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/HW ) EH D JUDSK DQG * DQG + VHWV RI JUDSKV� �$OO JUDSKV ZLOO EH zQLWH DQG
VLPSOH�� $ FRORXULQJ RI ) ZLOO EH D VHTXHQFH RI VXEJUDSKV RI + _ HDFK KDYLQJ
WKH VDPH YHUWH[�VHW DV ) _ VXFK WKDW WKHLU HGJH�VHWV IRUP D GLVMRLQW SDUWLWLRQ
RI WKH HGJH�VHW RI ) � ) � �*�+� PHDQV WKDW LQ DQ\ ��FRORXULQJ RI ) HLWKHU WKH
zUVW SDUW FRQWDLQV D VXEJUDSK LVRPRUSKLF WR D PHPEHU RI *� RU WKH VHFRQG SDUW
FRQWDLQV D VXEJUDSK LVRPRUSKLF WR D PHPEHU RI +� :KHQ *  +� WKH QRWDWLRQ
LV VLPSOLzHG WR ) � *� :KHQ * RU + FRQWDLQ EXW D VLQJOH JUDSK� WKH QRWDWLRQ
LV DGMXVWHG VR WKDW WKH QDPH RI WKH XQLTXH PHPEHU UHSODFHV WKH QDPH RI WKH VHW�
)RU DQ\ JUDSK *� ��*� GHQRWHV WKH FRQQHFWLYLW\ RI *� IRU DQ\ SRVLWLYH LQWHJHU
P� P* GHQRWHV WKH GLVMRLQW XQLRQ RI P FRSLHV RI *� 7KH VHW RI KRPRPRUSKLF
LPDJHV RI * LV GHQRWHG E\ KRP*� 7KH GLUHFW SURGXFW * e + RI WZR JUDSKV
* DQG + LV WKH JUDSK ZLWK YHUWH[�VHW 9 �*� e 9 �+�� RWKHUZLVH NQRZQ DV WKH
FRQMXQFWLRQ� 7KH FKURPDWLF 5DPVH\ QXPEHU UF�*�+� LV WKH OHDVW LQWHJHU P
IRU ZKLFK WKHUH H[LVWV D JUDSK ) VXFK WKDW ) � �*�+� DQG x�) �  P� WKH
5DPVH\ QXPEHU U�*�+� LV WKH OHDVW LQWHJHU Q VXFK WKDW .U � �*�+�� 7KHRUHP
�� )RU DQ\ FODVVHV * DQG +� UF�*�+�  U�KRP*�KRP+�� 7KHRUHP �� /HW
* DQG + EH JUDSKV RI FKURPDWLF QXPEHU U� DQG VXSSRVH WKDW HYHU\ YHUWH[
RI + LV FRQWDLQHG LQ D FRPSOHWH �U r ���JUDSK� 7KHQ * e + KDV FKURPDWLF
QXPEHU U� 7ZR FRQMHFWXUHV DUH VWDWHG� &RQMHFWXUH �� PLQ UF�*�  �U r ��
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�� ZKHUH WKH PLQLPXP LV WDNHQ RYHU DOO U�FKURPDWLF JUDSKV� &RQMHFWXUH ��
x�* e +�  PLQ�x�*�� x�+��� �$ ZHDNHQHG YHUVLRQ RI &RQMHFWXUH � IROORZV
IURP 7KHRUHP �� 7KH WUXWK RI &RQMHFWXUH � ZRXOG LPSO\ WKDW RI &RQMHFWXUH
��� 7KHRUHP �� &RQMHFWXUH � LV YDOLG IRU U  �� 'HzQH l�) � DQG d�) � WR EH
WKH PLQLPXP DQG PD[LPXP GHJUHHV RI YHUWLFHV RI ) � ) LV �*�+��LUUHGXFLEOH
LI ) � �*�+� EXW QR SURSHU VXEJUDSK RI ) KDV WKLV SURSHUW\� 7KHRUHP ��
�U � � PLQd�*� � U�.U� r �� ZKHUH WKH PLQLPXP LV WDNHQ RYHU DOO * IRU
ZKLFK * � .U� 7KHRUHP �� PLQ l�*�  �U r ���V r ��� ZKHUH WKH PLQLPXP
LV WDNHQ RYHU DOO �.U�.V��LUUHGXFLEOH JUDSKV� 7KHRUHP �� ,I U� V { �� WKHUH
DUH LQzQLWHO\ PDQ\ QRQ�LVRPRUSKLF �.U�.V��LUUHGXFLEOH JUDSKV� 7KHRUHP �� ,I
U� V { �� WKHQ WKHUH H[LVWV �.U�.V��LUUHGXFLEOH JUDSKV ZLWK DUELWUDULO\ ODUJH d�
7KHRUHP �� ,I U� V { �� WKHQ PLQ.�*�  � RU � DFFRUGLQJ DV U � V RU U  V�
ZKHUH WKH PLQLPXP LV WDNHQ RYHU DOO �.U�.V��LUUHGXFLEOH JUDSKV *� 7KHRUHP
�� $ QHFHVVDU\ DQG VXlFLHQW FRQGLWLRQ WKDW * � .��Q LV WKDW d�*� { �Qr ��
RU� LI Q LV HYHQ� WKDW * KDV D FRPSRQHQW ZKLFK LV UHJXODU RI GHJUHH �Qr � DQG
ZKLFK KDV DQ RGG QXPEHU RI YHUWLFHV� 7KHRUHP ��� * � �.� LI DQG RQO\ LI
* FRQWDLQV WKUHH GLVMRLQW HGJHV RU D ��F\FOH� 7KHRUHP ��� )RU DQ\ SRVLWLYH
LQWHJHUV P DQG Q� WKH QXPEHU RI �P.�� Q.���LUUHGXFLEOH JUDSKV LV zQLWH�
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