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Abstract. Let p and v be Radon measures on R™ with compact supports. We study the
Hausdorft, dimg, and packing dimension, dim,,, properties of the intersection measures p N fyv
when f runs through the similarities of R™ and f;v is the imageof v under f. These measures can
be regarded as natural measures on spt N f(spt v), where spt is the support of a measure. Using
the relations between Hausdorff dimensions of sets and measures, we show that if dimgy(u x v) =
dimyg p + dimg v > n and if the t-energy of v is finite for all 0 < ¢t < dimyg v < n, then for
0, x £* almost all (g,7) € 0, x (0,00) we have

essinf{dimpy N (7, 0god,)yv: 2z € R® with uN (7, 0g o, )yv(R") > 0} = dimpy p+ dimy v — n.

Here 6, is the unique orthogonally invariant Radon probability measure on the orthogonal group of
R", denoted by 0,,, £" is the Lebesgue measure on the open interval (0,0), and 7,0g06,: R" —
R™ is the similarity 7,0g06,(a) = rga+z. By relating packing dimensions of intersection measures
to certain integral kernels, we prove that if the s-energy of p is finite and the t-energy of v is finite
for some 0 < s <n and 0 < t < n with s+¢ > n, then for 6, x Z* almost all (g,7) € 0, x (0, 00)
we have

essinf{dim, puN (7, 090, )sv:z € R" with uN (7, 0 g0 d,)yv(R") >0} =d, .,

where d,,, is a constant depending only on the measures y and v. We also deduce corresponding
equalities for the upper Hausdorff and upper packing dimensions.

1. Introduction

Let A and B be Borel sets in R™. The relations between the Hausdorff
dimensions, dimg, of A, B, and f(B), when f runs through the similarities of
R", were studied by Mattila in [9]. He showed that if A is J#° measurable and
B is " measurable such that 0 < #%(A) < oo and 0 < J#*(B) < oo for some
0<s<nand 0<t<n with s+1¢>n, then

(1.1) dimg AN (0900, 07_y)B>s+t—n

for S5 x At x 0, x L1 almost all (z,y,9,7) € Ax B x 0, x (0,00). Here J#° is
the s-dimensional Hausdorff measure, 7, 0 god, o7_,: R" — R" is the similarity
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Tz0god,oT_y(a) =rgla—y)+z, 6, is the unique orthogonally invariant Radon
probability measure on the orthogonal group of R™ denoted by &,,, and .#*! is the
Lebesgue measure on the open interval (0,00). In general the opposite inequality
in (1.1) is false, but it holds under the additional assumption that the set B has
positive t-dimensional lower density at all of its points (see [9, Theorem 6.13]).
For more information on results related to these questions see also [7].

Let 1 and v be Radon measures on R" with compact supports. The purpose
of this paper is to study Hausdorff and packing dimension analogues of (1.1) for
intersection measures N fy when f runs through the similarities of R™ and fyv
is the image of v under f. These intersection measures introduced by Mattila in [9]
can be regarded as natural measures on spt uN f(spt v), where spt is the support
of a measure. Using the relations between the Hausdorff dimensions of sets and
measures, we show that if the t-energy of v is finite for all 0 < t < dimy v < n,
then for 6, x £ almost all (g,7) € 0, x (0,00) we have

dimg pN (7, 0906, )r > dimy v+ dimg v —n

for £™ almost all z € R™ with pN (70906, )sv(R™) > 0. Here (7, 0g06,)sv is
the image of v under the similarity 7,0g04,: R* - R", 7,0g06,(a) =rga+ z
and .Z" is the Lebesgue measure on R". If we suppose in addition to the above
assumptions that dimg (u X v) = dimg g+ dimg v > n, then for 6,, x Z1 almost
all (g,7) € 0, x (0,00) we have

essinf{dimg p N (7, 0go0d,)gv : z € R" with pN (7, 0god, ) (R™) > 0}
(1.2) = dimg p + dimg v — n.

We also prove corresponding results for the upper Hausdorff dimension.

We continue the work by Jarvenpéa ([4] and [5]) on packing dimension, dim,,,
properties of intersection measures. In [4] it is shown that if the (n — t)-energy
of p is finite and the t-energy of v is finite for some 0 < ¢t < n, and if dimyg p +
dimg v > n, then

dimgy v dim, p(dimg g+ dimg v —n)

di n Op O T—y)gV/ 2
im, g N (17,0908, 07 y)ﬁV—ma’X{ ndimg pu — (n — dimg v) dim, p

dimgy pdim, v(dimg g+ dimg v —n)
ndimy v — (n — dimg p) dim, v

for u x v x 6, x £ almost all (z,y,9,7) € R® x R" x 0, x (0,00). In [5]
a corresponding result is proved when we take isometries as the transformation
group in place of similarities. The methods we are using when considering packing
dimensions of intersection measures are influenced by the theory for projections
of measures introduced by Falconer and Howroyd in [1] and by the methods in [6]
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where sections of measures were considered instead of general intersections. We
show that the following analogue of (1.1) holds: if the s-energy of p is finite and
the t-energy of v is finite for some 0 < s <n and 0 <t <n with s+t > n, then
for 0, x £ almost all (g,r) € 0,, x (0,00) we have

(1.3)

essinf{dim, g N (7. 0 go &, )gv : 2 € R" with uN (7, 0 g0 6p)sv(R™) > 0} = d 0.

Here d, , is a constant obtained by convolving the product measure p x v with
a certain kernel. Corresponding results for the upper packing dimension are also
deduced. If we consider isometries instead of similarities, then (1.2) holds if we
assume that dimg(pu x v) = dimg g + dimg v > n and that the t-energy of v is
finite for all (n+1) < ¢ < n. This can be proved using the methods of Section 3.
For isometries the methods of Section 5 cannot be used. Then an integration with
respect to 7 is not involved, which makes things more difficult.

