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NON-COMPACT RIEMANN SURFACES

Liu Lixin
Zhongshan University, Department of Mathematics
510275, Guangzhou, P. R. China

Abstract. In this paper we prove that the length spectrum metric is topologically equivalent
to the Teichmiiller metric in Teichmiiller space T'(g, m,n). This result solved a problem suggested
by Sorvali [9] in 1972.

0. Introduction

Let G be a torsion-free non-elementary Fuchsian group acting on the upper
half-plane U. Denote

(1) L>(U,G) ={p € L>*(U,C): (nog)j'/g' = p ae. for any g € G},
2)  L¥U,Gh ={pe L*U,G), |ulle <1}

As we know, for any p € L>®(U,G)1, there exists a quasiconformal mapping
wy: U — U such that the Beltrami coefficient of w, is p and w, fixes 0, 1, oo.
Let A(G) be the limit set of the Fuchsian group G. Without loss of generality,
we may assume that A(G) contains 0, 1, co. We can define the Teichmiiller
space of the Fuchsian group G to be T'(G) = L*°(U,G)1/ ~, where u ~ n if and
only if wula@) = wylae) . Letting X = U/G, we can give a definition of the
Teichmiiller space T'(X) [5]. Denote by [X, fi,X1] the marked Riemann surface
based on X, where X is a Riemann surface and f: X — X; is a quasiconformal
mapping. Two marked Riemann surfaces are equivalent if there exists a conformal
mapping o: X; — X such that the mapping ¢ ' oo o f: X — X is homotopic
to the identity. The Teichmiiller space T'(X) is the set of the above equivalent
classes. These two definitions of Teichmiiller spaces are equivalent. For any marked
Riemann surface [X, f1, X1], let w,: U — U be the lifting of fi; then [X, f1, X;]
can be represented by [G, x,w,, © Gowﬁjl] , where x: G — wy0Gow,~, is a group
isomorphism, defined by x(g9) = w, 0 go w;l, g € G. Therefore any point in
the Teichmiiler space T'(X) = T(G) can be written as the formula [G,x1,G1],
this formula being unique up to an inner automorphism. The equivalent relations
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between any two of these formulas are induced by the equivalent relations in the
above definitions of Teichmiiller spaces.

On the other hand, the Riemann surface X can be viewed as some Riemann
surface structure on a topological surface S. We obtain various Riemann surfaces
when the Riemann surface structures on S vary. Let Y x be the homotopy class of
closed curves on X, and let ¥’y be the elements in ¥x which are not homotopic
to a single puncture. Let ZI)/( be the elements in ¥’ which is the homotopy class
of simple closed curves. There exists a Poincaré metric on X because the Riemann
surface X is hyperbolic. For any a € Yx, let I[x(a) be the shortest length of
elements of « in the Poincaré metric on X . The sequence {lx(a)} corresponds
to the element o € Y x called the length spetrum of the Riemann surface X.
For a Riemann surface X = U/G and any a € Xx, let ¢ € G cover «; then
Ix(a) = logA(g), where A(g) is the multiplier of g [5], [1]. In the Teichmiiller
space T(G), Sorvali defined a metric d [9], [5]. If [G, x1,G1] and [G, x2,G2] are
two points in T'(G), denote

(3) d([Gv X1, G1]7 [Gv X2; GQ]) = log p([Gv X1, G1]7 [Gv X2, GQ])7
where p is the infinum of a (a > 1) with a satisfying
(4) M@V < Az oxi ! o g)l < [M(g)|*,  for any g € G1.

Because |[A(g)| = |A(x2 0 x7 "' og)| =1 for any parabolic element g € G, p is the
infinum of @ (a > 1) with a satisfying

(5) M@V < Az oxit og)l < A9

for any g € G; and g is hyperbolic.
Then we have

log A(g) log A(xz 0 x; ' ©9)
©)  »p= sup T, :
g€G1, g is hyperbolic log )\(XQ oX; © g) lOg )\(g)

From the relation between the Poincaré length of closed curves and the mul-
tiplier of the elements in G, we can define the following function [5], [9]:

(7) d([X, f1. X1].[X, fa, Xo]) = log p([X,, f1, Xu], [X, fa, Xa]),

where

Ix, (f2 Offl(a)) Ix,(a) }

) Pl XX o Xol) = sup {0 Ll

’
aGEXl
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According to the results in [1], [5] and [9], we know that (3) and (7) define a
metric on T(G) and T'(X), respectively. We also know that these two metrics are
the same.

