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Abstract. A compact Klein surface X is a compact surface with a dianalytic structure.
Such a surface is said to be elliptic-hyperelliptic if it admits an involution ¢, that is an order two
automorphism, such that X/(¢) has algebraic genus 1. Klein surfaces can be seen as quotients of
the hyperbolic plane by the action of NEC groups, and their automorphism groups as quotients
of NEC groups. Using this, we determine the full automorphism groups of orientable elliptic-
hyperelliptic Klein surfaces of algebraic genus p > 5.

1. Introduction

Klein surfaces, introduced from a modern point of view by Alling and Green-
leaf [1], are surfaces endowed with a dianalytic structure. A compact Klein surface
is said to be elliptic-hyperelliptic if it admits an involution ¢, that is an order two
automorphism, such that X/(¢) has algebraic genus 1.

Non-Euclidean crystallographic groups (NEC groups in short) where intro-
duced by Wilkie and Macbeath, and they are an important tool in the study of
Klein surfaces since the results of Preston and May. Klein surfaces can be seen as
quotients of the hyperbolic plane under the action of an NEC group, and the auto-
morphism groups of such surfaces as quotients of NEC groups; hence the relevance
of the work about normal subgroups of NEC groups in [2], [3] and [9)].

In [6] elliptic-hyperelliptic Klein surfaces (EHKS in short) were characterized
by means of NEC groups. In this paper we determine all groups that are the auto-
morphism group of an orientable EHKS of algebraic genus p > 5. Similar studies
have been made for hyperelliptic and cyclic-trigonal Klein surfaces (see [5], [8]).

2. Preliminaries on NEC groups

Let 2 denote the hyperbolic plane and ¢ its group of isometries. A non-
Euclidean crystallographic group T', is a discrete subgroup of ¢ with compact quo-
tient X = 2/I'. NEC groups were introduced by Wilkie [14], and Macbeath [10]
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associated to each NEC group a signature that determines its algebraic structure
and has the following form:

(2.1) o(l') = (g,:i:, [ma,...,me], {(ni1, .y nis,), ©=1,.. .,k}),

where g, m;, n;; are integers verifying g > 0, m; > 2, n;; > 2; g is the topological
genus of X . The sign determines the orientability of X . The numbers m; are the
proper periods corresponding to cone points in X . The brackets (n1,...,ns,)
are the period-cycles. The number k of period-cycles is equal to the number
of boundary components of X. Numbers n;; are the periods of the period-cycle
(ni1, ..., n4s,) also called link-periods, corresponding to corner points in the bound-
ary of X. The number p = ag + k — 1, where a = 1 or 2 if the sign of o(T") is
— or +, respectively, is called the algebraic genus of X.
An NEC group I' with signature (2.1) has the following presentation [10]:

Generators:

XLy, iZl,...,T;

€i, 1=1,...,k;

Cij, z'zl,...,k:,j:O,...,si;

a;, bj, i=1,...,9, (if o has the sign +);

d;, i=1,...,g (if o has the sign —).

Relations:
.’Bimi, ’izl,...,T;
Cij712 = Cz'jQ = (Cijflcij)nij, 1= 1, cuey k?; ] = 1, ceey 845
ei_lcioeicisi = 1, 1= 1,...,]€;
Ty Xpel ekalblal—lbl—l e agbgag_lbg_1 =1 (if o has the sign +);
x1-~~:1crel---ekd%~"d§:1 (if o has the sign —).

By [10] cyclic permutations of periods in period-cycles or arbitrary permutations
of proper periods in the signature of an NEC group I', lead to a signature o’
corresponding to an NEC group isomorphic to I'. Every NEC group I' with
signature (2.1) has associated to it a fundamental region whose area u(I"), called
the area of the group (see [13]), is

(2.2) u(F)zZﬂ(ag—Fk—Z—kg(l—mii)+%éil(l—%j)).

An NEC group with signature (2.1) actually exists if and only if the right-hand
side of (2.2) is greater than 0 (see [15]). If I" is a subgroup of an NEC group I'" of
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finite index N, then also I' is an NEC group and the following Riemann-Hurwitz
formula holds

(2.3) u(T) = Nu(r’).

Let X be a Klein surface of topological genus ¢ having k£ boundary compo-
nents. Then, by [12], there exists an NEC group I' with signature

(2'4) <g§:|:; [_]’{<_)7']'€"(_)}):

such that X = Z/I', where the sign is “4” if X is orientable and “—" if not. An
NEC group with signature (2.4) is called a surface group.

May [11] proved that if G is a group of automorphisms of a surface X = 2/T
of algebraic genus p > 2, then G can be presented as a quotient I'V/T" for some
NEC group I'. The full group of automorphisms of X is Aut(X) = Ng(I')/T,
where Ng(I') is the normalizer of I' in the group ¢ of isometries of 2.

In order to decide if a group G of automorphisms of a Klein surface X equals
Aut(X), the concept of maximality we are going to expose now is very useful.

