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Finite presentations for the mapping class group
via the ordered complex of curves
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Abstract. We describe an algorithm to compute finite presentations for the mapping class
group of a connected, compact, orientable surface, possibly with boundary and punctures. By
an inductive process, such an algorithm, starting from a presentation well known for the
mapping class group of the sphere and the torus with “few” boundary components and/or
punctures, produces a presentation for the mapping class group of any other surface.
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1 Introduction

Let F = F, be a connected, compact, oriented surface of genus g with r boundary
components and with a set P = {p,,..., p,} of s distinguished points, called punc-
tures (g,r,s=0). We denote by #(F, P) the group of orientation preserving homeo-
morphisms /1 : F — F which pointwise fix the boundary of F and satisfy i#(P) = P.

The mapping class group of F is the group of the isotopy classes of elements
of #(F,P): we denote it by .#(F), or by .4, as it clearly depends only (up to
isomorphism) on the genus g, the number r of boundary components and the number
s of punctures.

In this paper we will be concerned with the problem of finding finite presentations
for 4.

By a result of Brown (see [4]), we can write down explicitly a finite presentation of
a group G acting on a simply connected simplicial complex X, provided we know:

— the structure of the 2-skeleton of the quotient X /G, which must have a finite
number of 2-cells;

— a finite presentation for the isotropy subgroup of a representative of every vertex
in X/G;

— a finite set of generators for the isotropy subgroup of a representative of every
edge in X/G.

Hence, the problem of finding a finite presentation for the mapping class group of
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a surface £°, reduces to that of finding a suitable simply connected complex admitting
an action of ./Z/,.

This line was implicitly followed by Hatcher and Thurston in [14]: in this paper the
authors use a simplicial complex, the cut system complex, whose vertices are certain
sets of ¢ circles on a closed, non- punctured surface F, to get an algorithm giving an
explicit finite presentation for .# g 1> which unfortunately is rather complicated. Later,
Harer [11] found a smaller complex with the same properties as the Hatcher—Thurston
complex, and obtained a finite (but very unwieldy) explicit presentation for .#, qo 15 this
presentation was then simplified by Wajnryb [31] in 1983. In 1998, starting from
Wajnryb’s result, Gervais [7] and Matsumoto [25] derived independently two simple
presentations of ./ 0 ; (it must be noticed that Gervais’ result concerns more generally
any ./, 0 ). We recall also a recent paper by Wajnryb [32], where the author gives a

completely self-contained proof of another simple presentation for the groups .Z; 0
and ./ 00, still using the cut system complex; an interesting point of this paper is that
the 51mp1e connectivity of the complex is shown by elementary methods.

Here, we apply Brown’s method to a different complex, the ordered complex of
curves, a suitable modification of the complex introduced by Harvey in [13], and
deeply studied by several authors (see for example [12, 18, 23, 24, 27, 28]). We get
this way, as a byproduct, a simpler and more direct proof of the presentations given
in [14, 31, 7]. Moreover, our method works for the general case of .#’

During the preparation of this paper, we were informed of a paper by Hirose [15],
where the author recovers Gervais’ presentation exploiting the action of the mapping
class group on a different “complex of curves”, involving only non-separating curves
and simplices. We remark here that the main advantage in using our complex of
curves, instead of the Hatcher—Thurston’s one or the one used by Hirose, is the fact
that our complex, though having several /%; ~equivalence classes of vertices (while

the others have a single such class), has only triangular 2-cells, which makes it par-
ticularly powerful in reducing the presentation coming from Brown’s method to a
very simple and meaningful one.

The paper is organized as follows: in Section 2 we state a special version of
Brown’s result which applies to our case. In Section 3 we define the ordered complex
of curves X g"fdy, and show that, with the exception of a finite number of cases, called
sporadic cases, such a complex is simply connected and admits a natural action of
A, , satisfying all the hypotheses needed to apply Brown’s Theorem To be precise,
the sporadlc cases are the surfaces £’ with g =0, r+5=0,1,2,3,4,5 and g = 1,
r+s=20,1,2, and their presentatloné are well known (see Section 5) In Section 4
we analyze the 2-skeleton of X ord “and explain how to produce a finite presentation
for the isotropy subgroups of 1ts Vertlces and edges, provided one knows a presen-
tation for each Q%g,_’r, such that (¢', ' + ') < (g,r + s) (with the lexicographic order).
Hence, the method of Section 2 recursively produces a presentation of any non-
sporadic .Z’ ., provided we start with a presentation for each sporadic case. In Section
5 we explain such an inductive process and, for the sake of completeness, we recall
a presentation for the non-punctured sporadic cases, that is the basis of the induction
in the situations treated in the last two sections. Section 6 is devoted to the detailed

L]V’
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analysis of the non-punctured case. Let V" be the set of .4, -equivalence classes of
simple generic closed curves on £*,, not isotopic to boundary components. Moreover,
let E be the set of /%; ~equivalence classes of pairs of disjoint, not isotopic, simple
generic closed curves, not isotopic to boundary components. We prove the following

result:

Theorem 1. If E,Or is not sporadic, there exists a choice of a representative s(v) for every

class ve V and of a representative s(e) for every class e € E, such that %(14;0,) is the
free product of the isotropy subgroups of all the s(v)’s, amalgamated along the isotropy
subgroups of the s(e)’s.

Since it is possible to find a presentation for the isotropy subgroup of a curve
s(v) starting from the knowledge of a presentation for the mapping class group of
the surface obtained from Ij;o, cutting it open along s(v), if we apply recursively this
theorem to all the non-sporadic subsurfaces £, obtained from £, cutting them open
along generic simple closed curves, we may conclude that all the relations needed
to present the mapping class group are supported in subsurfaces homeomorphic to
sporadic surfaces.

Finally, in Section 7 we show that we recover Gervais’ presentation [7] for the
mapping class group of any non-sporadic surface, provided we start the inductive
process with the Gervais presentation for the sporadic subsurfaces. Analogously, once
we have the presentations for the sporadic surfaces according to some “style” (e.g. in
terms of Dehn twists [7], or as quotients of Artin groups [25, 20]), our method pro-
duces a presentation of the same “style” for every F*,. We may then say that the
complex of curves allows to recover by a unique algorithm at least all the simpler
known presentations. Actually, our analysis also suggests the existence of other simple
presentations, where the generators are, besides a number of Dehn twists, a family of
elements having an intrinsic geometric meaning. We will describe these aspects in a
forthcoming paper.

For the reader’s convenience, we recall in the Appendix the definition of Dehn
twist, braid twist and semitwist.

2 Description of the general method

In [4] Brown describes a general method to get a presentation for a group G looking at
its action on a simply connected CW-complex X (see also [10] and [3], where similar
results are discussed in the setting of small categories without loops and complexes of
groups). We describe in this section a particular case of Brown’s theorem, under some
additional hypotheses both on the complex and on the action. We refer the reader to
[4], [10], or [3] for the details.

