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7KH SDSHU LV GHDOLQJ ZLWK UHODWLRQV LQ D JLYHQ VHW ( RI FDUGLQDOLW\ P ! #�� )RU
HYHU\ [ � ( OHW 5�[� EH D VXEVHW RI (� 7ZR GLVWLQFW HOHPHQWV [� \ RI ( DUH
LQGHSHQGHQW� LI ERWK [ � 5�\� XQG \ � 5�[�� (YHU\ PRQRSXQFWXDO VXEVHW RI
( DV ZHOO DV HYHU\ VXEVHW RI SDLUZLVH LQGHSHQGHQW SRLQWV LV FDOOHG D IUHH VXEVHW
RI 5� 7KH IROORZLQJ � FRQGLWLRQV DUH FRQVLGHUHG�
�$� 7KHUH H[LVWV D FDUGLQDOLW\ Q � P VDWLVI\LQJ N5�[� � Q IRU HYHU\ [ � (

�N; PHDQV WKH FDUGLQDOLW\ RI ;��
�%� ( LV D PHWULF VSDFH DQG GLVW�[�5�[�� ! � IRU HYHU\ [ � (�
�&� 7KHUH H[LVWV D UHDO QXPEHU U ! � VXFK WKDW� SXWWLQJ J�[�  GLVW�[�5�[���
WKH VHW I[ M J�[� { UJ FRQWDLQV LQ % D VXEVHW RI SRVLWLYH PHDVXUH� % GHQRWHV
WKH V\VWHP RI DOO %RUHO VHWV RI (� ( LV D PHWULF VSDFH FRQWDLQLQJ DQ HYHU\ZKHUH
GHQVH VHW RI D FDUGLQDOLW\ � L �L GHQRWHV WKH zUVW LQDFFHVVLEOH FDUGLQDO QXPEHU
! #��� )RU D V\VWHP 6 RI VHWV D VXEV\VWHP , RI 6 LV FDOOHG D S�DGGLWLYH LGHDO
SURYLGHG �,� WKH XQLRQ RI HYHU\ VXEV\VWHP RI , RI FDUGLQDOLW\ � S EHORQJV WR ,

DQG �,,� IRU HYHU\ ; � , WKH UHODWLRQV < � ;� < � 6 LPSO\ < � ,�
7KHRUHP �� ,I P  #c ! L DQG LI , GHQRWHV D SURSHU #{���LGHDO RI VXEVHWV RI
( VXFK WKDW I[J � , IRU HYHU\ [ � (� LI % � (� % �� ,� WKHQ WKHUH H[LVWV D
GLVMRLQWHG �{���VHTXHQFH %s RI VXEVHWV RI ( VXFK WKDW %s �� , �s � �{��� DQG
%  

6
%s�

7KLV WKHRUHP LV XVHG LQ SURYLGLQJ WKH IROORZLQJ RQH �WKHRUHP ��� 8QGHU WKH
FRQGLWLRQV RI 7K� �� LI 5�[� LV zQLWH IRU HYHU\ [ � (� WKHQ IRU HYHU\ ��VHTXHQFH
RI VXEVHWV (s RI ( VXFK WKDW (s �� ,� WKHUH H[LVWV D IUHH VXEVHW (� RI ( VDWLVI\LQJ
(� ?(s �� , IRU HYHU\ s � �� 1RZ VXSSRVH WKDW WKH FRQGLWLRQ �%� KROGV� /HW (
GHQRWH WKH VHW RI DOO UHDO QXPEHUV DQG N5�[� � #� �[ � (�� 7KHQ WKHUH H[LVWV
D IUHHVXEVHW (� RI ( VXFK WKDW (� EH HYHU\ZKHUH RI WKH VHFRQG FDWHJRU\ DQG
WKDW WKH /HEHVJXH RXWHU PHDVXUH ~�(�� RI (� EH E r D LQ HYHU\ LQWHUYDO �D� E�
�7K� ��� /HW QRW ( EH DQ LQWHUYDO RI UHDO QXPEHUV DQG % EH D ��DOJHEUD RI
VXEVHWV RI ( FRQWDLQLQJ DOO VXELQWHUYDOV RI (� OHW ~ EH D QRQ�WULYLDO PHDVXUH
RQ %� 7KHQ WKH FRQGLWLRQ �&� LPSOLHV WKH H[LVWHQFH LQ % RI D IUHH VXEVHW RI
SRVLWLYH ~�PHDVXUH�
,Q WKH SDUWLFXODU FDVH ZKHQ 5�[� LV WKH FRPSOHPHQW RI DQ LQWHUYDO RI ( ZKRVH
FHQWHU LV DW [� WKH FRQYHUVH KROGV WRR� WKH H[LVWHQFH LQ % RI D IUHH VXEVHW RI
( RI SRVLWLYH ~�PHDVXUH LPSOLHV WKH FRQGLWLRQ �&� �7K� ��� 7KHRUHP ��� /HW
. EH D GLVMRLQWHG FODVV RI FDUGLQDOLW\ J RI VXEVHWV RI ( RI FDUGLQDOLW\ P  N(

HDFK� WKHQ WKH FRQGLWLRQ �$� LPSOLHV WKH H[LVWHQFH RI D IUHH VXEVHW (� RI ( VXFK
WKDW WKH FDUGLQDOLW\ RI ; ?(� EH P IRU HYHU\ ; � . �KHUH P { #���
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