In 1972, Sorvali [9] suggested the following problem: if G is a finitely gener-
ated Fuchsian group, is the metric d topologically equivalent to the Teichmiiller
metric dp in T(G) = T(X)? In 1975, Sorvali [10] studied the above problem for
torus and proved that the two metrics are topologically equivalent in this case.
In the same paper [10], Sorvali suggested the same problem for compact Riemann
surfaces. In 1986, Li Zhong [5] proved that for any compact Riemann surface
X = U/G, the two metrics are topologically equivalent in 7'(X), and this result
solved the problem presented by Sorvali in [10]. But for the Teichmiiller space cor-
responding to a non-compact Riemann surface, the above problem remains open.

In this paper we will prove that for any torsion-free non-elementary finitely
generated Fuchsian group G, the metric d and the Teichmiiller metric dr in T'(G)
are topologically equivalent. This result solves the above problem considered by
Sorvali [9] in 1972. First we prove that, for any conformally finite Riemann surface
X, the metrics d and dr are topologically equivalent in 7'(X). Then, using the
Nielsen extension and Schottky double, we prove that the above result remains
true for any torsion-free non-elementary finitely generated Fuchsian group (or any
non-elementary topologically finite Riemann surface).

1. Conformally finite Riemann surfaces

If there is no special claim, the Riemann surfaces X = U/G in this section are
of type (g,p), where g is the number of genus and p is the number of punctures.
The Fuchsian group G is finitely generated and of the first kind.

Let QD(X) be the set of holomorphic quadratic differentials on the Riemann
surface X, and let PQD(X) be the set of its projective classes [4]. As we know, the
real dimension of QD(X) is 6g—6+2p and that of PQD(X) is 6g—742p [4], [5].
For any ¢ € QD(X), it determines a pair of transversely measured foliations.
These are the horizontal trajectory together with its vertical measure and the

vertical trajectory together with its horizontal measure. Let MF(X) be the set of
measured foliations on a topological surface X , and let PMF()? ) be the set of its
projective classes. We know that the real dimensions of MF(X) and PMF(X) are
6g—6+2p and 6g— 74 2p, respectively. PQD(X) and PMF()?) may be viewed as
the unit spheres in QD(X) and PMF()?), respectively. Therefore PQD(X) and

PMF(X) are compact. The Riemann surface X may be viewed as a topological

surface X together with some complex structure.
We have the mapping [4]

(9) H: QD(X) — MF(X),

where H maps ¢ onto its horizontal trajectory together with its vertical measure.
We know that H is a homeomorphism.
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For any o € ¥’ , we can define its extremal length Ex (o) [4]. Kerckhoff [4]
generalized the definition of extremal length from simple closed curves to measured
foliations. This is a natural generalization. Actually any a € ¥% may be viewed
as a measured foliation [4]. For any F € MF(X), Ex(F) is realized by the metric
determined by the holomorphic quadratic differential H—1(F).

We first introduce two lemmas. In these two lemmas, the Riemann surfaces

are hyperbolic, not necessarily of a conformally finite type.

Lemma 1 [1]. For any a € ¥y the dilatation of a quasiconformal mapping
h: X1 — X, satisfies the inequality:

Ix, (f(a)) .

(10) K[h] > Ix. (@)

Lemma 2. For any two points 71,72 € T(X), we have
(11) dr(ti,12) > d(71,T2).

The following theorem is a natural generalization of a result of Kerckhoff [4].

Theorem 1. For any two points [X, f1,X1] and [X, fa, Xo] in T(X), we
have

B Ex,(f20 fi(a))
(12) dT([Xv f17X1]7 [X7 fQ’XQ]) o 2 logaseug)/( EX1(a) .