Equalities (1.2) and (1.3) cannot be strengthened to a result saying that
dimpg pN (7, 0g0dy)yv or dimy N (7, 0 gody)sr would be almost surely constant.
To see this, let u; and po be suitably chosen measures on R™ supported by two
disjoint balls such that there is A C &, x (0,00) with positive 6, x .Z' measure
such that for any (g,r) € A either W, )/ N (spt,ul X (g o &,)(spt V)) =0 or
Wiz—z)2 N (spt w2 X (g o &,)(spt 1/)) = () for all z € R™ (for the notation see
Chapter 2). Then by choosing the dimensions (both Hausdorff and packing) of
the measures p; and po in a suitable way, we can find for any (g,7) € A sets
B;,r C R™ and B;r C R™ with positive " measures such that the dimension

of the measure 7y [ (11 X (g0 8, )gv + p2 X (go 57")W)W(z 7Z)/2} is big for z € B} ,.

and small for z € B? .
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2. Notation and preliminaries

We denote by d(z, A) = inf{|z —a| : a € A} the distance between =z € R"”
and a non-empty set A C R™. The open interval in RU{—00, 00} with end points
a,b € RU{—00,00} is denoted by (a,b). For the corresponding closed interval we
use the notation [a,b]. Further, B(z,r) is the closed ball of centre z € R™ and
radius 0 < r < 0o, and a(n) = .£"(B(0,1)) where .£" is the Lebesgue measure
on R™. For 0 < s < 0o, the s-dimensional Hausdorff measure is denoted by 7.

If 1 is a measure on a set X, we denote by fyu the image of p under a
function f: X — Y, that is,

fin(A) = (71 (A))
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for all A C Y. The restriction of y to a set B C X is denoted by p | B, that is,
i | B(A) = u(B N A)

for all A C X. For 0 <t < n, the t-energy of a Radon measure p on R" is
defined by

Ii(p) = / |z — y| ™" dpx duy.

Note that if 4 is a finite Radon measure on R™ and I;(u) < oo, then I4(u) < oo
for all 0 < s <t. Let u and v be measures on a set X. The measure p is said
to be absolutely continuous with respect to v, if u(A) =0 for any A C X with
v(A) = 0. In this case we write p < v.

Let m and n be integers with 0 < m < n. The Grassmann manifold, which
consists of all (n—m)-dimensional linear subspaces of R, is denoted by G, n—m, -
For all V. € Gy n—m, let V+ e Gp,m be the orthogonal complement of V', and
Py.: R™ — V+ the orthogonal projection onto V+. We use the notation &, for
the orthogonal group of R™ consisting of all linear maps g: R — R"” preserving
distance, that is, |g(z) — g(y)| = |z — y| for all x,y € R™. The unique invariant
Radon probability measure on &, is denoted by 6, .

A map f: R — R" is a similarity, if there is 0 < r < oo such that |f(z) —
f(y)| = rlz — y| for all z,y € R™. In this case for some z € R", g € 0,,, and
0 < r < oo we have

f:TzogC’67‘7

where 7,: R™ — R" is the translation 7,(z) = z + z, and 6,: R™ — R" is the
homothety 6,(z) = rx.

For the definition of intersection measures we need the following definition of
sliced measures. Let m and n be integers with 0 < m < n. Let u be a finite
Radon measure on R, V € G, p—m, and V, = {v+a:v eV} forall a € VL.
For ™ almost all a € V+ there is a Radon measure 1v,q on V, such that

(2.1) /god,uvya = lim(25)m/ wdu
6—0 V. (8)

for all non-negative continuous functions ¢ on R™ with compact support (see [10,
Chapter 10]). Here

Va(0) ={y e R" : d(y, V) < 6}.

The measure py,, is the slice of p by the plane V. Obviously,

spt v, C spt NV,
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where spt is the support of a measure. Further, if Py p < 2™ | V+ and f is
a non-negative Borel function on R"™ with [ fdu < oo, then

(2:2) [ [ sawvaarera= [ an

(see [8, Lemma 3.4 (4)]).

Now we are ready to define intersection measures. We use the method from
[9], which is the same as used in [3, 4.3.20] in connection with the construction of
intersection currents. Let W be the diagonal of R™ x R™, that is,

W ={(z,y) e R" xR" : x = y}.
Let p and v be Radon measures on R"” with compact supports. The intersection
measure pN fyv, where f = 71,0904, for some z € R", g€ 0,,,and 0 <r < o0,
is constructed by slicing the product measure p X (g o §, )3 by the n-plane

Wei—zy2 ={(z,y) e R" xR" 10 —y = 2},

and by projecting this sliced measure to R™ by the projection m: R" x R" — R",
m(x,y) = x. Hence

pN(720g00, )3 = 2”/204(7”&)717% [(,U x (go 5T)ﬁ’/)w,(z,—z)/2}

provided that the sliced measure (,u X (go (5T)ﬁl/)w(z )2 exists. This is the case
for ™ almost all z € R™. Clearly,

sptuN (1, 0906, )qv Csptun (1. 0g046,)sptr.

If ¢ is a non-negative lower semicontinuous function on R™, then (2.1) gives

/sodu N (7209006, )sv
(2.3)

< lim a(n) 16"

<1 / o) d(p x V)2, 9).
—0 {(z,9):|Sg,r (x,y)—2| <5}

Here Sy .: R" x R" — R" is defined by S . (z,y) =2 — rgy.
Note that if Sg ., (uxv) < £, then Py, (1 x (gobr)sv) < AW, and
the disintegration formula (2.2) implies that

(2.4) /WL/fd(ux (goér)ﬁl/)wiad,%”na:/fd(ux (god,)sv)
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provided that f is a non-negative Borel function with [ fd(u x (god,)3v) < co.
Further, by (2.4),

A" ({aeWr: (ux(go 5T)ﬁV)WQ(R” x R") > 0}) >0,
which gives
ZL"({zeR":uN(r:0g06,);w(R") >0}) > 0.