Let X be a CW-complex with oriented edges. We denote by E(X) the set of edges
of X, and by V(X) the set of vertices. We define two maps

i,t: E(X)— V(X),
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giving respectively the initial and terminal vertex i(e) and ¢(e) of the edge e, accord-
ing to the given orientation. We suppose each oriented edge is determined by its
ends, and we denote by <{v;,v;) the edge joining v; and vy, with i({vy,v2)) = v; and
1({vy,v2)) = vp; sometimes, in this situation, we will write also v; < v,.

Let G be a group acting by homeomorphisms on X.

Definition 2. The action of G on X is called good and orientation compatible (or
shortly X is a good G-CW-complex) if

(1) the action of G permutes cells of the same dimension;
(ii) if g € G leaves a cell invariant, then its restriction to that cell is the identity;

(iii) g(i(e)) = i(g(e)) and g(t(e)) = t(g(e)) for each e € E(X) and for each g € G.

Given a good G-CW-complex X, we denote by X the quotient space X /G, and by
n: X — X the projection.

We suppose that the closure of each 2-cell of X is an embedded triangle, that is a
subcomplex with the induced canonical cell decomposition. Moreover, we suppose
that each triangle is determined by its oriented edges, and that the orientation of the
edges is such that no triangle has an oriented loop as a boundary; in these hypotheses,
we label by f,m, p the vertices of a 2-cell T, where f < m < p, and we label by a, b, ¢
the edges of T, where a = {f,m)>, b =<{m, p>, c =< f, p).

We first consider the following choices:

(1) for every ve V(X), we choose a representative s(v) € V' (X) (that is z(s(v)) = v),
and we denote by G, the isotropy subgroup of s(v),

G, = Stab(s(v));

(2) for every e € E(X), we choose a representative s(e) € E(X) (that is n(s(e)) = e),
we denote by G, the isotropy subgroup of s(e), and we choose two elements
Ye.is Vet € G such that

Ve.ili(s(e))) = s(i(e)),  7.,,(1(s(e))) = s(t(e))
(see Figure 2.1);

(3) forevery T € X, (the 2-skeleton of X), we choose a representative s(7') € X (that
is n(s(T)) = T). Moreover, we choose, for every T € X2, the elements yr ,, 77 p,
.. of G such that

yT,e(é) :S(e)v €€ {a,b,c}

where the tilde denotes the lifting in s(7) of a vertex (or edge) in 7 (see Figure
2.1);
(4) we choose a maximal tree . in the 1-skeleton X.

Then, we have the following result.
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Figure 2.1. A 2-cell of X (left-hand picture), its representative in X and the meaning of the
elements 7, ;, 7, , and y; , (right-hand picture).

Theorem 3. Let us suppose that:
() X is simply connected,

(ii) the isotropy subgroup of each vertex v is finitely presented, G, = {Sy|R,;

(iii) the isotropy subgroup of each edge e is finitely generated, Gen G, = S,;

(iv) the quotient X = X /G has a finite 2-skeleton.

Then G is finitely presented, and a presentation of G is given by

veV(X) ecE(X) veV(X)

G< U su U El U RUUR(2>UR<3)UR(4)>,

where E is a symbol, associated to the edge e, for each e € E(X), and
RO ={E=1|eeT};

R = {Ey. 97 1 E™" = 71971 |9 € Sese € E(X)};

R = {3, 07, V7Vt AVa, V7,077 575 1 BYs, 01,677 Vet = C| T € Xa}.

Here and in the following we use the capital letter to indicate the generator associated to
the edge denoted with the corresponding lowercase letter ( for instance, A is the symbol
corresponding to the edge a).

Remark 4. As we said at the beginning of the section, this is a particular case of
a general result by Brown, which holds without the assumptions (ii) and (iii) on
the action of G, and without restrictive hypotheses on the shape and the boundary
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orientation of the 2-cells of X. We stated the result in this weaker form because these
hypotheses simplify the statements, and are satisfied in our situation. In particular, if
we do not make the hypothesis on the shape of the 2-cells, we still get a presentation
of the kind described above, but the relations R® are in general much more compli-
cated. We will see in Section 5 that the hypothesis on the 2-cells is central in further
simplifying this presentation.

3 The ordered complex of curves

Let F = F’, be a connected, compact, oriented surface of genus g, with r boundary
components and s punctures, r,s > 0; we denote by P the set of punctures of F. A
simple closed curve in F\P is an embedding y : s! - F \ P which does not intersect
the boundary of F, and two simple closed curves «, § are said to be isotopic (a ~ p) if
there exists a continuous family %, € #(F, P), t € [0, 1] such that A is the identity
and /; oo = . A curve is called generic if its image does not bound a disk or a disk
with one puncture.

Definition 5. The complex of curves on F is the simplicial complex X = X', of
dimension 3g — 4 + r + s whose k-simplices are the isotopy classes of famlhes oc =

{a0, ..., a5} of k+ 1 generic simple closed curves in F\P satisfying the following
conditions:
(1) w;iNoy = ifi #J; (disjoint)
(i) o # o and a; # o' if i # J; (pairwise not isotopic)

(ili) o; # any boundary component of ¥ for all i.  (not isotopic to boundary
components)

We call such a family a generic (k + 1)-family of closed curves.

Notice that the curves are not oriented, and that the families we consider are not
ordered, i.e. the two families o = {ao,...,ax} and f = {f,,...,B;} are equivalent
(ie. represent the same k-simplex in X) if there exists a permutation o € X1 such
that o; ~ ﬁ () for every i€ {0,...,k}. We denote by X the k-skeleton of X and by
[o] = [z, - - -, o%] the simplex represented by the family o = {oy, ..., 0}

Theorem 6. If g > 1, r+5 > 1, then X, is (29 + r + 5 — 4)-connected. Moreover, Xg?o
is (29 — 3)- connected and X, is (r + s — 5)-connected.

For the proof of this theorem we refer the reader to Harer [12], where the result
is proven in the setting of Thurston train tracks theory, or to Ivanov [18], where the
same result is proven using Cerf theory. We recall that the 1-connectedness of X for
g = 2 was first proved by Ivanov in [17], where it is derived from the 1-connectedness
of the complex of Hatcher—Thurston; instead, the proofs in [18] and [21] are inde-
pendent from that.
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Figure 3.1. An element of %290 that leaves a 1-cell invariant but interchanges its endpoints.

In particular, except for the cases g =0, r+5s=0,1,2,3,45and g=1, r+s=
0, 1,2 that we call sporadic, the complex of curves X7, is simply connected (see also
the sketch of a simple proof in [19]).

In order to have an orientation for the edges of X, we fix a total ordering for
its vertices and we orient each edge accordingly. When we consider oriented edges,
or more generally oriented k-simplices, we use the notation {ay,...,o» with the
meaning oy < o) < -+ < 0.

If o ~ pand hy, hy € #(F, P) are isotopic, then clearly /; (o) ~ hy(f); therefore the
mapping class group .#(F) acts on the set of isotopy classes of simple closed curves,
i.e. on Xj, and this action naturally extends to the k-skeleton of X. Unfortunately this
action is neither good nor orientation compatible, as one can see immediately from
the following example: we consider F2°70, with o« and f as in Figure 3.1. The rotation
of 180 degrees around the z-axis globally fixes the 1-simplex [, §], but interchanges
[2] and [p], and therefore its restriction to [«, ] is not the identity.