Remark. Kerckhoff [4] obtained a similar result for compact Riemann sur-
faces. Because the proof of the above theorem is the same as that of Kerckhoff,
we omit the details. On the other hand, we do not know whether the above result
remains valid for any non-conformal finite-type Riemann surface.

As a generalization of the Poincaré length of a simple closed curve, we may

define for any F' € MF(X) its Poincaré length [x(F') [8]. By the definition of
extremal length and the Gauss—Bonnet theorem, we have

Lemma 3. For any F € MF(X), we have

Ex(F) 1

(13) B(F) = ()]’

where x(X) is the Euler number of X .

Morerover, the Poincaré length and the extremal length of a measured folia-
tion have the following relation.
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Theorem 2. There exist constants My(X) and My (X), depending only on
X, such that for any F € MF(X),
Ex(F
(14) a(x) < X g,
Ix(F)

Proof. As functions defined on MF(X), Ex(F) and [%(F) are continuous
and take positive values in MF(X) — {0}. For any r > 0, we have ([4]),

(15) Ex(rF) =1"Ex(F),
(16) IX(rF) = r?I%(F).
Therefore the function Ex(F)/l%(F) is a positive continuous function on the

compact set PMF(X). So it can attain its maximum and minimum. Denote them
by Mz(X) and M;(X), respectively. This completes the proof of the theorem. o

From the above results we have:

Theorem 3. Let [X, fi1, X1] and [X, fa, Xo] be two points in T(X). Then
(A7) dr((X, fi, Xa,[X, fo, Xa]) < CY(X) +d([X, fo, X, [X, o, Xa)),
where C) = 1 log[27|x(X1)|C2(X1)] depends only on the Riemann surface X .

Proof. By Lemma 3 and Theorem 2, we have

1 27|x(X2)]
(18) Ex,(f2 0 f H(e)) : 1%, (f20 fr Ha))’
(19) EXl(a) < CQ(Xl)lg(l (Oé),

where a € X' .
Then, by Theorem 1 and x(X;) = x(X2) and the symmetrization of Te-
ichmiiller metric, we have

1 Ex, (a
dr(lX, £ X [ fo, o)) = 2 log 313 Ex (f2 O(f)l
aen’y, 5 1

(a))
1 2m|x(X2)|Ca(X1)I%, (cv)

< —log sup —
2 a€x l§(2 (f2 °fy Ha )

= - log[2n|x(X1)|Ch (X))
1 %, ()
+ 5 log azgl;;’,(Q 2. (foo fi (@)
S Cé(Xl) + d([X7 f17X1]7 [X7 f27X2])' o

Similarly to the proof of Theorem 1 in [5], we can prove the following theorem
using Theorem 3. For the sake of simplicity, we omit the details.

(20)

Theorem 4. Let X be a conformally finite-type Riemann surface. Then the
metric d and the Teichmiiller metric dr are topologically equivalent.
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2. Topologically finite Riemann surfaces

The Riemann surfaces in this section are of type (g,m,n), where g, m,
n are the number of genus, punctures and ideal boundaries, respectively, with
6g —6+m+3n >0, n > 0. The corresponding Teichmiiller space is sometimes
written as T'(g,m,n).

We know that any (g,m,n)-type Riemann surface X with n > 0 is the
Nielsen extension of a uniquely determined Riemann surface Xg. Further, X
is called the Nielsen kernel of X [2]. The above relation is unique and one-one.
On the other hand, for any above Riemann surface X we can define its Schottky
double X<. This is a Riemann surface of type (2g +n — 1,2m,0) [1]. Because
X is hyperbolic, there exists a Poincaré metric on X and there also exists a
Poincaré metric on X¢. The metric on X induced by the Poincaré metric on X¢
is called the intrinsic metric of X . The ideal boundaries are geodesic curves in
their intrinsic metrics.

The topological types of the Riemann surface X and its Nielsen kernel X
are identical. The complement of the closure of X in X is n funnels. Here each
funnel is a ring domain with one of its boundaries is an ideal boundary of X.
Moreover, ¥x and ¥ x, have the same corresponding relation. For the sake of
convenience, we make no distinction between the corresponding elements in X x
and Yx, .