The following definitions of dimensions will be used throughout this paper.
The Hausdorff and packing dimensions of a finite Radon measure p on R™ are
defined by

dimg o = sup{u > 0 : limsuph~*u(B(z, h)) = 0 for 1 almost all z € R™}
h—0

and

dim, p = sup{u >0: lizn i(r)lf h’“,u(B(:z;, h)) = 0 for p almost all x € R”}.

We will also consider the upper Hausdorff and upper packing dimensions defined
as follows

dimj; g = sup{u > 0: p({z € R" : limsuph™“u(B(z,h)) =0}) > 0}
h—0

and
dimy, p = sup{u > 0: p({z e R": lihmi(r)lfh’“u(B(x, h)) =0}) > 0}.

Equivalently, these dimensions can be determined by using Hausdorff and packing
dimensions of sets. In fact,

dimpy p = inf{dimpg A : A is a Borel set and p(A4) > 0},

dim, ¢ = inf{dim, A : A is a Borel set and p(A4) > 0},

dimy; p = inf{dimy A : A is a Borel set and u(R" \ A) = 0},
and

dimy, p = inf{dim, A : A is a Borel set and pu(R" \ A) = 0}.

The following lemma gives a relation between finiteness of energies and Haus-
dorff dimensions of measures. It is an immediate consequence of the relation
between Riesz capacities and Hausdorff dimensions of Borel sets.

Lemma 2.5. If pu is a Radon measure on R™ with 0 < u(R"™) < oo and
with I(u) < oo, then dimpg p > t.
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3. Hausdorff dimension and intersection measures

Lemma 3.1. Let p and v be Radon measures on R"™ with compact supports.
Assume that dimy(uxv) >n. If (g,r) € O, x (0,00) is such that Sy, (1 xv) <
L™, then

essinf{dimg p N (7, 0906, )gv : 2z € R" with pN (7, 0 god, ) (R™) > 0}
<dimg(p X v) —n.
Proof. Consider u > 0 such that dimg N (7, 0g0d, )y > u for £ almost

all z € R" with p N (7, 0906, )v(R™) > 0. Since dimpg p N (7, 0 g o 6 )gv <
dimpg (p x (go 57~)ﬁI/)W(Z a0 We have

u < dimp (1% (906080 oL o

for 7™ almost all (z,—2)/2 € W with (u x (goér)ﬁ)w(z 7Z)/2(R” x R™) > 0.
The fact that dimg (ux (goé,)¢v) = dimp (ux v) > n, gives with [6, Lemma 3.1]
u <dimg p x (gody)gr —n =dimyg(u xv) —n
and the claim follows. Note that [6, Lemma 3.1] holds for W since Py, (,u X (go

or)gv) < A | Wt o

For the purpose of proving that the opposite inequality holds in Lemma 3.1
under some additional assumptions we need the following result.

Lemma 3.2. Let  and v be Radon measures on R™ with compact supports
and let B C R™ be a Borel set. If (g,r) € 0, x (0,00) is such that Sg,r, (Lxv) <K
L™, then

(w|B)N(ro0g0d)w = (N (20900, )v) | B
for ™ almost all z € R™.

Proof. Let A C R"™. Since Py, (1 x (godr)gv) < ™ | W, we have by [6,
Lemma 3.2] for £ almost all z € R"

(7= 098, ))| ) - zn/Qaww [0 (99050} 2) (B0 4)
1

= 22a(n) " (1 % (90 6 )g )y o o (B X RP) 1 (A x RY)
= 2"/2a(n)~ 1((u x (g oo W)wu —ya | (BXRD)(A xR
=2"2a(n)" ((u x (g0 6,)3v) | (B x R™) )W,<zﬁZ>/2(A *R7)
= 2" a(n) " ((ulB) x (g 06, ) V)i (a2 (A X R
= 2" 2a(n) " m [ (u1B) (90 6.)20) ) o) (A)

= (n|B)N(r=0g908)w(A). o
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Lemma 3.3. Let p and v be Radon measures on R"™ with compact supports.
Assume that I;(v) < oo for all 0 < t < dimy v < n. Then for 6, x £ almost
all (g,r) € O, x (0,00) we have

dimg pN (7, 0906, )v > dimy p+dimg v —n

for " almost all z € R™ with pN (1, 0g06,)sv(R") > 0.

Proof. Let 0 < t < dimgv < n. It is enough to prove that for 6, x Z*
almost all (g,r) € 0,, x (0,00) we have

dimg pN (7, 0906, )y > dimgp+t—n

for £™ almost all z € R™ with pN (7, 0g00,);¥(R™) > 0. The claim follows by
taking a sequence (¢;) tending to dimgy v from below.
We may assume that dimg p+t¢ > n. For all (g,7) € 0, x (0,00) define

Cor={2€R":pN(r,0g06)v(R") > 0}.
Since
{z€Cy,:dimgpun(r,0g0d)sv <dimg pu+t—n}

=U U {z € Oy : there is a Borel set A C R" such that
i=1j=1

1 1
dimHA<dimHu+t—n—g and N (7, 0900, )3 (A) > 3},

it suffices to show that for 6, x £ almost all (g,r) € &, x (0,00) the set

E,,={z¢€C,, : thereis a Borel set A C R" such that
dimg A <u+t—nand pN (7, 0g00d,)3v(A) > e}
has " measure zero for fixed v < dimy p and € > 0.

Let v < v < dimg p. Then limsup,_,, h*”,u(B(x, h)) = 0 for p almost all
r € R™, and so,

(3.4) lim u(R™\ B") =0,

11— 00
where

; 1
B' = {xeR”:,u(B(a;,h)) <hY forall0 < h < ;}

is a Borel set. Further, I, (i | BY) < oo for all i. By [9, Theorem 6.6] we have
for 6, x £ almost all (g,r) € 0, x (0,00) that Sgy,nﬁ((,u | B;) x v) < £ for
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all i. This together with (3.4) gives Sg,, (1 x v) < £ for 0, X Z' almost all

(g,7) € O, x (0,00). By [9, Theorem 6.7] and Lemma 3.2, for 6,, x £* almost all
(g,7) € O, x (0,00) we have for £ almost all z € R"

(3.5) IUH,R((M N(r,0g0 5T)ﬁu) ] Bi) < 00
for all . For all i and (g,7) € 0, x (0,00) define
D!, ={z€Cyr:(ux(go 5T)ﬁV)W7(Z77Z)/2((R” \ B) x R") > a(n)Q*”/Qe:}.