To overcome this problem, we consider another complex, the ordered complex of
curves.

Definition 7. The ordered complex of curves on F is the simplicial complex, that we
denote by X, whose k-simplices are the isotopy classes of ordered families of k + 1
generic simple closed curves satisfying the conditions (i), (ii), (iii) of Definition 5.

The complex X with its orientation can be clearly seen as a subcomplex of X°rd
(see Figure 3.2). The action of .Z(F,P) on X extends to a good and orientation
compatible action on X°: namely, if [o, ] is a non-oriented edge of X whose image
under g € .4 (F, P) is [g(x), g(f)], we set

g(<a, f5) = Lg(),g9(p)>.

This can be done since both {g(),g(8)> and {g(p),g(«)>» belong to X°™¢. Hence, we
have a good G-simplicial complex X°™ (from now on G will denote the mapping class
group, unless otherwise stated), and it remains to show that it is simply connected.
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< Vo, V1, V2 > < v1,v2,v9 > < vo,v1,v0 >

Figure 3.2. The ordered complex of curves.

Proposition 8. If X is simply connected, then X° is also simply connected.

Proof. 1t is sufficient to show that all the loops of type

in X" are contractible in X°™: if this is true, each time that a loop in X?™ contains
an edge of X; {’rd\X 1, we can substitute it with the corresponding edge of X, thus we
are done by the simple connectivity of X. Supposing o < f in the chosen ordering of
the vertices of X and supposing there is a y € X; such that «, f and y are the vertices
of a triangle in X3, the situation is one of the three described in Figure 3.3. In any
case, in X§™ we have two triangles that allow us to contract the loop o to a point

and <y, 5,a)). Finally, we conclude noticing that in the non-sporadic cases such a y
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v v v

ify<a<p fa<fB<7y fa<y<p
Figure 3.3. Contracting a loop afo.

always exists, because given two simple closed generic curves, disjoint and not isoto-
pic, it is always possible to complete them to a pants decomposition (see Subsection
4.1), hence obtaining a third simple closed generic curve which is disjoint and not
isotopic to the other two.

4 The action of .7, on X ord

In the previous section we showed that in the non-sporadic cases the ordered complex
of curves X°d = x° ;’r,ds of a surface F = F, satisfies the hypotheses of Theorem 3;
now we give the main tools to algorlthmlcally carry on the method. More precisely

we describe

(i) how to construct X3, the 2-skeleton of the quotient X°™/./Z* ;

qr’

(ii) how to find a finite presentation for the isotropy subgroup of a vertex v € V' (X°')
and how to find a finite set of generators for the isotropy subgroup of an edge
ee E(X°9).

4.1 The structure of X™. Let us come back to the non-ordered complex of curves X:
we want to find a method to determine whether two classes o, f € X are in the same
A, -orbit, and to find a representative for each .# -orbit. Let o={oy,...,0r} bea
generlc k-family of closed curves on a punctured surface F =F}, . We denote by F,
the natural compactification of F \(U _,%),and by p, : F, — F the continuous map

induced by the inclusion of F \(U a;) in F. Let N be a connected component of F,,
and y: S' — N a boundary curve of N. We say that y is an exterzor boundary curve
of N if p, o yis a boundary component of F. For each curve «; : S! — F in the family
o there are two distinct boundary curves y, 7' : S' — 8F, such that p, oy = p, 0y’ = a;,
and two situations are possible: either y and y’ are boundary curves of the same
connected component N of F, (in that case we say that «; is a non-separating limit
curve of N ), or y is a boundary component of N and )’ is a boundary component of
a different connected component N’ (in that case we say that «; is a separating limit
curve of N and N') (see Figure 4.1).
We are now able to state the following proposition, whose proof is trivial:
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Figure 4.1. Exterior boundary curves (y), separating limit curves (o) and non-separating
limit curves (o).

Proposition 9. If [o] = [0y, ..., 0x] and [f] = [, .- -, B,] are two simplices of X, then
[o] is A ~equivalent to [f] if and only if
(1) k=#h

(2) there exists a one to one correspondence between the components of F, and those
of Fy;

(3) there exists a permutation o € Xy such that, for every pair (N,N') where N is any
component of F, and N' the corresponding component of Fy, we have:

* g(N)=g(N"),s(N) =s(N'),r(N) = r(N'"), where we denote by g(N) the genus,
by s(N) the number of punctures and by r(N) the number of boundary components
of N;

« if'y is an exterior boundary curve of N there exist an exterior boundary curve y’ of
N' such that p, oy = pgoy';

* if o; is a separating limit curve of N, then [ is a separating limit curve of N';

* if o is a non-separating limit curve of N, then 3, is a non-separating limit curve
of N'.

Now, in order to find a family of representatives for .7 ,-orbits in X, we introduce
the notion of pants decomposition.

A pair of pants of type I is a (surface homeomorphic to a) disk with 2 punctures
(i.e. F&l), a pair of pants of type II is an annulus with one puncture (i.e. Fy,), and a
pair of pants of type Il is a sphere with 3 holes (i.e. F;).

We say that the family o determines a pants decompbsition of F if each component
N of F,, with set of punctures N N p; ' {punctures of F}, is a pair of pants (see Figure
4.3). Then, it is easy to check that F?, admits a pants decomposition, provided that

(g,1,9) ¢ {(0,0,0),(0,0,1),(0,0,2),(0,0,3),(0,1,0),(0,1,1),(0,2,0), (1,0,0) }.

In particular every non-sporadic surface admits a pants decomposition.
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Typel Type II
Type 111

Figure 4.2. Pair of pants.

Figure 4.3. A pants decomposition.

A generic k-family determines a pants decomposition of F if and only if k =
3g+r+s—3, ie. if and only if such a family represents a simplex of maximal
dimension in the complex of curves; moreover, the number of pants in any decom-
position is 2g +r + s — 2.

Given a generic k-family o = {«,..., o}, it can be proven that we can always
complete it to a pants decomposition of F, i.e. there exist generic closed curves
{otcs1,- .., 039,453} such that {a,...,a354,15-3} determines a pants decomposition

of F. Hence, to find the representatives of the .# -orbits of X we need to look at
the subfamilies of the pants decompositions, more precisely:

(1) we take the disjoint union F of n; pants of type i, n; + nyy +nyy = 2g +r+ 5 — 2,
2n; + ny = s, we choose 3g + r + s — 3 boundary curves of F and we glue the
connected components of F identifying the curves of each pair: the identification
space we obtain is homeomorphic to F, the set of 3g + r+ s — 3 curves which
are the projection of the chosen pairs is a pants decomposition of this space, and
every ./, ,-orbit of pants decompositions has a representative which is obtained
this way.

Therefore, listing all the possible ways of choosing the 3g + r 4+ s — 3 pairs and
eliminating the choices giving rise to .4 -equivalent pants decompositions, we
get a representative for the .4 -orbit of each maximal simplex;
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[

Figure 4.4. G-equivalence in X vs G-equivalence in X°.