The following result is due to Bers [2].

Lemma 4. Let Xy be the Nielsen kernel of X . Then the metric on X
induced by the Poincaré metric of X is the same as the intrinsic metric of Xy .

Similarly to (7), we can define a metric on 7'(X) using the intrinsic metric
on X. For any a € Y x, denote the length of « in the intrinsic metric of X by
14 (). For any two points [X, fi, X1] and [X, f2, X2] in T(X), we define
(21) dI([Xv f17X1]7 [Xv f27X2]) = lngI([Xv f17X1]7 [Xv f27X2])7

where

(22) pr(IX, f1, Xa], [X, fa, Xo]) = sup

’
aGEXl

{l§2(fzof1 ")) 15, () }
1%, (a) e (fao fi () )

Next we will compare the Poincaré metric and the intrinsic metric. The
following lemma is a consequence of Schwarz’s lemma.

Lemma 5. For any a € ¥/, we have
(23) (o) <lx(a).

Further, we have the following
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Theorem 5. There exist constants Ms(X) and M4(X), which depend only
on X, such that

(24) M3(X) <

for any o € ¥% .

Proof. Consider the Schottky doubles X¢ and X9 of Xy and X, respectively.
By Lemma 4, we know that Ix(a) = Ik (a) for any o € Yx,. Thus we know
that, for any a € Xx,,

Uy (@) = Ixa(a),

Ix(a) = lgi(o(a).
Similarly to the proof of Theorem 2, x4 (F') and ng(F) may be viewed as func-

tions on MF(X?) and taking positive values on MF(X?) — {0}. For any r > 0,

we have
Ixa(tF) =

Ixa(tF)

Ixa(F),

tlxa

Therefore the function [y«(F")/l Xg(F) is a positive continuous function defined

on a compact set PMF(X?). So it attains its maximum and minimum. Denote
them by M3(X9, X¢) and My(X4, X¢). But X? and X¢ are uniquely determined
by X . Thus we can denote these two constants by Ms3(X) and My (X). o

Similarly to the above discussion, we have:

Theorem 6. There exist constants Ms(X) and Mg(X), which depend only
on X, such that

(25) Ms(X) < Exa(a) _ Mg(X)

for any o € ¥y .
Using the pant decomposition of Riemann surface, we have:

Theorem 7. Let d; be the metric on T'(X) defined in (21) and let d be
the metric on T(X?) defined in (7). Then the point sequence {[X, fn, Xu]},
n=1,2,...,in T(X) converges to [X, fo, Xo] in the metric d; if and only if the
corresponding point sequence {[X%, f4 X4}, n = 1,2,..., in T(X?) converges
to [X%, f¢, X4 in the metric d.

Proof. Because the intrinsic metric on a Riemann surface is induced by the
Poincaré metric on its Schottky double, the sufficiency condition is obvious.
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Next we prove the necessity condition. Consider the pant decomposition
of a Riemann surface X. Suppose X is decomposed into disjoint pants {P;},
i=1,2,...,k . The decomposition curves are {Ly}, k =1,2,...,ks. Let {C;},
i=1,2,..., ko, betheset of punctures and {l;}, i = 1,2,..., ks, be the set of ideal
boundaries. Here the constants k;, ¢ = 1,2,3,4, depend only on the topological
type of X . All the boundary components of {P;} are {C;} U{l;} U{Ly}.

From above we can obtain the corresponding pant decomposition of X¢. The
set of disjoint pants is {P;} U{P;}, and the boundary components of {P;} U{P;}
are {Cz} U {Cz} U {lj} U {Lk} U {Lk}

By the mappings f,., f¢ and fy, we obtain the corresponding pant decom-
positions {Pi(n)}, {Pz-(n)} U {?E”)} and {Pz-(o)} of X,,, X and X, respectively.

We can induce a metric on any pant P; by the intrinsic metric of X, and
on P; such a metric is induced by the Poincaré metric of X¢. The above metric
on a pant is determined by the lengths of its three boundary components. For
every Riemann surface, its intrinsic metric is determined by the metric on all of
its pants and all the twists of non-puncture and non-ideal boundary components
of the pant decomposition. For X?, the above claim remains valid. We also know
that [1] the twist about a curve is determined by the lengths of some of curves
which intersect this curve.