An NEC group is said to be maxzimal if there does not exist another NEC
group containing it properly. In particular if I is maximal (following the notation
above) then G = Aut(X).

An NEC signature 7 is said to be mazimal if for any NEC group I' with
signature 7 and for every NEC group I containing I', the equality d(T") = d(I")
(dimensions of the associated Teichmiiller spaces [8]) implies I' = I".

Let o and ¢’ be NEC signatures of two NEC groups I' and I, respectively.
We will say that (o, o) is a normal pair, and we write o <o’, if T' <9I’ and
d(T") = d(T"). The pair is said to be proper if ¢’ has period-cycles. The list of
normal proper pairs can be seen in [4].

The following results from [8] will be very useful.

Theorem 2.1. Given a maximal NEC signature T there exists a maximal
NEC group I' with signature 7.

Theorem 2.2. Let A be an NEC group containing a surface group I' as
a normal subgroup. If o(A') is maximal, the topological surface 2/I' can be
endowed with a structure of a Klein surface such that Aut(2/T") = A/T", where
A" is the normal subgroup of A of orientation preserving transformations.

3. Characterization of EHKS in terms of NEC groups

Definition 3.1. Let X be a Klein surface of algebraic genus p > 2. We
say that X is an elliptic-hyperelliptic Klein surface (EHKS in short) if it admits
an involution ¢ (an automorphism of order 2), such that X/(¢) has algebraic
genus 1.

In the sequel Klein surface will mean compact bordered Klein surface. Now
we give some results about EHKS and NEC groups obtained in [6].
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Proposition 3.2. Let X = 2/T' be a bordered Klein surface of algebraic
genus p > 2. X is an EHKS if and only if there exists an NEC group I'y of
algebraic genus 1 such that [I'; : T'] = 2.

The group T'; is called the group of the EH character of X, and T'y /T = (¢)
the group generated by ¢.

Proposition 3.3. If X is an EHKS of algebraic genus p > 5, ¢ is unique and
central in the full group of automorphisms of X . We will call it the EH-involution.

Theorem 3.4. Let X = Z/T" be an orientable bordered EHKS of topological
genus g and k boundary components (p > 2), and let I'y be the group of the EH
character of X. Then I'y has one of the following signatures:

(i) If g =0, (05+;[-], {(2,%7%,2),(—)}).
(i) If g = 1, (0545 (], {(2,%72,2),(=)}) or (0;+;[-], {(2,.5.,2),(2,%75,2)}),
s>0, s even, or (0;+;[—],{(2,2:,2)}).
(iii) If >0, 2<k <4, (0;+[2,212],{(=),(=)})-

Corollary 3.5. An orientable EHKS must have one of the following topologi-
cal types: topological genus 0 and more than 2 boundary components, topological
genus 1 and at least 1 boundary component or topological genus greater than 2
and 2, 3 or 4 boundary components.

Remark 3.6. In [6] it was also proved that if X is an orientable EHKS of
algebraic genus p > 5, then | Aut(X)| < 4(p — 1), except for two special cases:

(p - 3)7 +7 [_]7 (_)4)v Aut(-@/F) = (Dp—l X Z2) X Z2;
(p - 1)7 +, [_]7 (_)2)> AU-t<-@/F) = D2(p—1) x Zs.

4. Signatures associated to automorphism groups of EHKS

Let X = /T be an orientable EHKS of topological genus ¢, k& boundary
components and algebraic genus p > 5; this condition gives unicity and centrality
properties for the EH-involution. Let I'y be the group of the EH character. If G
is an automorphism group of X containing ¢ (the EH-involution), then G =TI"/T"
for a certain NEC group I'" such that I'<I’y <. Let us suppose that N = [I'" : T'y],
then the following three propositions determine a finite set of possible signatures
of TV, for each topological type:

Proposition 4.1. If X has topological genus 0 then the signature of T' is
one of the following:

(

= (0,+,[-], {(2, 2p-1)/N 9y, (-)}), N some divisor of 2(p — 1);
= (0,4, [-], {(2, 2p=1)/N)+4, 2)}), N some even divisor of 2(p — 1).
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Proof. Let TV be an NEC group of signature of the general form

(4.1.1) o) = (¢, £, [ma,...,m. ], {(na, ..., nis,) i = 1,... k'})

and let 6,: IV — IY/I';y be the canonical epimorphism such that Ker(6;) = T';.
Let Gy =1"/T'; and

l; the order of 01 (e;) in Gy for i = 1,... K';

p; the order of 01 (z;) in Gy for i =1,...,r;

¢i; the order of 0;(c;j_1¢;5) in Gy fori=1,... k', j=1,...,s

nl(i,j) the order of 01 (cji—1cij41) in Gy fori=1,...,8,j=1,...,81—1,7 < j.
Firstly we are looking for signatures for I such that u(I') = Nu(T'1), where

o(T1) = (0;+; [, {(2%*7*),(—-)}) (see 3.4), and then we will try to obtain 6;.
By the Riemann—Hurwitz formula

k—2
4.1.2 N| « K —2 1—— 1—— = —.
@i Wos k-2 E (1) TR (1-1)) -5
Period-cycles of T'y come from those of TV having some reflection in T';. Two
possibilities appear ([2], [9]):

