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2QH RI WKH EHVW NQRZQ H[WUHPDO UHVXOWV LQYROYLQJ SDWKV LV WKH IROORZLQJ RQH
SURYHG PRUH WKDQ �� \HDUV DJR�
7KHRUHP >3� (UGR̀V DQG 7� *DOODL� $FWD 0DWK� $FDG� 6FL� +XQJ� ��� �������
������ =EO ����������@� $ JUDSK *P RQP YHUWLFHV ZLWK DW OHDVW >P�Nr����@ �
HGJHV FRQWDLQV D SDWK 3N�� RQ N � � YHUWLFHV� )XUWKHUPRUH� ZKHQ P  NW WKH
JUDSK W.N FRQWDLQV WKH PD[LPDO QXPEHU RI HGJHV LQ DQ P YHUWH[ JUDSK ZLWK
QR 3N�� DQG LV WKH XQLTXH VXFK JUDSK�
7KHUH DUH PDQ\ RWKHU UHVXOWV LQ WKH OLWHUDWXUH WKDW XVH WKDW D JUDSK ZLWK PDQ\
HGJHV RU ZLWK KLJK�GHJUHH YHUWLFHV KDV D ORQJ SDWK�
7KH SUREOHP ZH DGGUHVV KHUH LV RI D VLPLODU QDWXUH� /HW P�Q DQG N EH z[HG
SRVLWLYH LQWHJHUV ZLWK P ! Q { N� :H ZLVK WR GHWHUPLQH WKH PLQLPXP YDOXH O
VXFK WKDW HDFK JUDSK RQ P YHUWLFHV ZLWK O YHUWLFHV RI GHJUHH DW OHDVW Q FRQWDLQV
D 3N���
$ SODXVLEOH PLQLPXP YDOXH IRU O LV VXJJHVWHG E\ WKH IROORZLQJ JUDSK� /HW
P  W�Q���� U� � � U � Q��� ZLWK N � �Q��� 7KHQ WKH JUDSK FRQVLVWLQJ RI
W YHUWH[ GLVMRLQW FRSLHV RI+  .Q��rE�Nr�� �F�.E�Nr�� �F FRQWDLQV WE�Nr�� �F
YHUWLFHV RI GHJUHH Q DQG QR 3N��� :KHQ N LV HYHQ DQG U � E�N r �� �F { Q�
WKH QXPEHU RI YHUWLFHV RI GHJUHH { Q LQ WKLV JUDSK FDQ EH LQFUHDVHG E\ � WR
WE�Nr �� �F�� ZLWKRXW IRUFLQJ WKH JUDSKV WR FRQWDLQ D 3N��� 6LPSO\ WDNH RQH
RI WKH YHUWLFHV RI GHJUHH E�N r �� �F DQG PDNH LW DGMDFHQW WR WKH U YHUWLFHV LQ
QR FRS\ RI +� 7KXV ZH KDYH WKH IROORZLQJ FRQMHFWXUH�
/HW P�Q� DQG N EH z[HG SRVLWLYH LQWHJHUV ZLWK P ! Q { N DQG VHW l  � ZKHQ
N LV HYHQ DQG l  � ZKHQ N LV RGG� ,I *P LV D JUDSK RQ P YHUWLFHV DQG DW OHDVW
O  E�N r �� �F EP �Q � ��F � l YHUWLFHV RI GHJUHH { Q� WKHQ *P FRQWDLQV D
3N���
$OWKRXJK ZH GR QRW SURYH WKH FRQMHFWXUHG UHVXOW� ZH GR VKRZ WKDW WKH YDOXH RI
O JLYHQ LQ WKH FRQMHFWXUH LV ?HVVHQWLDOO\� FRUUHFW� 0XFK DWWHQWLRQ LV JLYHQ WR WKH
VSHFLDO FDVH ZKHQ Q�� � P � �Q��� ,Q WKLV FDVH ZH VKRZ WKDW DSSUR[LPDWHO\
N � YHUWLFHV RI GHJUHH { Q LV HQRXJK WR JXDUDQWHH WKDW *P FRQWDLQV D 3N���
8QIRUWXQDWHO\� HYHQ IRU WKLV LQWHUYDO RI YDOXHV ZH DUH QRW DEOH WR SURYH WKH H[DFW
VWDWHPHQW RI WKH FRQMHFWXUH�
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