Now the sequence {[X, fn, Xn]}, n = 1,2,..., converges to [X, fo, Xo] in
the metric dy. This means that lﬁ(n (fn(a)) converges to lg(o (fo(a)) for every
a € Yx. If we pick all the pant decomposition curves and sufficiently many
curves which intersect the decomposition curves, we know that for 1 <+¢ < ky the
metric on the pant Pz-(n) converges to the metric on the pant Pi(o). And for any
1 <i < ky, the twist about the curve f,, (L;) converges to the twist about fo(L;).
For the Riemann surface X¢, its Poincaré metric is determined by the metrics on
the pants {P;} U {P;} and the twists about {l;} U{Lx} U {Lr}. We know that
the metrics on P; and P; are the same and that the twist about L, and Lj are
identical. The twists about the curves [; are zero.

To prove the necessary condition, it is sufficient to prove that, for any o €
Y'ca, o intersects at least one of the curves in {l;}, such that Iy« (f&(a)) con-
verges to lya, f3(X). Next we prove this claim.

As we know,

k1

Les (@) = D [lpeo (£240) 1 P) + Lo (@) 0 PLY)]

i=1

k3
EOUCHONHOEH)

k4
3T, SEHFE) + (7). ST L))
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where i(a,3) is the geometric intersection of o and B and t(«) is the twist
about «.
From above we know that

lpi(n) (fff(a) N Pz-(n)

Z?En) (fff(a) N ?Sn)

n—oo

— Lpo (f5 (@) N P,
"= o (f(@) N P,
i(fa (@), fa(La)t(fri (L) == f5 (), fo' (L) )¢ (£5 (L))
i(fu(a), fL ) E(Fa(0)) =0,
i(fa(e), (L) #(f(La) == (fg' (@), f5 (L))t (£ (L4)).
Then we know that [xa (fd(a)) converges to Ixa (fd(a)) as n — oo. This com-

pletes the proof of the theorem. o

For any two points [X, fi, X1] and [X, f2, X2| in T'(X) and the correspond-
ing two points [X9, f¢, X¢] and [X9, f¢, X4] in T(X?), let d, and dr, be the
Teichmiiller metrics on T(X) and T(X?), respectively. Then [1]

dTl([X7 f17X1]7 [Xv f27X2]) = de([de f{iva]v [de fgng])

From Theorem 4, Theorem 7 and the above equation, we have

Corollary 1. The metric d; and the Teichmiiller metric on T'(X) are topo-
logically equivalent.

Next we introduce several lemmas.

Lemma 6 [7]. For a € ¥/, let Ix(a) and Ex(«) be its hyperbolic length
and extremal length, respectively. Then we have
(a) Ix(a)/m < Ex(a) < glx(a)ex (@72,
(b) Ix(a) and Ex(«) may be viewed as functions on T'(X), Ix(a) and Ex(«)
go to zero together with

Ix(e) _
Ix(a)—0 Ex (Oé)

Lemma 7 [3]. For ay, as € ¥y and i(a1,a2) # 0. Then
(a) Ix(ag) — oo if Ix(ay) — 0,
(b) 1k (a2) — oo if I4(a1) — 0.

We prove that the metric d and the Teichmiiller metric dr on T'(X) are
topologically equivalent. For this purpose, we first prove the following theorem.

Theorem 8. Let Xy be the Nielsen kernel of a Riemann surface X . If the

point sequence [X&, fd  X& 1, n = 1,2,..., converges to [X§, f&, X in the
Teichniiller metric dr, of a Teichmiiller space T(X§), the corresponding point
sequence [X?, f4, X9, n=1,2,..., is bounded in the Teichmiiller metric dr, of

the Teichmiiller space T(X?).
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Proof. To prove the conclusion, it is sufficient to prove that the number
sequence