(i) If the two period-cycles of T'; come from different period-cycles of T,
namely C7 and Cy, then C; = (2,.%.,2), i = 1,2. Let us suppose that all
reflections of C; and Cy are in I'y, then Nsy =2k —4, s =0, I =l = N and
from (4.1.2)

T K os;
1 1/2k—4 1 . 1 -2
A ‘_ %]

=1

hence ¢’ =0, k' =2, r =0 and o(I) = (0,+,[-], {(2@P=DI/N) (—)}). The
epimorphism 6, is defined by
O1(e1) =z, Oi(ez) =21, 01(cij) =1, for all 4,4, where G1 = (x: 2N = 1).

When not all reflections of C; or Cs are in I'1, the area of I increases and does
not satisfy (4.1.2).

(ii) If the period-cycles of T'; come from the same period-cycle of ", namely
Cq, then by [9], N is even and C; = (2, .5%,2), where

2k —4
4
(5) +a

2k —4 2k —4 2k —4 N
1 _ 1 _
W (L () ) = (B 2 B ) = 5

2(p—1)
N

v

S1

v

2.
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Thus, from (4.1.2) we have

N(ag’+k’—2+§(1—m%>+—(2k i >
S () (en) -t

j=(2k—4)/N+5

and therefore ¢’ =0, k' =1, r =0 and o(I") = (0,+, [-], {(2, 2p=1)/N)+4 91y,
The epimorphism 6; is deﬁned by 01(e1) =1, 61(c10) = O1(c1,((2k—1)/N)44) = T,
01(c1,((26—a)/N)+2) = ¥, b1(c1;) = 1 for the remaining reflections, with G; =
(y:a? =y? = (ay)™® =1) ~ Dypa.

Proposition 4.2. If X has topological genus 1 then the signature of I" is
one of the following, with N some divisor of 2k:

Ifo(T1) = (0,+,[-], {(2, 2:,2),(—)});
3= (0,+, (-], {(2,%*/7,2),(9)});
= (0,4, [-], {(2, (2]“/1.\[.)“2)}), N even.

Ifo(T1) = (0,+,[-], {(2,.5.,2),(2,%75,2)}), 0 < s <2k, s even,
75 = (0,+, [, {(2, B0V 2), (2,4 2)}),  N|2k — s and N|s;
6= (0,+,[-], {(2,2/N,2),(9)}), s=k
= (0,+,[2,2], {(2,%/N,2)}), s = k;

Tg—(l, = ],{(2,2k/N )}), s = k;
79 = (0,+, 2], { (2, GR[N)+2 2) 1), s=k, N =0 (mod4);
Tio = (0,+,[ ], {( (2k/N)+4 2)}), N even.
Ifo(I'y) = (1,—,[-],{(2,2:,2)})
m1 = (0,4, [, {(2,%/Y,2), (-)}), N even,
mio = (L, — [, {(2, Y, 2)}),
m13 = (0,+,[2], {(2,%*/V,2)}), N =2 (mod4),
m1a = (0,4, [, {(2, GR2)T4 2) 1), N =0 (mod4).

Proof. We will use the notation of the proof of Proposition 4.1.
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Case 1. If o(T'1) = (0,4, [-], {(2, 2%,2),(—)}). Then o(I") can have signa-
ture 73 or 74. These cases are completely analogous to 7 and 75 (in Proposi-
tion 4.1), respectively. The epimorphisms are:

— for T3, 91(61) =, 91(62) = le_l, 91(6270> = 1, 91(6173') = 1, for ] =
1,...,s1; with Gy = (z: 2V =1);

— for T4, WE have 91(61) = 1, 91(0270) = 1, 91(01,0) = ‘91<Cl,(2k/N)+4) =T,
01(c1,26/N)+1) = ¥, O1(c1,;) = 1 for the rest of reflections in Cy; with G1 = (x :
N =1).

Case 2. If o(T'y) = (0,—|—, [—], {(2, 5.,2), (2, 2k, 2)}), 0 <s<k, s even, by
the Riemann—Hurwitz formula we have

T k' s
1 1 d 1 k
4.2.1 "4k =9 1— — )4z 1— _
(4.2.1) ag + +Zi_1< mi)+2z_z( n) ’

and we must consider the following cases:

(i) If the two period-cycles of T'; come from different period-cycles C7, Co
in T, as in 4.1(i), all reflections of those period-cycles must be in I'y, and then
C1 = (2,%N,2) and Cy = (2, ®*73)/N 2) I, =1, = N. This, together with (4.2.1)
forces ¢’ = 0, k' = 2 having o(I") = 75 = (0,+, [-], {(2,*/",2), (2, Gk75/N 2)}).

The epimorphism 6; is defined by 60;(e1) = z1, 61(e2) = 2171, 01(cij) =1,
for i =1,2, j=1,...,81, where G; = (z : 2V =1).