Now the disintegration formula (2.4) gives that for 6, x £ almost all (g,7) €
Oy % (0,00)

1% (god ) ((R™\ B) x R")

_ /(u % (906:)30) o (R"\ BY) x R") d(A#™ | WH)a

_ 277,/20((”)*1 /(M X (go 5T)ﬁV)W,(z,fz)/2((Rn \ BY) x Rn) dL"z
> e (D} )

for all 7, which gives by (3.4)

(3.6) lim £"(Dg ) = 0.

Let (g,7) € O, x (0,00) such that (3.5) and (3.6) hold. We will prove that
for #™ almost all z € E,, we have z € D}, . for all i. Then the claim follows by
(3.6). Let z € E,, such that (3.5) holds. Then there is a Borel set A C R" such
that dimy A < u+t—n and pN(7,0g00,)3v(A) > €. Consider a positive integer 7.
Now pN(7,0g06,)3v(A\ BY) > e. In fact, if uN (7, 0g08,)3v(A\ B*) < &, then
pN(750g08,)sv(ANBY) > 0, and by (3.5) and Lemma 2.5, dimg (ANB*) > u+t—n,
which is a contradiction. Hence pN(7,0g06,);v(R"\B*) >¢,andso z € D}, .. o

Lemmas 3.1 and 3.3 together imply the following theorem. Note that as
shown above under the assumptions of Theorem 3.7 we have Sg,, (1 x v) < Z"
for 0, x £ almost all (g,r) € 0, x (0,00).

Theorem 3.7. Let pu and v be Radon measures on R" with compact sup-

ports. Assume that dimpg(u X v) = dimyg p + dimg v > n and I (v) < oo for all
0 <t <dimyv <n. Then for 6, x £ almost all (g,r) € 0,, x (0,00) we have

essinf{dimg p N (7, 090, )4 : 2z € R" with pN (7, 0god, )y (R™) > 0}
=dimg p + dimg v —n.
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This result is analogous to the packing dimension case (see Theorem 5.9) since

dimg g+ dimg v —n = dimg(pu X v) — n

= sup{u >0 :limsuph“/ |(z,y) — (a,b)] 7" d(pu x v)(a,b) =0
h—0 B(z,h)xB(y,h)

for p x v almost all (z,y) € R™ x R”}.

This can be verified in the same way as [6, Remark 3.9].

4. Upper Hausdorff dimension and intersection measures

The following lemma is an analogue of Lemma 3.1 for the upper Hausdorff
dimension.

Lemma 4.1. Let p and v be Radon measures on R"™ with compact supports.
Assume that dimy(uxv) >n. If (g,r) € O, x (0,00) is such that Sy, (1 xv) <
L™, then

sup{u>0: 2" ({z € R" : dim}; pN (7. 0906, )y > u}) > 0} < dimj(ux v) —n.

Proof. Since dimp (% (g0 6,)sv) = dimp(u x v) > n and dimj; (u x (go
6r)sv) = dimp; (1 X v), we have by [6, Lemma 4.2]

sup{u >0: 2" ({a c W . dim}; (,ux(goér)ﬁy)wa > u}) >0} < dimj(pxv)—n.

Note that [6, Lemma 4.2] holds for W' since Py, (X (gody)v) < ™| WE.

Using the fact that dimy p N (7; 0906, ) < dimp (,u X (go 57~)ﬁI/)W(Z .y this

gives the claim. o

Lemma 4.2. Let p and v be Radon measures on R"™ with compact supports.
Assume that I;(v) < oo for all 0 < t < dimj; v < n. Then for 6, x £ almost
all (g,r) € O, x (0,00) we have
sup{u > 0:.2"({z € R" : dim}; pN(7.09068,)sv > u}) > 0} > dim}; p+dim}; v—n.

Proof. Let 0 < t < dimj;v < n. It is sufficient to prove that for 6, x £1
almost all (g,r) € 0, x (0,00) we have

sup{uEO:X”({zeR”:dimj‘quﬂ(rzogoér)ﬁuzu}) >0}2dim§{,u+t—n.

The claim follows by taking a sequence (t;) tending to dim}; v from below.
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We may assume that dimj; pu + ¢ > n. We will prove that for any u <
dimj; g —t —n we have for 6, x £ almost all (g,7) € 0,, x (0,0)

L"(Eyr) >0

for
E,r={z € R" :dimj; pN (1. 0go0d,)sv > u}.

The desired result follows then by taking a sequence (u;) tending to dimy; p+t—n.
Let u < v < dimy u +t —n. Then for some positive integer i we have
w(Ci) > 0, where

1
C; = {g; €R": p(B(z,h)) <h"" ™ forall 0 < h < —_}
i

is a Borel set. Further, 1 x (g o d,)sv(C; x R™) > 0 for all (g,7) € 0, x (0,00).
Now Iy—tin(p | Ci) < oo, whence [9, Theorem 6.6] implies that S, ., ((w | Cs) x
v) < £ for 0, x £ almost all (g,7) € 0, x (0,00). This together with the
disintegration formula (2.4) gives for 0,, x £ almost all (g,7) € 0, x (0,00) that

(4.3) .,%”(D_fm) > 0,
where

D, ={zeR": ((u]| Cs) x (go b)) C; x R") > 0}.

W,(z,fz)/Q(
By [9, Theorem 6.7], we have for 6,, x £1 almost all (g,7) € €, x (0,00)
(4.4) L((n| Ci)N (10908, )pv) < oo

for ™ almost all z € R™. It is enough to show that for 6, x & 1 almost all

(9,7) € On x (0,00) we have z € E, for Z" almost all z € D ., where

Egi,n ={z e R" :dimy (| Ci) N (12 090, )v > u}.

