3; q2)j (q2; q2)j

(�!2)j .
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Eq(x; i!) := Cq(x;!) + i Sq(x;!),

where

Cq(x;!) :=
(�!2; q2)1
(�q!2; q2)1

1X

j=0

(�qe2i✓; q2)j (�qe�2i✓; q2)j
(q; q2)j (q2; q2)j

(�!2)j ,
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Sq(x;!) :=
(�!2; q2)1
(�q!2; q2)1

2q1/4!

1� q
cos(✓)

1X

j=0

(�qe2i✓; q2)j (�qe�2i✓; q2)j
(q3; q2)j (q2; q2)j

(�!2)j .

NOTE. It is not di�cult to check that

lim
q!1�

Cq
�
x;!(1� q)/2

�
= cos(!x),

lim
q!1�

Sq
�
x;!(1� q)/2

�
= sin(!x).
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With the help of

it is possible to provide a computer-assisted proof of the
Ismail-Zhang formula. To this end, for each side of the identity one
computes generators of an ideal of annihilating operators.

Details: C. Koutschan and P., “Holonomic Tools for Basic

Hypergeometric Functions”, 2016.
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Not all RISC combinatorics packages are bundled in RISCErgoSum:
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Not all RISC combinatorics packages are bundled in RISCErgoSum:
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Not all RISC combinatorics packages are bundled in RISCErgoSum:
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Radu’s Ramanujan-Kolberg Algorithm
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G.E. Andrews and R. Roy, “Ramanujan’s Method in
q-Series Congruences”, 1997:

“Ramanujan is the discoverer of the surprising fact that the
partition function, p(n), satisfies numerous congruences. Among
the infinite family of such congruences, the two simplest examples
are

p(5n+ 4) ⌘ 0 (mod 5) (1.1)

and
p(7n+ 5) ⌘ 0 (mod 7).” (1.2)

p(4) = 5: 4, 3 + 1, 2 + 2, 2 + 1 + 1, 1 + 1 + 1 + 1
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Ramanujan’s Congruences

p(5n+ 4) ⌘ 0 (mod 5),

p(7n+ 5) ⌘ 0 (mod 7),

p(11n+ 6) ⌘ 0 (mod 11)
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Ramanujan’s Congruences

p(5n+ 4) ⌘ 0 (mod 5),

p(52n+ 24) ⌘ 0 (mod 52),

p(53n+ 99) ⌘ 0 (mod 53),

etc.
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PROOF (mod 5 congruence).

1X

n=0

p(5n+ 4)qn = 5
1Y

j=1

(1� q5j)5

(1� qj)6

“It would be di�cult to find more beautiful formulae
than the ‘Rogers-Ramanujan’ identities . . . ; but here
Ramanujan must take second place to Prof. Rogers;
and, if I had to select one formula from all
Ramanujan’s work, I would agree with Major
MacMahon in selecting . . . ” [G.H. Hardy]

http://www-history.mcs.st-andrews.ac.uk/BigPictures/Hardy_5.jpeg
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PROOF (mod 7 congruence).
1X

n=0

p(7n+ 5)qn

= 7
1Y

j=1

(1� q7j)3

(1� qj)4
+ 49q

1Y

j=1

(1� q7j)7

(1� qj)8
.

NOTE 1. Radu’s Ramanujan-Kolberg algorithm computes both of
Ramanujan’s [1919] witness identities.

NOTE 2. Nicolas Smoot produced a beautiful implementation of
Radu’s algorithm.

QUESTION. What about the 11 congruence?



RISC Packages for q-Series / Radu’s Ramanujan-Kolberg Algorithm 75

PROOF (mod 7 congruence).
1X

n=0

p(7n+ 5)qn

= 7
1Y

j=1

(1� q7j)3

(1� qj)4
+ 49q

1Y

j=1

(1� q7j)7

(1� qj)8
.

NOTE 1. Radu’s Ramanujan-Kolberg algorithm computes both of
Ramanujan’s [1919] witness identities.

NOTE 2. Nicolas Smoot produced a beautiful implementation of
Radu’s algorithm.

QUESTION. What about the 11 congruence?



RISC Packages for q-Series / Radu’s Ramanujan-Kolberg Algorithm 75

PROOF (mod 7 congruence).
1X

n=0

p(7n+ 5)qn

= 7
1Y

j=1

(1� q7j)3

(1� qj)4
+ 49q

1Y

j=1

(1� q7j)7

(1� qj)8
.

NOTE 1. Radu’s Ramanujan-Kolberg algorithm computes both of
Ramanujan’s [1919] witness identities.

NOTE 2. Nicolas Smoot produced a beautiful implementation of
Radu’s algorithm.

QUESTION. What about the 11 congruence?



RISC Packages for q-Series / Radu’s Ramanujan-Kolberg Algorithm 75

PROOF (mod 7 congruence).
1X

n=0

p(7n+ 5)qn

= 7
1Y

j=1

(1� q7j)3

(1� qj)4
+ 49q

1Y

j=1

(1� q7j)7

(1� qj)8
.

NOTE 1. Radu’s Ramanujan-Kolberg algorithm computes both of
Ramanujan’s [1919] witness identities.

NOTE 2. Nicolas Smoot produced a beautiful implementation of
Radu’s algorithm.

QUESTION. What about the 11 congruence?



RISC Packages for q-Series / Computer Algebra Session 3 76

Computer Algebra Session 3
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Pick up and open Smoot’s Mathematica notebook “RKSupplement1.nb”:
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NOTE. From modular function point of view, the cases N = 5 and
N = 7 are simple:

M(X0(N)) = C[t] (= (C[t] · 1)
E.g., if N = 7,

t =
1

q

✓
(q; q)1
(q7; q7)1

◆4

.
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There is no ”Common Factor” (i.e., no divisibility), but the program
delivered an identity which was first established by Kolberg [1957]:

Observe that we obtained,

j = 1 2 Pm,r(j) = {1, 2}.
Together with the other output data this gives,

1

q

(q; q)61
(q5; q5)101

·
1X

n=0

p(5n+ 1)qn ·
1X

n=0

p(5n+ 2)qn = 25 + 2t

with

t =
1

q

✓
(q; q)1
(q5; q5)1

◆6

.

NOTE. As already remarked,

M(X0(5)) = C[t], where t is as above.
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Conclusion
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Plan for Workshop Lectures

| Partition Analysis:
linear systems of Diophantine equations over Z�0,
generating functions and q-series, plane partitions, etc.

} Symbolic Summation:
q-hypergeometric sums and series, etc.

~ q-Holonomic Functions and Sequences:
q-contiguous relations, di↵erential equations
and modular forms, etc.

� Modular Functions and Forms:
Ramanujan type congruences, Radu’s algorithm, etc.
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