(ii) If the period-cycles of I'; come from the same period-cycle of IV, namely
(4, then N even (see [9]) and we have to consider s =k or s # k.

When s = k and all reflections in C; arein I'y then C; = (2, .5.,2), [} = %N,
$Ns1 =k, and (4.1.2) becomes

T kK sy
1 1/2k 1 - 1 k
4.2.2 ! -2 1—-— | = — 1—-— ) = —.

i=1 i=2 j=1

Then I can have one or two boundary components:
—If ¥/ = 2, then v/ =0, ¢ = 0, s = 0, and we have o(I') = 75 =
(O, +,[-], {(2,2(‘“./].\], 2), (—)}) Here 6, is defined as

91(61) =T, 91(62) = :L'l_l, 91(Cl7j) = 1, fOI‘j = 1, ..., 81, 91(0270) =1

with G1 = (x1,y1 : 21V/% = 312 = [x1,11] = 1). (The relation [z1,y;] =1 comes
from egcopea ™t =cop in I7.)

~If ¥ =1, then ¢ =0 or 1.

If ¢ =0, then by (4.22) ' =2, m; =2, my = 2, p1 = 2, py = 2,
and o(I") = 77 = (0,+,[2,2], {(2,2F/N,2)}), with 61(z1) = 1, 61(22) = y1,
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01(e1) = yaz1, O1(cij) =1, for j =1,...,s1; and G1 = (z1,y1 : 212 = y1? =
(ylfz:l)N/2 = 1). (The choice of #;(e;) comes from the relation x1z2e; =1 in IV).
If ¢ =1, by (42.2), 7 =0 and o(I") = 75 = (1, —, [-], {(2,2*/,2)}). Here
Hl(dl) :x191(61) :.’ElN_Q, ‘91(617]') = 1, fOI‘ ]: 1,...,81;
and Gy = (x1 : 21~ = 1). (The choice of §;(e;) comes from the relation dile; =1
in I'.)
Now, when k = s and not all reflections in C; are in I'y, we can obtain the

two equal period-cycles of I'y in two different ways:

7 j+1
(a) From the same “piece” of C7 = (2,..., 2(2k/].v.)+2,j2 ,..-,2), such that

Cise--rcj €T, ¢io1, ¢jy1 € Ty and n'(4,j) = I N. Hence (4.2.1) becomes

- 1 1/ 2k
'LE —2 1— — )+ =2
o+ +;( mi)+4<N+2)
(4.2.3) oo
ty X () () = e
2 . . ni 2 4 5 N5 9N’
1¢{i,....j+1} ’ i=2 j=1

Then ¢ =0, k' =1 and

J 1 1 1 1
4.2.4 1—— ) 4= S
S ;( m¢)+2 Z 1( nl,l) 2
— If v/ = 1, we have by (4.24), m; = 2, p;1 = 2 and o(IV) = 79 =
(O,—l—, 2], {(2,(2’“/].\7.”2,2)}); 0, and G are defined as

01(z1) =217, Oi(er) =1, Oi(cio) =v1, Or(ciar/n)te) = 21
2k

Oi(c1,5) =1, forj:l,“_7ﬁ_|_1;

Gi={(zi, 1’ =x"= (y120)™

4
= 1,191 = z2121).

Firstly, the order of x; is not fixed by the epimorphism, but since G; has car-
dinality NN, the order of x; equals 2. This group is isomorphic to a semidirect
product of type D4 o< Zs.

~If ' =0, also by (4.2.4), o(I) = 110 = (0, +, [-], { (2, @*/N)+42)}). Here
01 and G, are defined by
01(e1) =1, 01(c10) = 01(c1 (20/N)44) = T1,
O1(cr,26/N)+2) = Y1, O1(c1,(2n/n)43) = 21,
el(Cl’j):l, fOI‘j:L,(2]€/N)—|—1,

N/4

Gi={(z1,y1,21: 0" =yi° =21" = (1z1) " = (y121)” = (21n)” =

1).
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Note that ord(yix1) = ord(y121) = 2 is necessary for Ker(f;) to have no proper
periods.

(b) From different “pieces” of C; (also works for k # s). Then C; =
(2’(2’6_/{\7)+472), C1,0, C1,(2k/N)42> C1,2k/N)+4 & I't, c1; € 'y for the remaining
reflections, and n'(1,(2k/N)+ 1) = n'((2k/N) + 3,(2k/N) + 3) = 3N. Hence
(4.2.1) becomes

K s
1 1/2k 1 - 1 k
4.2. kK —2 1—— | —=4+4)+= 1-— = —.
(425) ag + +Z( >+4(N+)+2z_z( n) -

=1

Then ¢’ =0, k' =1, 7/ =0 and o(I) = 110 = (0,+,[-], {(2, 9, 2k/N)+4 9 2)}). We
have obtained the same signature as before but a dlfferent ep1morph1sm

O1(e1) =1, Oi(c10) = 01(cr,2u/ny4+4) = 71, O1(c1,20/n)+2) = V1,
01(c1,;) =1 for the remaining reflections;

Gr = (1,51 012 = pi? = (ma)V/?).
Case 3. If o(T'y) = (1, — [, {(2, 2k 2)}), we proceed in a similar way to
obtain the signatures of T"”.