(2) Then, to get the representatives for the .4 -orbits of the k-simplices of X, we
just consider all the subfamilies of k 4+ 1 elements of every representative of a

A ,-orbit of pants decompositions, and we eliminate the choices giving rise to

M, ~equivalent families.

This shows that the number of pants decompositions (up to .#,;,-equivalence) is
finite; in particular, the 2-skeleton of X is also finite.

If we consider X°™ instead of X, the only difference introduced by the ordering is
that we do not allow permutations as in Proposition 9 above: for example, in Figure
4.4 the two families {«, 8} and {8,7}, though .Z, -equivalent as edges of X, are not

A, ,~equivalent as edges of X' ord Hence, the finiteness of the 2-skeleton of the quo-
tient, required in Theorem 3, is preserved.

4.2 The presentation of the stabilizers. Consider an exact sequence of groups

0—-K 2, GL H-0
and assume that K (that we identify with i(K) in G) and H have the presentations
K= <GK|RK> and H = <GH|RH>

For each y € Gy we choose an element y € G such that p(7) = y, and for each relation

r=Yy...¥y,€ Ry weseti=y, ...7, € G;as the sequence is exact, for every r € Ry

there exists a word w, in the elements of Gk such that 7 = w, in G. Moreover, for each

x € Gg and for each y € Gy there exists a word g, , € G such that pxj~! =g, , in G.
We omit the simple proof of the following Lemma:

Lemma 10. With the notation as above, G admits the presentation
G=(GxU J 7| RVURPURD)
veGy
where
RY = Rg;
R® = {fw-'|reRy};
RO = {pxy~'g; ! [xe Gk, y e Gy}



Complex of curves and mapping class group of a surface 303

In order to get a presentation for the isotropy subgroup of the simplices of X°, we
consider the following exact sequences:

0 — Stab" (2) 2 Stab(a) 2 H, — 0 (4.1)
0—Z" 2 #(F,) 2 Stab™(a) — 0 (4.2)
where:
o is an (n — 1)-simplex <oy, ...,u,> of X°;

Stab™ (a) is the subgroup of Stab(x) containing the elements leaving invariant each
p
element of o with its orientation;

H, is the image of p, in the group L(n), which is the group of the linear
transformations f € GL(IR") such that f(e;) = +e; for each e;, where
{e1,..., ey} is the canonical basis of R";

)2 is the natural homomorphism from Stab(a) to L(n) defined as follows: let

g be an element of Stab(«), and let i € #(F, P) representing g; we set

pdwaZ{i@ i:gﬁZZZ;

M(Fy) is the mapping class group of the surface F,.

Let us show the exactness of the two sequences: as far as (4.1) is concerned, we
just remark that by an easy analysis case by case it is possible to describe H, exactly
(it is sufficient to consider the orientation preserving homeomorphisms of F, fixing
the support of each component of o, and possibly changing the orientation of some
component).

Regarding (4.2), first of all we remark that, if Ny,..., N, are the connected
components of F,, we have

M(F) = M(Ny) x - x M(N,).

Then we recall the map p, : F, — F, which induces a homomorphism of groups
(p,), : A(F,) — A (F), whose image is exactly Stab* () (in other words, p, is (p,),).
Since it is possible to prove (see [29]) that, if y; and y/ are the boundary curves of F,
such that p, o y; = p, 0y = a,, then ker p, is generated by {C;(C])™",..., C,(C))™'}
and it is a free Abelian group of rank n, sequence (4.2) is exact.

Using (4.2), we find a presentation for Stab™ (a); then, applying Lemma 10 to (4.1),
we get a presentation for the isotropy subgroup of .

Remark 11. Actually we are interested only in the presentations for the isotropy
subgroups of the vertices and 1-simplices. Moreover, we will see in Section 6 that in
the non-punctured case, the presentations for the vertices are enough.

As an example, and since in Section 7 we will use explicitly the presentations of
the isotropy subgroups of the vertices, we describe them in detail. We say that a
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vertex v of X° is non-separating if F,) is connected, where s(v) is any representative
for v in F, and we call v separating otherwise. Notice that there exists only one non-
separating vertex, that we will denote by vy, and for such a vertex K, is homeo-
morphic to Fly i while there are as many separating vertices as the number of
different ways to divide F into two connected components (up to homeomorphisms
fixing the boundary components of F). Moreover, notice that Hy is always Z,
because there exists an element of Stabs(vg) reversing the orientation of the non-
separating curve s(vg). On the contrary, for the separating vertices H,) is 0 except
in one case, when (g,r,s) = (2k,0,2h) and v is such that F, has two connected
components, both homeomorphic to Fkh - In this case, we denote such a vertex by Ugym,
referring to it as the symmetric separating vertex, and, since there exists an element of
Stab s(vsym) reversing the orientation of s(vsym), we conclude that Hy, ) is Z.
Hence, if o is s(vp), (4.1) and (4.2) become

0 — Stab™ (s(vg)) — Stab(s(vy)) — Z» — 0,

4.3
0—-Z— M, ., — Stab™ (s(vg)) — 0, *3)
while if o 18 $(vsym) they become
0 — Stab™ (s(vsym)) — Stab(s(vsym)) — Z2 — 0,
(4.4)

0—Z— MF" ") Xﬂ(Fkhl)—>Stab (s(vsym)) — 0.

Finally, if « is a representative for any separating and non-symmetric vertex, we
have the exact sequence

0= Z — M(E) x MES, s

) — Stab(s(v)) — 0. (4.5)
Thus, if we know the presentations
%(F;—I,H-Z) = <{Go | Ro»,
M(E!y) = <G| Rp),
M(E ) = <G| Ry,
MESS ) =<{G3|Rs),
Lemma 10 allows us to conclude that

Stabs(vg) = (Go Uy | RoU Ry U {y*w,:} UR,,), (4.6)

Stab s(vgym) = <G1 UG Up| R UR URUR,U{p*w:}UR,>, (4.7)
Stabs(v) = (G, U G3 | R,UR; UR.UR,>, (4.8)
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s(vo) Vo ZENNEN G N e RN Y

Figure 4.5. The curves s(vo) and y and the element p.

where we identify each Stab™ with its image in Stab, we denote by <a |E > the
preseptation of the second copy of .# (Fk”’l) in 4 (F,,)), w,> and w,: are as in the
notation of Lemma 10, and where

Usym

Y is an element of Stabs(vg) reversing the orientation of s(vo) (the 1 correspond-
ing to the generator 1 of Z; in (4.3) with the notation of Lemma 10);

p  is an element of Stabs(vsym) reversing the orientation of s(vgym) (the 1 corre-
sponding to the generator 1 of Z, in (4.4));

R, is the relation identifying the Dehn twists along the two boundary components
of ) corresponding to the curve s(v);

R,, are the relations of type R®) with the notation of the Lemma 10, “mixing”
Stabt with Z»;

R. are the relations saying that the generators of the mapping class group of one of
the connected components of F;,) commute with those of the other in .7 (F)).