Then (4.3) implies the claim. Consider (g,r) € &, x (0,00) such that (4.3) and

(4.4) hold. Let z € D}, such that (4.4) holds. If z ¢ E, ., then there is a Borel
set A C R"™ such that dimy A <wu and (p | C;)N(120g06,)sv(R"\ A) = 0. Now
ANC; is a Borel set and pN (17,0900, );7(ANC;) > 0. This gives by Lemma 2.5

and (4.4) that dimy (AN C;) > u, which is a contradiction. Thus z € E, . o

Now we obtain:
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Theorem 4.5. Let p and v be Radon measures on R" with compact sup-
ports. Assume that dimy p + dimgv > n, dimpy(pu x v) = dimyy g + dim}y, v,
and I;(v) < oo for all 0 < t < dimj;v < n. Then for 0, x £ almost all
(g,7) € Op, x (0,00) we have
sup{u > 0:.2"({z € R" : dim}; pN(7.09068,)sv > u}) > 0} = dim}; p+dim}; v—n.

Proof. The claim follows from Lemmas 4.1 and 4.2. Lemma 4.1 is applicable
since dimg (p X v) > dimg p + dimg v > n and since, using the methods of the
proof of Lemma 3.3, we see that Sg, (u xv) < £" for 6, x Z' almost all
(g,7) € Oy x (0,00).

This result is analogous to the upper packing dimension case (see Theo-
rem 6.3) since we have here

dimp; p + dimp v —n =dimp(u x v) —n

:sup{u20:,u>< V({(x,y) eR"xR":

limsuph™ / |(z,y) — (a,b)] " d(pn x v)(a,b) = O}) > O}.
h—
" B(z,h)x B(y,h)
5. Packing dimension and intersection measures

Let p and v be finite Radon measures on R™. As in the projection (see [1])
and section (see [6]) cases, we relate intersection measures to certain integral ker-
nels. We will show that it is the limiting behaviour of the product measure pu x v
against the kernel considered in [6] in connection with sections of measures that
determines the packing dimensions of intersection measures almost everywhere.

The quantities

du, = sup{u >0 :liminf h“/ |(z,y) — (a,b)] 7" d(p x v)(a,b) =0
h—0 B(z,h)x B(y,h)

for p x v almost all (z,y) € R™ x R”}

and the upper analogue

d,, = sup{u >0:pux I/({(Q?,y) eER"xR":

lim inf h“/ |(z,y) — (a,b)| 7" d(pn x v)(a,b) = O}) > 0}
h—=0 B(x,h)xB(y,h)

are what we need when considering intersection measures.
The following lemma is a modification of [4, Lemma 3.5].
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Lemma 5.1. Let p and v be Radon measures on R™ with compact supports
such that Is(u) < oo and I;(v) < oo for some 0 < s < n and 0 < t < n with
s+t>mn. Let 0 <ry <ry <oo. Assume that there exists u > 0 such that for
wx v almost all (z,y) € R™ x R"™ there is 0 < ¢ < oo such that

/ /,U N(Tz0god,o T,y)ﬁl/(B(x, h)) db,gd. L r < ch®

for arbitrarily small h > 0. Then for 6, x £ almost all (g,7) € O, x [r1,r2] we
have
dim, N (7, 0 go )4 > u

for ™ almost all z € R™ with pN (1, 0g06,)sv(R") > 0.
Proof. Let € > 0. For h > 0 and (z,y) € R" x R™, define

Jn(z,y) = / /,u N(t,0g0d, 0 T,y)ﬁl/(B(x, h)) db,g AL r

provided that the right hand side is defined (see [4, Lemma 3.4)). If Jy(z,y) < ch™,
then

0,, x 31({(9,7“) € O X [r1,12) : pN(74 0 g 0 0y or,y)ﬁV(B(ac, h)) > h“fs})
< A% Ip(x,y) < ch®.

Hence, for p x v almost all (z,y) € R™ x R™ we have

angl({(g,T) € OnX|ri,mo] :lizni(r)lf hsfu,uﬂ(Txogoérmpy)ﬁl/(B(a:, h)) > 1}) =0,

which gives, by Fubini’s theorem, that for 6,, x £ almost all (g,7) € O, x [r1,72]
(5.2 0x U(Agr) =0,
where

Agr = {(z,y) eR" x R": lihmi(r)lfhsfuu N(tz 0908, o1y )sv(B(z,h)) >1}

is a Borel set. For all g € 0,, and r; <r < ry, define a Borel set

Byr = {(z,y) € R" x R" : iminf h*""u 0 (r4y © g 0 ;)50 (B(, h)) > 1}.

Then (5.2) implies that for 6,, x £ almost all (g,r) € O, X [r1,72]

px (g08,.)sw(By,) = puxv(Ay,) =0,
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and so, using [9, Theorem 6.6] and (2.4), we have for 6,, x £ almost all (g,7) €
ﬁn X [7“1,7“2]
(,U X (go 5T)ﬁV)W7(Z7,Z)/2(Bg,?") =0,

for ™ almost all z € R™, that is,

(5.3) lihmjélf "N (Tg—y © g 0 0y )gv (B(z, b)) < 1

for (,u X (9057~)W)W(Z /2 almost all (x,y) € R" x R". Since (z,y) € Wi, _)/2
if and only if = — y = z, inequality (5.3) gives for £ almost all z € R"”

liini(r)lf W "N (12 0g0d)sv(B(x, h)) <1

for N (7, 0god,)sv almost all x € R™. Thus, for 6, x £! almost all (g,7) €
Oy X [r1,72] we have

dimy, pN (1, 09008, )y > u —2¢
for £™ almost all z € R with pN (7. 0g006,);7(R™) >0, and the claim follows

by taking a sequence (g;) tending to zero. o

In the proof of the following lemma we need the estimates given in [4, Lem-
ma 3.8].