Proposition 4.3. If X has topological genus g > 2 and 2 < k < 4, then
the signature of I is one of the following:

75 = (0,+,[2,145,2,4,1, {(-)}), (>0, N= 2;];7;11);

716 = (0,+,(2,.1.,2,4,4], {(-)}), 1>0, N= %

= (0,4, 2, 5,2,4], {(2,572,2))), 1,1, >0, N = %;
nis = (0,+,[-], {(2,1%4,2)}), 1>0, N= @;

19 = (0, +, [-],{(2,12,2,4,4)}), 1>0, N= %3

m0 = (0,4 -], {(2,4%,2,4)}), 120, N = 4;];—;11)3

The proof of this proposition is analogous to the previous one.
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5. The automorphism group of EHKS

Let X = /T be an orientable EHKS of topological genus g, k& boundary
components and algebraic genus p > 5. Remember that p > 5 makes the EH-
involution unique and central in Aut(X). Let I'y be the group of the EH character.
If G is an automorphism group of X containing ¢ (the EH-involution), then
G =T'/T for a certain NEC group I with signature of one of the types described
in Section 4. Let us suppose that |G| = 2N and denote by 6: Y — G and
m: G — G/(¢) the canonical epimorphisms such that 6, = 76.

The method to obtain # (and then G) is to use the epimorphism 6; already
defined in Section 4 and consider the diagram

b: T -GGy = G/(3).

Elements in GG; will be denoted by letters like x1, y1, 21, t1, ...; and those
in G, like z,y, 2,t, ..., subject to w(z) = x1, 7(y) = y1,....

The study of automorphism groups of orientable EHKS splits into three parts
corresponding to the three propositions in Section 4.

Theorem 5.1. Let X be an orientable EHKS of algebraic genus p > 5,
topological genus 0 and k boundary components. Then G ~ ZnxZsy or D /o xZo
for some integer N (even in the last case). Moreover,

(i) There exists such an EHKS having Z n xZs as the full group of automorphisms

if and only if N is a proper divisor of p — 1.

(i) There exists such an EHKS having Do X Zo as the full group of automor-

phisms if and only if N is an even divisor of 2(p — 1).

Proof. By Theorem 3.4, o(I'1) = (0;+;[-], {(2,2(?._.1),2), (=)}) and there
are two possibilities for the signature of IV namely 71 and 75 described in 4.1.

We begin with 7 = (0, +,[—], {(2,2(177.1.)/N,2), (=)}). The epimorphism 6;
is defined as

91(61) =T, 91 (62) = .771_1, 91 (Cij) =1 for all reflections in I’

with G1 = (z1 : 21V =1). Let 6(e;) = 2, now as ord(z1) = N and 6; = 76 then
ord(z’) = N or 2N:
(i) If ord(x) = 2N, then G ~ Zsy and we will show there exists no epimor-

phism 0: IV—Zyx verifying Ker(f) = I'. Empty period-cycles of I' come from
consecutive pairs of period-cycles with associated reflections

Cij—1, Cij, Cij+1: Cij—1,Cij41 € I, ci5 € T

from each of these pairs we obtain N/ord (6(c;j—1,¢;j41)) period-cycles in Ker(f).
Then we will have as maximum p — 1 = k — 2 from the non empty period-cycle
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of TV. The other two will come from the empty period-cycle of I, but since
ord(z) = 2N, we only can obtain 2N /ord(6(es)) = 1.

(ii) If ord(z) = N, let us consider the EH-involution ¢, we can see that
() N {a) = 1, otherwise, since ¢ has order 2 in G, we have ¢ = z™V/? and
consequently m(¢) = w(2™N/?) = £,V/2 = 1, a contradiction with the order of z;
in Gp. Furthermore, since ¢ is central in Aut(X), then G ~ Zy x Zy and 6 is
defined by

O(er) =z, 6O(e2) = 33_1, 9(62,0) =1,
(5.1.1) Olerzg) =y, J=00s =5

) —1
Ocroj) =1, j=0,....—=—1 (z(y)=1).

In this case 2(p — 1)/N is necessarily even, implying that N divides p — 1. If
2(p —1)/N is odd the epimorphism would be impossible.