It is always possible to choose for ¥ the semitwist along c relative to s(vy) (see the
appendix for its definition), and for p the rotation of 7 around the z axis (see Figure
4.5). Hence, the relation p?w,> becomes p? (i.e. p? = 1), while it is not difficult to prove
that ? is the Dehn twist along the curve y, and thus to find the expression for Wy2.

5 The inductive process and the sporadic surfaces

The general method presented in Section 2 applies to the ordered complex of curves
of any surface £, provided this complex is simply connected, and provided we
have a finite presentation for the isotropy subgroups of a representative in every ./ -
equivalence class of its vertices and edges.

Subsection 4.2 describes how to produce a presentation for the isotropy subgroup
of any generic ordered k-family of closed curves o, if a presentation is known for the
mapping class group of the surface obtained by F°, cutting it open along o.. Moreover,
if such a presentation is finite, the same is true for the resulting one of the isotropy
subgroup.

Cutting open F°, along a representative for every vertex and every edge, we find
subsurfaces E/{’,/ with (¢',r" +5") < (g,7+ s) (with the lexicographic ordering), and
when these surfaces are not sporadic we can apply again the previous argument to
compute a presentation for their mapping class group.
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Figure 5.1. Generators for the mapping class group of F0?4 and F0?5.

Repeating recursively these steps for any non-sporadic F); s ., we finally arrive
at sporadic surfaces: hence if we know a finite presentation for the mapping class
group of each sporadic surface (as a basis of this inductive process), we inductively
get a finite presentation for % $

The sporadic surfaces F L Wthh may appear in this process are the sphere with
r' 45" =3,4,5 and the torus with r/ + s’ = 1,2 (by Definition 7). All these cases are
well known. M (FO°3) Z°, generated by the Dehn twists along the boundary com-
ponents, and in general it is a classical result (see for example [1, 11] or [8]), that, for
r=1, .4 (Foo‘r) = P x Z""', where P, is the group of pure braids with # strings. In
particular, in the cases we are concerned with,

 JM(FY,) = Py x Z*, and it admits a presentation with
Generators: {41, A4, A3, D\», D13, D23} where the curves a;, dj are represented in
Figure 5.1 (we recall that, if not otherwise stated, we denote a curve by a lowercase
letter, and the Dehn twist along the same curve by the corresponding capital letter).
Relations: A;4; = A4;4; for all i, j
AiDjk = DjkA,' for all i, j, k
D>3Di3D; = D13D1pDy3
Dy3D3D12 = DipDa3Dy3

« M(F)s) = P4 x Z*, and it admits a presentation with
Generators: {41, A>, A3, Ay, D12, D13, D14, D23, D4, D34} where the curves ai, dij
are represented in Figure 5.1.
Relations: A4;A4; = A;4; for all i, j
AiDjk = DjkA,' for all i, j, k
D34D1y = D1pD3y
D14Dy3 = Dy3Dyy
Dy3D13D1; = Di3D1pDy3 = DDy D3
Do4D14D1y = D14D12D3yy = D12D24 Dy
D34D14D13 = D14D13D34 = D13D34 D14
D34 D34 Dy3 = D2y D23 D3y = D23 D34 Doy
D4 D3} Dy} D34D14D13 = D3 D7} D34D14D13D 24



Complex of curves and mapping class group of a surface 307

Figure 5.2. Generators for the mapping class group of F f),_, r=0,1,2.

In what follows, we will refer to these presentations as standard presentations for
the sporadic surfaces of genus 0.
As far as the sporadic surfaces of genus 1 are concerned,

« M(F) = (A,B|ABA = BAB) = SL(2,Z) (a,b as in Figure 5.2);

* M(F")) = SL(2,Z), and admits the presentation .#(F")) = (4, B| ABA = BAB)
(a,b as in Figure 5.2);

« for ,/%(Floz) we have, with a;, ap, b, ¢, ¢; as in Figure 5.2, the following
presentation:

Generators: {A4;, 4>, B, C1, C>}
Relations: Ai1Ar, = A>A

A;BA; = BA;B i=1,2
4G = G4, ij=1,2
C;B = BC; j=12

(A24,B) = C\C,
(4, 43B)° = 2 C

These presentations are particular cases of a general result of Gervais in [7] (see
Section 7); therefore in what follows we will refer to them as to Gervais presentations
for the sporadic surfaces of genus 1.

Since we will discuss in detail only the non-punctured case in the next sections, we
avoid to describe here the mapping class group of the sporadic surfaces with punc-
tures. We just remark that at least one simple finite presentation for each of them is
well known, so our inductive argument works also in the punctured case. We refer the
interested reader to [1, 6] for the case of genus 0, and to [20] for the case of genus 1.

6 The non-punctured case

Proposition 12. If I, , = E/O, is not sporadic, and g > 0, then for every choice of the
representatives and of the maximal tree, it is possible to express all the symbols E
appearing in Theorem 3 as a product of elements in UveV()?ord) Stabs(v). Hence, the

presentation obtained applying Theorem 3 to the action of the mapping class group on
the ordered complex of curves reduces to

AE)=( U S| U RURIUR®), (6.1)

ve V(Xord) ve V(Xord)
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where the R are the relations obtained substituting in the R™) the expressions for the
symbols E corresponding to the edges.

Proof. The relation of type R carried by a triangle 7 with edges a, b, c is

Ve VT, VT Ve AVa, V7. VT Vot B, VT BV T Ve b (6.2)

where
Ve VT,V Vet € Stabs(f),
Va V7.0V T 5755 € Stabs(m),

Vo VT.HVT Vet € Stabis(p).

P

Therefore, it two of the edges of T are in the maximal tree .7, once we “kill” .7 using
the relations R, the relation (6.2) gives an expression for the third edge as a product
of stabilizers of the representatives for the vertices. The same is true if in (6.2) two of
the symbols for the edges were already expressed as products of stabilizers.

We say that a symbol E is determinable (or simply that the corresponding edge e
is determinable) if, using recursively relations of type R, after “killing” the maximal
tree it is possible to express E as a product of elements in UL, cV(Fon) S,.

Given an edge e in X°, we call topological inverse of e the edge é being the same
element in X, but having the opposite orientation, i.e. directed from #(e) to i(e). It
is clear that, if there exists in X°d a 2-cell with edges a, b, c, then there are also all
the 2-cells with the same vertices that one can build using «a, b, ¢ and their topological
inverses (see Figure 3.2). Therefore, if two of the edges a, b, ¢ are determinable, so is
the third one and the three topological inverses as well.

Since g > 0, there exists a single non-separating vertex in X ° that we denote by vo.

Lemma 13. For each ve V(X), v # vy, there always exists at least one edge e with
i(e) = vy and t(e) =v. More precisely, the number of such edges is 1 if one of the
connected components of F, has genus 0, or if v = veym, and it is 2 otherwise.

Proof. The assertion follows immediately from the analysis of Subsection 4.1.

Lemma 14. For each ve V(X), v # vy, at least one of the edges joining vy and v is
determinable.