Lemma 5.4. Let  and v be Radon measures on R"™ with compact supports
such that Is(u) < oo and I;(v) < oo for some 0 < s < n and 0 < t < n with
s+t >n. Then for 0, x Z* almost all (g,r) € 0,, x (0,00) we have

essinf{dim, p N (7, 090, )sv: 2z € R" with pN (17,0906, )sv(R"™) >0} > d,, ..
Proof. Consider (z,y) € R™ x R" such that [|a — z|'"""dpa < oo and

J1b—y|7tdvb < oo. Let 0 <1y <719 < oo and h > 0. By (2.3), Fatou’s lemma
and Fubini’s theorem we have

/ /,uﬂ(rxogO(Lory)ﬁV(B(x,h)) db,gd. L r

< liminfa(n) 16" / Is(a,b) d( x v)(a,b),
B(z,2h)xR™

6—0

where

I5(a,b) = 0,{g € Op:la—2—1gb—1y)| <5})dLr

/{Te[mﬂ"z]:l la—z|—r[b—y[ <5}
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Define
As={(a,b) e R" xR":rb—y| —d <|a—z| <ra]b—y|+ 5}

If (a,b) ¢ As, then {r € [r1,72]: |la — 2| —r|b—y|| <} = 0. Hence,

/ /uﬂ(rxogO(Lory)ﬁu(B(x, h)) db,gd.L r

< liminfa(n)~'5" / Is(a,b) d(p % v)(a,b).
6—0 (B(z,2h)xR™)NAs
Let
A} = {(a,b) € As : |a — x| < 26},
A% = {(a,b) € A5 : m1|b—y| <20},
and

A3 ={(a,b) € As : |a — x| > 26 and 71|b— y| > 20}.
Then As = Aj U A U A3. Further, if (a,b) € A, then

§n < antBtT;t’a o x’tfn’b o y’ft’

and so,
limsupa(n)ldn/ Is(a,b)d(p x v)(a,b) = 0.
6—0 A
Similarly,
limsupa(n)ldn/ Is(a,b)d(p x v)(a,b) = 0.
6—0 A2
Thus,

/ /,uﬂ (Tz 0 g o br o T_y)sv(B(z, h)) db,gdLr

T1

< limsupa(n)~t6" Is(a,b)d(pu x v)(a,b).

5—0 /(B(x,zh)an)mAg

If (a,b) € A3, then 1r1|b—y| < |a — x| < 2r2|b — y, and so by [10, Lemma 3.8]
there is a constant c¢; depending only on n such that for any a # x and b # y
I5(a,b) < 015”’1]61 - x]lfn.fl({r € [r1,m2] : Ha —x| —r|b— yH < (5})
< 10" Ha — x|P 726800 — y| 7t

<dcyred"|a — x|
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Thus, for p x v almost all (z,y) € R™ x R™ we have

/ /,uﬂ(rxogO(Lory)ﬁV(B(x,h)) db,gd. L r

< limsup 40104(71)*17“2 /
5—0 (B(z,2h) xR™)NA2

|(z,y) = (a,0)[ 7" d(p x v)(a, b)

la —z[~"d(p x v)(a,b)
(5.5)

< limsupcs /
5—0 (B(x,2h) xR")NA?

< / (@, 9) — (@, )" d(u x v)(a,b),
B(z,c3h)xB(y,csh)

where co is a constant depending on n, r1, and r2 and ¢3 = max{2,4/r1}. The
last inequality follows from the fact that (B(a;,Qh) X R”) N A% C B(z,2h) x
B(y,4h/r1).

Consider v > 0 such that

lim inf /" / (2,9) — (a,b)| ™ d(p x v)(a,b) = 0
h—0 B(z,h)xB(y,h)

for p x v almost all (z,y) € R® x R™. Then, by (5.5) and Lemma 5.1 we have
for 0, x £ almost all (g,r) € O, X [r1,r2]

essinf{dim, p N (7. 0god,)sv: 2z € R" with pN (7, 0 g0, )sv(R™) > 0} > w.

The claim follows by taking a sequence (u;) tending to d,, .. o

In order to prove that the opposite inequality holds in Lemma 5.4 we need the
following version of [6, Lemma 2.4] concerning sections of the product measures

X (gody)sv.

Lemma 5.6. Let p and v be Radon measures on R"™ with compact supports.
If I;(n) < oo and I (v) < oo for some 0 < s < n and 0 < t < n such that
s+t > n, then for 6, x £* almost all (g,r) € 0, x (0,00) there exists for any
e >0 a compact set C. C R" x R" with p x (god,);v((R* x R")\ C.) < ¢ and
H. > 0 such that for " almost all (z,—z)/2 € WL we have

(1% (9281)5%) | Ce)yy o,y o (Bl@, h) X Bly, b)) < ehlH7m/

for all (x,y) € W, _.)/2 and 0 < h < H.. Here c is a constant depending only
on s, t,and n.
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Proof. Let q = s+t —n. By [9, Theorem 6.7] we have for 6, x £ almost
all (g,7) € 0, x (0,00)

(5.7) I(uN (120906 )4v) < 0
for ™ almost all z € R™. Consider (g,r) € 0, x (0,00) such that (5.7) holds

and Sy, (uxv) < ZL" (see[9, Theorem 6.6]). We will prove that for px (god,)sv
almost all (z,y) € R™ x R™ we have

19 = @ x 0 0)w) gy, plesh) < 6.

To show that this holds, define

E = {(a;,y) e R"xR" :/ |(z,y)—(a, b)]’qd(,ux(goér)ﬁl/)Wy(xiyyyix)p(a, b) = oo}.

If i x (gody)sv(E) >0, then by (2.4) we have Z"(F) > 0, where

F={zeR": (ux(gody)sv) (E) > 0}.