If the signature of I is 7 = (0,+,[—], {(2, (2(1’_.1?/.N)+4,2)}), 6, is defined
as

O1(e1) =1, 0Oi(ci0) = O1(cr,(2r—a)/N)+4) = 21,  O1(C1,((26—a)/N)+2) = Y1,
61(c1;) = 1 for the remaining reflections;

) N
with Gy = (x1, 91 : r,% = 912 = (2191) /? = )

>~ DN/2-
Considering ¢; = w0, since ord(z1y1) = 3N then ord(zy) = iN or N. If
ord(zy) = N, then G = Dy and as in the previous case, there is no epimorphism
0: I'"—Dy satisfying Ker(§) =T. Let [ = 2(p — 1)/N; the way to obtain a max-
imal number of empty period-cycles in Ker(f), having in mind that consecutive
reflections cannot be in Ker(6), is to define
6(c1,1+3) = 1 having one period-cycle from ¢;49, 143, c4a (see [9]), and
9(01,2j+1) = z for ] = 0,,%([ - 2), ‘9(01,23') =1 for ] = 1,,%([ — 2),
where 22 =1 and 7(z) = 1. From here we obtain & —2 — N more period-cycles.
There remain N + 1 period-cycles to be obtained by playing with the values of

0(c;), and O(c;+1). In any case we have

N or N
ord(0(cii—1,ciit1)) ord (0(ci, ¢i42))

depending on 6(c1;) =1 or 6(c1,4+1) = 1, respectively. In the two cases we have
at most k — 1 empty period-cycles in Ker(d). Then ord(zy) = 5N.

Let us consider ¢, the EH-involution. We can see that (z,y)N(¢) = 1 because
otherwise, since ¢ has order 2 in G, then ¢ = (xy)N/4 or ¢ = (a:y)kac, for some k
in {0,..., %N }. The first possibility contradicts the order of z1y; in G7, because
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m(p) = ﬂ((xy)N/4) = z1y1V/* = 1. The second implies ﬂ((xy)ka:) =1, or
equivalently (cl,l+201,l+4)kcl+2 € I'y and since I'1 <T, ¢4 € T'1, a contradiction.
Thus, since |G| = 2N, =, y, ¢ generate G, and since ¢ is central in G the
epimorphism is defined by

If I even:

(512) 9(61) = 1, ‘9(6170) = 9(61’14_4) =X 9(c1,l+2) =Y, 9(61,l+3) = 1;
(9(01723'4_1) =z fOI‘jZO,...,%l, 9(61,2j) =1 fOI‘jZ 1,..., %l
If [ odd:

0(61) = 1, 9(61’0) = 6(0171_’_4) =2, 0(01,l+2) — y, 0(01,l+3) — 1,
O(c1,2j+1) =2z for j=0,...,5(—1),
O(ci25) =1forj=1,..., %(l +1).

(5.1.3)

In any case G = (x,y,2z : 22 = y? = 22 = (slg'y)N/2 = (22)° = (y2)° = 1) ~

DN/2 X ZQ, qb: zZ.

This proves the first part of the theorem. For the second, let X be an EHKS
in the conditions of the theorem:

(i) If Aut(X) ~ Zy x Zo, then I must have signature 74 and N | p —1,
as we saw before. Let N be a proper divisor of p — 1 and consider the signature
71. If N divides p — 1 properly, 71" is maximal (see Section 2), and there exists
a maximal NEC group I with signature 7;. Considering the epimorphism 6
(5.1.1), the surface X = 2/ Ker(0) is elliptic-hyperelliptic, ¢ = y being the EH-
involution and Aut(X) ~ Zy x Zy. Now if N = p— 1 we consider IV, 0, X as
before. If 7 is not maximal, we will see that whenever Z,_; x Zy is a group of
automorphisms of X, sois D,_1 X Zy. To do it let us consider Theorem 4.1 in [7]
and the following normal proper pair

(r1,72), 72 = (0,+,[-],{(2,2,2,2,2)}).

We only need to argue that the epimorphism 6: IV—Zy x Zs is unique up to
automorphisms of IV and Zy x Z>.

(ii) If Aut(X) = Dpny2 x Zz (N even), then IV must have signature 75 and
N | 2(p — 1), this last condition makes 7o maximal. Let N be an even divisor
of 2(p — 1) and consider the signature 7. Since 72" is maximal (see Section 2)
there exists a maximal NEC group IV with signature 75; and considering the
epimorphism 6 (5.1.2), the surface X = 2/ Ker(0) is elliptic-hyperelliptic. The

EH-involution ¢ is (a:y)N/4 and Aut(X) ~ Dy/s X Zs.
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Theorem 5.2. Let X be an orientable EHKS of algebraic genus p > 5,
topological genus 1 and k boundary components. Then Aut(X) is isomorphic to
one of the following groups: Zy xZy, ZinjoXZoxX 2o, DyjoXZo, (DN/4><ZQ)><ZQ
or a semidirect product of type (DN/4 o Zg) X Zy for some even integer N, N =0
(mod4) in the last two cases.

Moreover, in all cases there exists such an EHKS having full group of auto-
morphisms isomorphic to

— Zn X Zs if and only if N is a proper divisor of k;

— Znya X 2o X 2y if and only if N is an even proper divisor of k;

— Dy X Zs if and only if N is an even divisor of 2k;

— Dnyy X Zy x Zs if and only if N is a divisor of 2k, N =0 (mod4);

— (Dyyy < Z2) X Zy if and only if N is a divisor of 2k, N =0 (mod 4).