Proof. Let e € 7 be an edge joining vy and a separating vertex, say v;. Then (at least)
one among vy and v; is connected with another vertex v, by an edge ¢’ belonging to
the maximal tree 7. If ¢’ joins the two separating vertices, then there always exists
a 2-cell with vertices vg, v1, v5, containing the two edges ¢ and e’: this follows from
the fact that any representative for ¢’ divides F into three subsurfaces, and at least
one of them has genus > 0. Therefore we may always find a representative for the
non-separating vertex disjoint from the other two chosen representatives (that means
we always have a triangle 7" with vertices vg, v; and v,); moreover, if there is only one
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component of genus > 0, we are sure we are realizing the edge e, because there is only
one edge joining vy and v;. If, on the contrary, the connected components with genus
> 0 are more than one, we may always choose where to put the representative for vy
in order to get a representative for e. Hence, in any case, as two of the edges of the
2-cell T are in 7, the third one is determinable (and the same is true for the topo-
logical 1nverses).

Thus we have proven the assertion for v; and vy, and the same is trivially true if
the edge ¢’ joins vy and v;. Applying recursively the same argument (as we move
along the maximal tree touching all the other vertices), we get the assertion for every
ve V(X).

(n)

In the sequel, we sometimes write ¢; ; to denote an edge in X X o' with initial vertex

v; and terminal vertex v;, emphasizing, by means of the progressive number #, the fact
that in general such an edge is not unique.

Lemma 15. Let eO 0 be the loop of X° based in vy and such that F( ) is connected
(and therefore homeomorphlc to Fy_o 11 4); then e(()oz) is determinable. "

Proof. Let us suppose there exists an edge e € 7 with one end in vy and such that
there exists a 2-cell with edges eéoz), e, e. In such a situation, the symbol corresponding
to e(()oo is determinable by the relation R® corresponding to that 2-cell.

If, on the contrary, such an edge does not exist, this means that g > 2, and the
only ee 7 with one end in vy is the edge such that F,, has a connected com-
ponent homeomorphic to the pair of pants [ 3 and the other one to F_; .41, with
(9 —1,r+1) > (1,1). In this case, the other end of e, that we denote by v, is con-
nected to another vertex v, by an edge ¢’ € 7, and there exists a triangle with vertices

v, U1, v and edges e, ¢’ and e¢”, where ¢’ is an edge with ends vy and v,. Therefore

the edge ¢” is determinable, and, since there exists a 2-cell with edges eé%, e’ e’ so

is the loop e(()%.

Lemma 16. The following edges are determinable:
(i) all the loops based in vy,
(i) all the edges with one end in vo;
(iii) all the loops based in v;, for every i,
(iv) all the edges e ; ) with ends in v and vj, i # jand i, j # 0.

Proof. (i) Given any loop eo o based in vy, different from eO 0, if g > 2 there always
exists a triangle with edges eo_>0, e(()%, e(()(?o, and then 6040 is determinable. In case g = 1,
we observe that there always exists a triangle with edges e(()%, e, e, a representative of
which is depicted in the left-hand side of Figure 6.1; if e € 7, we are done, if not,
then the two edges ¢’, e¢”, whose representatives are shown again in Figure 6.1, are
in 7. If this is the case, e is determinable by the triangle e, ¢’, ¢” (right-hand side of

Flgure 6.1), and therefore the loop e(()’)o is determinable.
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o @
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Figure 6.1. Determinability of a loop eO o in Fy .

(i) The assertion follows immediately from Lemma 14, Lemma 15, and the obser-
vation that, if v is such that there are two different edges with initial vertex vy and
terminal vertex v, then there exists a triangle whose edges are these two edges and the
loop e(() 2)

(iii) Given any loop based in v, there always exists a triangle whose edges are
this loop and two edges with one end in v and the other one in vg, hence we have the
assertion.

(iv) Just notice that there always exists a triangle with edges e
with one end in vo and the other one respectively in v; and v;.

This concludes the proof of Proposition 12.

,("; and two edges

Moreover, we have the following result:

Theorem 17. There exists a choice of the representatives and of the maximal tree such
that (6.1) expresses My . as the free product of the isotropy subgroups of the chosen
representatives for the vertices, amalgamated along the subgroups Stab s(e), as e varies
in E(X,,).

Proof. Let us fix a representative s(vy) for the non-separating vertex. It is always
possible to choose, for every separating vertex v;, a representative s(v;) such that
s(00) N 5(v)) = &. )

Hence, we may take .7 to be the union, for all the separating vertices v; € V(X ),
of the edges e with i(e) = vy and #(e) = v;, such that it is possible to choose s(e) =
<S(Uo), S(Ui)>~

Concerning all the other edges, notice that we may always choose the representa-
tives s(e) in such a way that at least one of the ends of s(e) is the chosen representative
for its class, and we may always choose for the topological inverse € of the edge e the
representative s(e) = <t(s(e)),i(s(e))), so that y; ; = 7, , and y; , = 7, ;.

By Proposition 12, every edge e ¢ .7 is determinable; with the choices we made, it
turns out that actually the symbol E associated to an edge e is determined as

E=1 if i(s(e)) = s(i(e)) and t(s(e)) = s(t(e)),
E= Vi if i(s(e)) = s(i(e)) and t(s(e)) # s(¢(e)), (6.3)
E =7y, ifi(s(e)) # s(i(e)) and 1(s(e)) = s(t(e)),

where the y, ; and 7, , may be taken to be products of stabilizers of suitable vertices.
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Hence, it is obvious that all the relations of type R™ are coherent, i.e. they vanish
once we substitute the expressions (6.3).

Moreover, for each edge e € E (Xf g?f,d) determined as E = 1, it is immediate that

the corresponding relation of type R(® identifies the copy of Stab s(#(e)) N Stab s(i(e))
(that is Stabs(e)) in Stabs(z(e)) with the copy of the same subgroup in Stab s(i(e))
(and the relation corresponding to the topological inverse also). The relations of type
R®) corresponding to the other edges identify the copy of Stab #(s(e)) N Stabi(s(e))
in Stab#(s(e)) with the copy of the same subgroup in Stabi(s(e)), after, by means
of suitable conjugations, expressing the elements of the intersection as products of
elements in ( ) _ v, Stabs(v).

The proofs we gave of Proposition 12 and Theorem 17 strongly depend on the
existence of a non-separating vertex, vo; hence, the argument obviously does not
work for the case of genus 0.

Actually, the structure of X , is quite different from that of X, , when g > 1; in
order to describe it, we enumerate the boundary components of Fj ,, denoting them
by 61,52,...,@.

The vertices of X , are v;, with multi-index I = (i1, ia, . . ., ;) such that

I<ii<b<---<ig<r,
s=2,...,[r/2] where [x] denotes the integer part of x

(and, if ris even, the vy with #I =r/2 have i; = 1),

where v;, _; denotes the .# -equivalence class of a curve s(v;, ;) separating Fj ,
into two connected components, both of genus 0, such that one of them has boundary
components 0, ..., 0; and s(v; ;).

Regarding the edges of X ,, it is easy to verify the following claims:

Lemma 18. (i) There are no loops;

(i) for each pair of vertices vy and vy there exists at most one edge with initial vertex
vy and terminal vertex vy;

(iii) there exists an edge connecting vy and vy if and only if 4 < #I + #J <r—1 and,
if #1 < #J, either I < J or INJ = . If such an edge exists, we denote it by ey ;.