W,(2,—2)/2
For all z € F' we have
I, (,u N(rzo0go 5T)IiV)
= 2"a(n) 2 // |z —a|~%d(px (go 5T)ﬁV)W,(z,fz)/2(a’ b)
x d(px (go 6T)W/)W,(z,fz)/2(x’ Y)
> 2%l [ [ 1) = @O x (90 8)0) iy afad)
X d(px (9000)0) .y (@ Y) = 00,

which is a contradiction by (5.7).
Let € > 0. For all positive integers i, define a Borel set

B; = {(a;,y) e R"xR" :/ |(z,y)—(a,b)| 1 d(,ux(goér)ﬁy)wy(xiyyyix)p(a, b) < z}

Since

lim g x (goé)s((R" xR™)\ B;) =0,

1— 00

we find a compact set C. C R™ x R" such that px (god,)sv((R" xR™")\C:) <¢
and C. C B;_ for some positive integer i. (see [10, Theorem 1.10]).
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Let H. = Z};Q/q/?). Consider (z,—2)/2 € W+ such that (,ux(goér)ﬁy)w(z /2
and ((px (go 6 )pv) | CE)W(z .y BT€ defined. If (z,—2)/2 ¢ Py,. (Ce:), then

((,U X (go 57")117/) | C€)W7(Z7,Z)/2 (B(Q}, h) x B(y, h)) =0

for all (x,y) € W(,_.y2 and h > 0. This follows from (2.1) and from the
fact that W, _.)2(6) N Cc = 0 for all small 6 > 0, since C. is compact. If
(2,—2)/2 € Py (C:) and (z,y) € Wi, )2 NCe, then for any 0 < h < 3H., we
have

(5.8)

((,u X (go 5T)ﬁ1/) ] CE)W,(z,fz)/Q (B(x, h) x B(y, h))

< (,U x(go 57“)Ii7/) W, (z—y,y—z)/2 (B<xv h) x B(y, h))

§2q/2hq/ z,y) — (a,b)| 77 d(p x (g o8, )sv a.b
B(wz,h)x B(y,h) (@) = (a,b)] ( ( )” )W,(:vfy,yf:v)ﬂ( )
< 24/2j_p9 < 24/2pa/2,

Finally, let (2, —2)/2 € Py1(C;) and (x,y) € W, _,)/2 \ C:. Then there exists
ha,y > 0 such that (B(z,2h) x B(y,2h)) NCcNW, _.y2 =0 forall 0 < h < hy,
and (B(z,2h) x B(y,2h)) NC-N W, _.y2 # 0 for all b > hyy. If 0 < h < hyy,
then by (2.1)

(1 x (g08):v) | C2)yy .y o (Bl h) x Bly, h)) = 0.
If hyy <h < H,, then B(z,h) x B(y,h) C B(a,3h) x B(b,3h) for some (a,b) €
CeNW(, .2, and (5.8) gives the claim. o

Theorem 5.9. Let p and v be Radon measures on R" with compact sup-
ports such that I4(u) < oo and I;(v) < oo for some 0 < s <n and 0 <t <mn
with s+t > n. Then for 6, x £ almost all (g,r) € 0,, x (0,00) we have

essinf{dim, p N (7, 090, )sv: 2z € R" with pN (1, 0906, )sv(R") >0} =d, ..

Proof. Consider (g,r) € 0y, x(0,00) such that Lemma 5.6 holds and Sg,,., (1%
v) < Z". Let u > 0 such that dim,p N (7,0 g0 d,)sv > u for £" almost all
z € R™ with puN(r,0g06,);v(R™) > 0. Then for #™ almost all (z,—z)/2 € W+
with (1 X (go 6T)u)V)W,(z,fz)/2 (R" x R™) > 0 we have

u < (dimy, (1 % (g o 6T)ﬁ)V)W,(z,fz)/2'

Now we use a result given in [6, Theorem 5.16]. What is actually proved there
is the following: if k£ and p are integers with 0 < p < k and if m is a Radon
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measure on R¥ with compact support and with I,,(m) < oo, then

essinf{dim, my 4 : @ € V*+ with my ,(R") > 0}

< sup{v >0 : liminf h”/ |z — y| 7P dm(y) = 0 for m almost all z € Rk}
B(z,h)

h—0

provided that V' € Gy p—p such that [6, Lemma 2.4] holds and Py ,m < 7 |

VL. Note that the assumption that I,,4(m) < oo for some d > 0 in [6, The-
orem 5.16] is needed only to make sure that [6, Lemma 2.4] holds for almost all
(k —p)-planes. If we know that this is the case for V' € Gj, x—p, then this assump-
tion is unnecessary, since in the proof of [6, Theorem 5.16] we need only the fact
that I,(m) < oo when applying [6, Lemma 5.9]. Here we choose m = p1x(god,)sv.
Then I,,(m) < oo, since I,,(u X v) < oo. Further, Py.m < " | W+ and [6,
Lemma 2.4] holds for W. So, by the above result

u < Cux(god,)yvs
where

Cux(gody)yv = Sup{v >0 :lim inf hv/ ’(xvy) - (CL, b)’*n
h B(z,h) xB(y,h)

—0
x d(px (go6br)sv)(a,b) =0
for i x (g o 6,)pv almost all (z,y) € R™ x R”}.

We will show that ¢, (gos, ), < dy,», which gives the claim by Lemma 5.4.
If v > 0 is such that

lim inf " / () — (@.b)] " d(p x (g0 6,))(a,b) = 0
h—0 B(z,h) xB(y,h)

for p x (god,)pv almost all (z,y) € R” x R™, then
(5.10) lim inf h”/
h=0 B (w,h) % B(y,h/r)

for p x v almost all (z,y) € R™ x R™. Consider (z,y) € R™ x R™ such that
(5.10) holds. If » <1, then |(z,y) — (a,b)|™™ < |(z,7y) — (a,rb)|™™, and so,

lim inf /=" / (2,1) — (a,b)| "™ d(u x v)(a,b) = 0.
h—0 B(z,h) x B(y,h)

|(z,ry) — (@, 7b)[ 7" d(p x v)(a,b) = 0

If r > 1, then |(z,y) — (a,b)|™™ < r"|(z,ry) — (a,rb)|~™, which gives

lim inf(h/r)~ / (@, 9) — (a,b)| ™" d(x x v)(a,b)
h—0 B(z,h/r)x B(y,h/T)

<liminfr"""h™"

h—0 /B(a:,h)XB(y,h/T)
Hence ¢, (g06,),0 < dpp- O

|(z,ry) = (@, 70)[ ™" d(p x v)(a,b) = 0.
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6. Upper packing dimension and intersection measures

In this chapter we prove analogues of the results of the previous chapter for
the upper packing dimension. For this purpose we need the following lemma.