Eya fd «
(26) M, = sup LZ()), n=12,...,
aGE’)’(d EX;LJ (fn(Oé))
is bounded.
Let I = {8}, i =1,2,...,k, be the set of the ideal boundaries of X. We
assume that the sequence M, , n =1,2,..., is unbounded. Rewrite M,, as

M, —maX{ su —Exf(f{i(a)) su —EXf(ﬁi(a))}
" aewagr Bxg (F1(0)) et Bxg (F(a) J

From the definition of extremal length [4], we know that for any o € X%,
ad¢l,
Exy (F1(@) = Bxg (fu(e))-

From (25) in Theorem 6, we have

sup EX;Z (f{i(a)) < sup M6(X1)E§(01(f5i1(04))
(27) a€sy agl Exa (fff(a)) B a€x’! ja¢l Exgn (f(c)in(a))

< M6(X1)dT2([X(C)iv f(c)ile(C)il]v [X(C)iv f(c)ian(C)in])

From the conditions given in the theorem, we know that (27) is bounded for
all n > 1. Therefore the assumption that {M,} is unbounded implies that the
sequence

d
M, = sup EX1 (f1 (04))

—_—, =1,2,...,
acl EX;{ (fff(a)) "

is unbounded.

Without loss of generality, we may assume that M, — oo. Because there
are only finite curves in I, we may pick some (3; € I and a subsequence of
(X4, f4 X4d) still denoted by [X9, f¢, Xd], such that the sequence

M = Eg('l (f{i(ﬁl))

" Exa(fi(B))
tends to oo as n — oo. This means that

EXg(fff(ﬁl)) — 0 as n — o0o.
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From Lemma 6, we have

Jim Iy (fd(B1)) = 0.
By Lemma 7, we know that for any curve a € ¥%.,, i(o, 5) # 0,

lim [xa (fff(a)) = 00.

n—oo

Then from Lemma 5 we have

lim ngn (f(c)in(a)) = 00,

n—oo

where « is any closed curve that intersects ;. From the convergence property
of the sequence {[X§, f& ,X¢ 1}, n=1,2,..., in the metric d7, and Theorem 4,
we know that the above conclusion is impossible. So the assumption is false. This
completes the proof of the theorem. o

Using Theorem 8, we obtain:

Theorem 9. For any topologically finite-type Riemann surface X , the metric
d and the Teichmiiller metric dr on a Teichmiiller space T'(X) = T'(g, m,n) are
topologically equivalent.

Proof. From Lemma 2 we know that, to prove the topological equivalence of
the metrics d and dr, it is sufficient to prove the following fact: if the sequence
(X, fn, Xn] converges to [X, fo, Xo] in the metric d, the same sequence converges
to [X, fo, Xo] in the metric dp. From the proof of Theorem 1 in [5] we know that,
to prove the above fact, it is sufficient to prove that if the sequence [X, f,, X,,]
converges to [X, fo, Xo] in the metric d, the sequence is bounded in the metric dr.
Next we prove this claim.

Because the sequence [ X, fy,, X,,] converges to [X, fo, Xo| in the metric d, the
metric d may be viewed as induced by the intrinsic metric of its Nielsen kernel.

From Corollary 1 we know that the sequence [X¢, f&,, X&), n =1,2,..., con-
verges to [X¢&, f&, X%)] in the Teichmiiller metric of a Teichmiiller space T'(X¢).
Then, by Theorem 8, we know that the sequence [X9, f4 X4 n =1,2,..., is

bounded in the Teichmiiller metric of the Teichmiiller space T'(X?). This means
that the sequence [X, f,,, X,,] is bounded in the Teichmiiller metric of T'(X). By
this conclusion, similarly to the proof of Theorem 1 in [5], we can prove that the
metric d and dr on T'(X) are topologically equivalent. We omit the details for
the sake of simplicity. o

Remark. From Theorem 6, Theorem 7 and Corollary 1, we know that for any
non-elementary topologically finite type Riemann surface X in the Teichmiiller
spaces T(X) and T(X?), the metrics in (7), (21) and their Teichmiiller metrics
are topologically equivalent.

Remark. We do not know whether the conclusion in this paper also holds
for Fuchsian groups with torsion or infinitely generated Fuchsian groups.
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