Proof. Let G be an automorphism group of X as described at the beginning
of this section. Since X has topological genus 1, by Proposition 4.2, the group of
the EH character can be of three different types:

1. If o(Ty) = (0,4, [-], {(2, 2%,2), (=) }) , we have two possibilities for o(I"),
to consider, 73 and 74. The study is completely analogous that of 7y and 7,
respectively, in the previous theorem. We only show the epimorphisms for each
case.

For 73, G = (z,y: 2N =y? = [z,y] = 1) ~ Zy X Zs, and 0 is defined by

Oler) =z, O(ex) =271, O(cag) =0(c125)=1 forj=0,...,

] k
O(ci12j4+1) =y for j=0,..., N 1 (m(y) =1).

L
N’

For 74, G = (z,y,2z : 22 = y? = 2% = (xy)N/2 = (z2)® = (y2)° = 1) ~
Dyy2 X Zo and 6 is defined by

2k
9(61) = ]_, 0(01,0) = 9(01,l+4) =z, | = Na

0(c1,2j41) =z for j=0,..., %l, O(ci2i) =1forj=1,..., %l, [ even.

O(cii+2) =y, O(cri4+3) =1,

2. If o(I'1) = (0,4, -], {(2,.5.,2),(2,%%72,2)}), 0 < s < 2k, s even. By
Proposition 4.2 we have six possibilities for the signature of o(I''): 75,...,710.
The following table shows the results obtained for each one.
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o () I’/T
75 = (0,4, [—], {(2, ®F72)/N 2) (2,5/N 2)V), N | k Zn X Zo
76 = (0,4, [, {(2, /Y, 2), (=)} Zyjo X Ly X Ly
N |k Iy X Zo, s =k
= (0,4,[2,2], {(2,2*/N,2)}), N | k Do X Zy, s =k
= (1,—,[-], {(2,2/N,2)}), N | k Zn X2y, s=k
o = (0,+,[2],{(2,2/V,2)}), 4|N|2k (Dnjy < Zo) x Z, s =k
10 = (0,4, [-], {(2, @/ N)+4, 2)}) Do X 2o
N |k (Dyjs X Zo) X Zo, s =k, 4| N

For the sake of brevity we only show the complete proof for 79. The remaining
cases are obtained in a similar way.

Let us consider 79 = (O, +, 2], {(2, k[N 2)}) Here 61 was defined as

01(z1) = 217", 01(e1) = 1, 01(c1,0) = Y1, 01(c1,2k/N42) = 21,
. 2k
Oi(c1,5) =1, forjzl,...,ﬁ—l—l,
_ o2 2 2 N/4 _
where G1 = (z1,y1,21 : 212 = y1® = 212 = (y121) =1, ziy1 = z121)

DN/4 0.8 ZQ.

To obtain 6 let us define 6(z1) =271, O(e1) =z, O(c10) =y, 0(c1 2k/N12) =
z,0(cr) =1, 0(c1,2141) =1t, 21, 2141 € {1,...,(2k/N) + 1}. Here x,y, z,t are
order two elements of G, that must verify, for Ker(f) to be a surface group, and
f to be an epimorphism, (yt)2 = (tz)2 =1, zyz~ ! = 2.

Moreover, since we want #; = 7w and the order of w(zy) = x1y; is iN, then
the order of zy has to be TN or $N. If the order is £V, we will have Ker() non
orientable because (C]_’()Cl’(gk/N)+2)N/4C171 would belong to it. Then the order of
zy is $N. Now, since m(t) = 1 (in other words ¢(¢) = (¢)), we have t = ¢, and
since ¢ is central in G the following presentation holds:

G={(z,y2t: 2> =y*=2"=t*= (yz)N/4 = (yt)? = (2t)° = (zt)* = 1, zyz = z).

We can see that this group is isomorphic to a semidirect product (D /40, Z2) X Zs,
¢ being the automorphism

1 Zy = (a:a®) — Aut(Dyy),  Dyja= (be:b? =c? = (be)™* = (bd)*)
1— IdDN/4

CL—>¢Z DN/4—>DN/45 b—>C, c—b.

3. If o(T'y) = (1,—, -], {(2,%’?,2)}), the following table shows, for each
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signature of T”, the obtained quotient G =T"/T

o) T/)T
11 4Ly X Zo, N even divisor of k
712 There is no epimorphism with Kerf =T
713 Dnyo X Zg, N divides 2k, N =2 (mod4)
T4 Dnyjo X Zg, N divides 2k, N =0 (mod4).

This proves the first part of the theorem.

For the second part, let us suppose that Aut(X) = Zy x Zy, N even, then
Aut(X) =T"/T" were I has signature 73, 75, 75 or 711. In any case N divides
k, as we saw in the first part of the theorem. Now, if /N is a proper even divisor
k we can consider the signature 75. Since 75% is maximal (see Section 2) there
exist a maximal NEC group I with signature 75. Define 6 as follows:

O(er) =z, O(ex) =a~', O(c;;) =y fori=1,2, jeven,
0(c;;) =1 fori=1,2, jodd,

where the EH-involution ¢ =y and I'/T' = (z,y : 2V = 42 = (zy)® = 1). Then,
the surface X = 7/ Ker(0) is elliptic-hyperelliptic and Aut(X) ~ Zx X Zs.