Lemma 6.1. Let p and v be Radon measures on R™ with compact supports
such that Is(n) < oo and I;(v) < oo for some 0 < s < n and 0 < t < n with
s+t>n. Let 0 <7 <rg < oo. Assume that there is w > 0 such that

T V({(x, y) € R" x R": there is 0 < ¢ < oo such that for arbitrarily

small hh > 0 / /,U N (7. 0g 06, 0T y)gv(B(x,h)) dongdZL r < ch“}) > 0.

Then for any € > 0 we have for 0, x £ almost all (g,r) € O, x [r1, 73]
ZL"({zeR" :dimypuN(r.0go0d)sv >u—e}) > 0.
Proof. Let € > 0. For h > 0 and (z,y) € R" x R™, define

Jn(z,y) :/ /,uﬂ(rzogO(Lnory)ﬁV(B(x,h)) db,gdLr

provided that the right hand side is defined (see [4, Lemma 3.4]). Define
A, ={(z,y) € R" x R" : there is 0 < ¢ < oo such that Jp(z,y) < ch"
for arbitrarily small h > 0}.
Then p x v(A,) >0 and for all (z,y) € A, we have
lim inf =" () (7 0 g 0 6y 0 T_y)sv(B(z, h)) <1
for 0, x £ almost all (g,r) € O, x [r1,72]. This together with Fubini’s theorem

gives that for 6,, x £! almost all (g,7) € 0,, x [r1,m2] we have u x v(By,) >0,
where

By, ={(z,y) e R" x R": lizni(r)lfh‘s’“u N (1209008, o7y ) (B(xz,h)) <1}
Since p X v(Bg,r) = p x (g o6, )3 (Cy,r) for
Cyr ={(z,y) e R" xR": lim inf 2=y 0 (Tz—y © g0 0p)v(B(x, b)) < 1},
[9, Theorem 6.6] and the disintegration formula (2.4) imply that for 6, x Z*
almost all (g,r) € O, X [r1,r2] we have Z"(D,,) > 0, where
Dygr={z€R": (ux (906 )sv) (Cyr) >0}
For any z € D, , we have
pi (0 g0 d)({z € R liminf K0 (r. o g 0.8, )y (B(z.h)) = 0}) > 0,

W,(z,—z)/2

that is,
dimy, p N (1, 0 g 06, )31 > u — 2,

and the claim follows. o



Hausdorff and packing dimensions, intersection measures 185

Lemma 6.2. Let  and v be Radon measures on R"™ with compact supports
such that Is(u) < oo and I;(v) < oo for some 0 < s < n and 0 < t < n with
s+t >n. Then for 0, x Z* almost all (g,r) € 0,, x (0,00) we have

sup{u>0:2Z"({z € R" : dimy u N (1. 0 g0 d,)yv > u}) >0} > dy .

Proof. Let 0 < r; < 12 < oo. Consider v > 0 such that u x v(4,) > 0,
where

AU:{(x,y) e R"XR" : liminfh™" / ](a;,y)—(a,b)]”duxu(a,b)zo}.

h—0

B(z,h)xB(y,h)

As in the proof of Lemma 5.4, we see that for p x v almost all (z,y) € A, we
have for some constants ¢; and co

/ /,uﬂ(rxogO(Lory)ﬁV(B(x,h)) db,gd. L r

<o f (@) — (@)™ dps x v(a,B) < cx(esh)”
B(x,coh)x B(y,c2h)

for arbitrarily small ~ > 0. For any € > 0 Lemma 6.1 gives that for 6, x .Z*
almost all (g,r) € 0,, X [r1,r2] we have

sup{uEO:f”({zeR”:dim;uﬂ(rzogoér)ﬁuzu}) >0}2v—5.

The claim follows by taking sequences (g;) tending to zero and (v;) tending to
d;, , o
8%
Theorem 6.3. Let p and v be Radon measures on R" with compact sup-

ports. Assume that I;(p) < oo and I;(v) < oo for some 0 < s <n and 0 <t <mn
with s +t >n. Then for 0, x £! almost all (g,r) € 0,, x (0,00) we have

sup{u > 0: Z"({z e R" : dimyuN (1. 0gody)sv > u}) >0} =d, .

Proof. Consider (g,7) € 0y, x(0,00) such that Lemma 5.6 holds and Sg,,., (1
v) < ZL™". Let u >0 such that £"({z € R : dimy N (7. 0 g0 6, )30 > u}) > 0.
Then
n N .
A" ({aeW: dim,, (% (go 57“)W)W,(z,—z)/2 > u}) > 0.
As in the proof of Theorem 5.9 we use a result from [6] to prove the claim. What
we need here and what is actually proved in [6, Theorem 6.4] is as follows: if k& and
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p are integers with 0 < p < k and m is a Radon measure on R* with compact
support and with I,(m) < oo, then

sup{v > 0: #P({ae V"' dim my,, > v}) >0}

< sup{v >0: m({x cRF: liminfh”/ |z —y| 7P dmy = O}) > 0}
h—0 B(z,h)

provided that V' € G, x—, such that [6, Lemma 2.4] holds and PvﬁLm L P | VE.
In our case this result implies that

*
U S Cux(gos,)sv

where

C:X(goér)ﬁu = Sup{v >0: X (g © 67‘)’11/({(6% b) ceR"xR":

liminfh”/ |(z,y) — (a,b)| "™ dp x (g o 6, )pv(a,b) = 0}) > 0}.
h—=0 B(x,h)xB(y,h)

Hence it suffices to show that c* <d This can be verified in the same

(g0, )y < Dy
way as the fact that ¢, (gos,),» < du,» Was shown in the proof of Theorem 5.9. o
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