Finally, the triangles of X , are the T} ; x = [vr, vy, vk] such that 6 < #1+#J +#K
< rand, if #I < #J < #K, we have one of the following situations:

cINJ=¢g, JNK=g, INK=;
cJNK=g, <K,

cINK=g, J<K;

INJ=g, JEK, 1SK;
Il J <K
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Figure 6.2. Representatives for the vertices of Xy,

Let us choose representatives for the vertices as in Figure 6.2. Hence, it is pos-
sible to choose representatives for the edges such that s(e; ;) = {s(vr), s(v,)} if either
#I < #J and I < J, or INJ = & and the i,’s do not alternate with the j,’s with
respect to the cyclic ordering of {1,...,r}. In the other cases, we may choose s(e; )
= {s(vr),?,}, where I is the multi-index with greater cardinality, or, if #I = #J, I
contains the lower index (where ¥, is the representative for v; depicted in the right-
hand side of Figure 6.2).

We restrict from now on to the case of Fy 6, the first non-sporadic surface of genus
0, that, in spite of its simplicity, is paradigmatic of the case Fj .

We choose the maximal tree 7 as follows: we put in 7 the ten edges having one
end in vj 5:

€(1,2),(3,4)s  €(1,2),(3,6)s ©€(1,2),(4,6)» €(1,2),(1,2,3)s  €(1,2),(1,2,5)
€(1,2),(3,5)  €(1,2),(4,5 €(1,2),(5,6)s ©€(1,2),(1,2,4), €(1,2),(1,2,6)-
From what we said before, v; , appears in 15 triangles, and clearly all of them have
two edges in .7 ; hence, the 15 other edges are determined, more precisely they are:
€(3,4),(5,6)>  ©€(1,2,3),(4,5),  €(1,2,4),(3,5)s  €(1,2,5),(3,4)> €(1,2,6),(3,4)>
€(3,5),(4,6), €(1,2,3),(4,6), ©€(1,2.4),(3,6)> ©€(1,2,5),(3,6)s €(1,2,6),(3,5) (6.4)

€(4,5),(3,6)s  €(1,2,3),(5,6)s €(1,2,4),(5,6), €(1,2,5),(4,6)> €(1,2,6),(4,5)-

Each of these edges appears in two more triangles, whose third vertex is still not
reached by the maximal tree: for example, €(3,4),(5,6) appears in 13 4) (5.6),(1,3,4) and
1(3,4),(5,6),(1,5,6)- Hence, if we put in 7 the edges e(1 3 4),3,4) and e 5¢) (5,6, We
determme the edges €(1,3,4),(5,6) and ey 5.6),(3,4)- Applying the same argument to all
the edges listed in (6.4), we complete the maximal tree adding the 14 edges

Wiy 3SI<J<6
e,2,)),0,) 3<J<6
€12, 3<J<6
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and we determine the 30 edges

e(l,i,_/),(kﬁl) {lvj}U{k,l} = {374,5,6}a
8(2,_/)7(/6,1) jakale{3747576}a l7ék7l7él7 (65)
e, j), (k) j,k,16{3,4,5,6},i7ék,i=,ﬁl.
Now, the argument applied again to each edge in (6.5) gives the remaining 36
edges. Moreover, it is easy to check that, independently from the choices of the

representatives for the triangles, the expressions found for the symbols associated to
the edges are:

1 if i(s(e)) = s(i(e)) and t(s(e)) = s(t(e)),
Ve 1f i(s(e)) # s(i(e)) and «(s(e)) = s(t(e)),
Veu if i(s(e)) = s(i(e)) and #(s(e)) # s(r(e)).

E
E
E

Hence, the relation of type R(®) associated to the edge e identifies the copy of the
intersection Stab 7(s(e)) N Stab i(s(e)) (that is Stab s(e)) in Stab 7(s(e)) with the copy of
the same intersection in Stab i(s(e)), while the relations of type R® that we did not
use to determine the edges are “coherent”, hence they disappear once we substitute
the values obtained for the E’s.

The generalization to the case Fy,,r > 6 is straightforward, which proves the
following result, analogous to Theorem 17:

Theorem 19. There exists a choice of the representatives and of the maximal tree such
that, for each non-sporadic surface of genus 0, we may express .4 , as the free product
of the isotropy subgroups of the s(v), ve V(Xo.,), amalgamated along the subgroups
Stab s(e) with e € E(Xo,,).

Remark 20. It is unknown to the author if the result of Theorem 19 is actually inde-
pendent from the choice of the maximal tree.

7 Recovering known presentations
Let us consider, on the surface £, ,, g > 1, r = 0, the curves of Figure 7.1. A triple
(i,j,k) e {1,...,2g 4+ r — 2} is said to be good when
1) (i,j,k)¢{(1,],l)|l€{17...,2g+}"—2}},
i) i<j<korj<k<iork<i<j.
Recall that we denote each curve by a lowercase letter, and the Dehn twist along

the same curve by the corresponding capital letter. Gervais, in [7], proved the fol-
lowing result:
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Figure 7.1. Gervais generators for ./ (F ).

Theorem 21. For all (g,r) e N* x N, the mapping class group M, , admits a presen-
tation with
Generators: B, By,...,By1, A, Aogir—2,(Ci j) 1< j<rgir.in)
Relations: handles  Cy; i1 = Cy—rpi forall i, 1 <i<g—1,
braids  for all X, Y among the generators, XY = YX if the asso-
ciated curves are disjoint and XYX = YXY if the associated
curves intersect transversally in a single point,
stars Ci ;CikCri= (AiAjAkB)3 Sfor all good triples (i, j, k),
where we define C;; = 1.

To prove this result, Gervais started from Wajnryb’s presentation described in [31],
which in turn was obtained exploiting the action of .#(F) on the Hatcher—Thurston
complex ([14]). We prove in this section that it is possible to get the Gervais presen-
tation for the mapping class group of any non-sporadic surface f; , using the ordered
complex of curves in place of the Hatcher—Thurston complex, provided we take as
starting point of the inductive process the Gervais presentation for the sporadic sub-
surfaces of genus 1, and the standard presentation for the sporadic subsurfaces of
genus 0 (see Section 5).

Let us consider a non-sporadic surface F; ., of genus greater than 0; by Theorem 17,
its mapping class group is the free product of the isotropy subgroups of a (suitably
chosen) representative for each class in V(X ;rrd), amalgamated along the subgroups
Stab s(e), for e € E(X°™9). N

Hence, reasoning recursively, we just need to know some presentation for the spo-
radic surfaces Fy v, ' =3,4,5and F , ' = 1,2.

Theorem 22. Starting from the Gervais presentation for M, and M\, and the stan-
dard presentation for My 3, Mo 4, Mo s, we get the Gervais presentation for any non-
sporadic F, , of genus g > 0.