If N =k, we have no maximality conditions for the signatures of IV, and we
can prove that Zj x Zs can be extended to Dy X Zy as an automorphism group.

The remaining cases are proved in a similar way.
For the sequel, we set the following group notation:

UN=<:c,y,z:x4:y2:z

VN=<x,y,z:x4:y4:z

WN:<x,y,z:x4:y4:z

N — TYz = 1,1‘2 = zN/2>,

N =Yz = 1,y2 = z? :zN/2>,

N2 =gz = 1,4 = 22),

2 )N/2

QN:<x,y,z::L‘ :y2:z4

= ()" =1, 2027 =y, (wy) N = 2.

Theorem 5.3. Let X be an orientable EHKS of algebraic genus p > 5,
topological genus g > 2 and k boundary components, 2 < k < 4. Then, Aut(X)
is isomorphic in one of the following groups:

(i) Un, Qn, N=(2(p—1))/(2l+1) and I >0, 0r Vy, N=(p—1)/(l + 1)
and | >0, or Dyjs xZy, N = (2(p—1))/(2l+1) and | > 0 if k = 2.

(iil) Wy, N=(p—1)/(l+1) and | > 0, 4,

or Dyjg o< Zy, N=(2(p—1))/(2l+1) and | > 0,
or (Dnjy x Zy) xZy, N =(4(p—1))/(2l+1) and | >0 if k = 4.
(i) Zo if k= 3.
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Proof. Let G be an automorphism group of X containing the EH involution
¢, such that |G| = 2N . Then G =I"/T for a certain NEC group I'” with signature
of one of the types described in Proposition 4.3: 715, ...,720. The following table
summarizes the groups obtained in each case:

o(I) k G=T1'/T
(0,+,[2,41,2,4],.{(-)}) |2 Un
2(17— 1) 1
N = T—i-l even 4| Dy, l=3(p—3)
( +, [2 7271174]7{<_)}) 2 VN
p—
N = 1 even 4 W
( 2[ 'g'i274]7{<27 2)}) 2 QN
N = %EO(modél) 4 Dy o Zy
(07+=[ ]7{(2727474)}) 2 DN/QO(ZQ
N:%Eo(mod@ 4 | (Dnja X Zy) x Zy
(0,+,[=]:{(2,2,2,4)}) 2 DN/2 X Z3
N = 4;]1’7;11) =0 (mod4) | 4 | (Dyys x Zs)  Zy

Remark. It is easy to see that there exists no epimorphism from I'/, with
signature 5, onto G, such that Ker(f) is a surface group. The same occurs for
T19 and 799 if I > 0.

When k =2 and | = 0, we can see that whenever Uy, Vn, Qn or Dj,_1 o< Zy
is a group of automorphisms of an EHKS in the conditions of the theorem, it can
be extended to Dyp_1) < Zg. When k=4 and [ =0, the automorphism groups
Wn, Dp_1 x Zy or (Dp_1xZsy) x Zg can be extended to (D,_1xZs3) < Zy. To
do it, we consider Theorem 4.1 in [7] and the following normal proper pairs (see
Section 1):

(7'15,7'20), (7'16,7'20), (7'17,7'20)7 where [ = 0, and (7'19,7'20)-

In each case we only need to prove that the epimorphism 6: IV — G, having kernel
I, is unique up to automorphisms of I and G. This situation occurs when I
has signature 715, T16, 717 (with [ = 0) or 714. We show the epimorphisms for
each one:
—if o(I'") = 112, G = Uy, then 6(z1) =z, O(z2) =y, O(e1) =z, 0(c10) = 1;
—if o(I") = 113, G = VN or Wy, then 0(z1) = z, 0(x2) =y, 0(e1) = 2
9(61,0) = 1;
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—if o) = 14, G = Qn or Dp_y o Zy = (z,y,2 : 22 2 2% =

p— y p—
(azzy)N/2 = 1,zz27t = y), then 0(x1) = 2, O(e1) = 271, O(c10) =z, 0(c11) = 1,

0(c1,2) = y;
—if o(I'") = 16, G has one of the following presentations
2

2 )pfl

= (zy
= (y2)* = (22)" =1, (ay) "% = (y2)* = (22)%), k=2,

D, o<Z2:<x,y,z:a: :y2:z
or

(Dp_1xZ3) x Zy = <m,y,z x? =22
4

y2
= (ey) "7V = (y2)" = (22)" =1, (y2)° = (22)%), k=4

The epimorphism is
O(er1) =1; 6(ci0) =x; O(c1,1) =1; O(c12) =y; O(c13) = 2; O(c14) = 2.

Corollary. Let X be an orientable EHKS with algebraic genus p > 5 and
topological genus g > 2. If X has a non trivial automophism different from the
EH-involution, then it has 2 or 4 boundary components.
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