Proof. The assertion follows immediately from the following lemma:
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Lemma 23. Let F,, be a non-sporadic surface with g > 0. If G, =<{Sy|R,) is a
presentation for the isotropy group of a representative s(v) of each vertex v in X, g‘frrd,
computed starting from the Gervais presentation of the mapping class group for the
connected components of Fy (or the standard presentation, in case one of this compo-
nents has genus 0), then the presentation of M (F, ) described in Theorem 17 is imme-

diately reducible to the Gervais one.

Proof of the lemma. Let y, , be the chosen representative for the non-separating vertex
vy e V(X g‘fr,d). Then, by (4.6), considering the Gervais presentation of .#(F, ,) =
M(Fy_1 ,+2), we get a presentation for Stab s(vg) with generators

{Bv 327 e aBg—lvAlv' .. 5A2g+r—27 (Ch,f)1<i$j<2‘q+r72,’i;ﬁj} U lrb

and relations R, ,UR,U {lﬂszz} UR,,, where

R, , are the Gervais relations for /%(Fyu);
R, is the relation Cj ; = Cy 35

wszz is the relation l,DZC[ L
R, are the relations “mixing” the generators of Stab (y, ;) and .

Therefore the isotropy subgroup of the non-separating vertex carries all the Gervais
generators and all the Gervais relations for .4, ,, with the exception of the generator
By and the relations involving By, that are all braid relations. Moreover, it carries an
extra generator, i, and the relations xpolf land R,,.

It is not difficult to see that the generator B; is carried by the isotropy subgroup
of a representative (chosen disjoint from s(vy)) of any separating vertex, and clearly
we may include the braid relations involving B;, because they are certainly valid in
My r.
If (g,r) # (2k,0), then it is easy to check that all the separating vertices do not
carry extra generators and relations (see (4.8)), thus we get

M (Fy,) = <{ Gervais generators } Uy ‘ { Gervais relations

2 -1
for F, , for F,, }U{lﬁ C1,3}URm>.

For ¢ we may always take the expression y = (CﬁzBl)3. Hence, the relation
¥>Cy | becomes (CZ,B)°Cy}, that is a star, and follows from the Gervais relations.
The relations R,, are of two types:

ye = Cy, (7.1)

for C = Cy; and for each C among the Gervais generators of .#(F), ,) such that the
corresponding curve ¢ does not intersect y, 3;

Yoy = Ty, (7.2)
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71,2 :"---C' LN COR_': \’ EEEE
71,3 =

Figure 7.2. The action of y on a curve ¢ intersecting y, 3.

for each C among the Gervais generators of ./#(F, ,) such that the corresponding
curve ¢ intersects y; 3, where Ty, denotes the expression, in terms of the generators
of ./ (F,, ,), for the Dehn twist along the curve y(c). As far as (7.1) is concerned, it
is easy to verify that they always disappear, once we substitute the expression for .

Regarding (7.2), notice that the curve ¥/(c) is the one depicted in Figure 7.2, and
the expression for the Dehn twist along it may always be found by means of a suitable
lantern relation: the result has always the form C~! - (something) - Cr. ; Thus, using
the relation wz = ()3, relation (7.2) becomes

CyCy = (something), (7.3)
where the expression we indicated with “something” is in fact a product
Cﬁz - (an extra star, involving C, C; » and a B;).

It is easy to verify that the relations (7.3) disappear once we substitute the expression
for , and we may conclude noticing that the extra star relation always follows from
one of those considered by Gervais, as they cover all the possible situations, up to
My, ~equivalence.

If g =2k and r = 0, i.e. if our surface is closed and of even genus, the previous
argument works, except that we need to take care of the symmetric separating vertex
Uk, 1, that is the vertex separating Fay o into two connected components, both homeo-
morphic to F; 1. Such a vertex carries in fact a priori a “new’” generator, the p in (4.7),
and the corresponding relations p? and R,,. In this case, we may always take

p= A1BA, B C2$4Bz . Bg,1C2g,2"1AlB. .. C2g74,2g,2Bg,1A1 ...A1BA;,

and it is easy to show that the extra relations actually follow from the Gervais ones,
once we substitute this expression for p in terms of Dehn twists.

Remark 24. The proof we gave is for the case g = 2. The proof for the case of genus
1, that we omit, uses essentially the same kind of arguments, with some minor dif-
ference while considering the isotropy subgroup of the non-separating vertex, due to
the fact that in this case the surface ) has genus 0, and therefore we need to con-
sider for its mapping class group the standard presentation, instead of the Gervais one.

Appendix

We recall here the definition of some basic elements of the (punctured) mapping class
group, the Dehn twists, the semitwists and the braid twists, which play an important
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Figure 7.3. Dehn twists generating .# (14{"]00)

role in its description: namely, Dehn [5] showed that ,/%g% is generated by finitely
many Dehn twists along certain simple closed curves in F, Lickorish [21] proved that
it is sufficient to take the 3g — 1 curves indicated in the left-hand side of Figure 7.3,
and Humphries [16] showed that the minimal number of Dehn twist generators for
,/%g% is 2g — 1 and proved that one such minimal set is given by the Dehn twists
along the curves depicted in the right-hand side of Figure 7.3. Moreover, all the
presentations for the mapping class group of non-punctured surfaces we met along
the paper are given in terms of Dehn twists.

The braid twists appear when we consider punctured surfaces: for example the
generators of the mapping class groups of the punctured sphere and of the punctured
disk are certain braid twists. Moreover they are, together with suitable Dehn twists,
the generators in the Labruére—Paris presentation of ./ (E,) (see [20]).

About the semitwists, that we met in Section 4 among the generators for the
isotropy subgroup of some vertex, we recall that in [30] one such element is proven to
be the generator of the center of .#(F,).

Let F = E?, be a surface, and P its set of punctures.

Definition 25. Let ¢: S' — F\P be a simple closed curve not bounding a disk
or a l-punctured disk (i.e. an essential or generic circle). We choose an embedding
A:S'x[0,1] — F\P of the annulus such that 4(z,1/2) = ¢(z), for all ze S', and
we consider the homeomorphism . € #(F, P) defined by

{ 1.0 A(z,1) = A(e*™'z1) te€[0,1],ze S,
7. = identity outside the image of A.

We define the Dehn twist along c to be the isotopy class T, in .#(F, P) represented by
7. (see Figure 7.4).

Figure 7.4. Dehn twist along c.
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We remark that:
+ the element 7. does not depend on the choice of A, nor on the orientation of c;
+ if ¢ and d are isotopic, then T, = Ty;

+ if ¢ bounds a disk in F containing exactly one puncture, then 7, = 1. Otherwise, it
has infinite order;

+ the curve c is fixed by the Dehn twist 7;
« if his in #(F, P), then Tj) = hT.h™".

We define an arc to be an embedding a : [-1/2,1/2] — F whose image lies in the
interior of F, such that a((—1/2,1/2))NP = & and a(—1/2),a(1/2) € P. Two arcs a
and b are called isofopic if there exists h € #(F, P), isotopic to the identity, such that
h o a = b; we write in this case a ~ b.

Definition 26. Let @ be an arc. We choose an embedding A of the unit disk D? of
C in F such that a(7) = A(¢) for every te[—1/2,1/2] (seeing this interval as a
subset of D?), and A(D*)NP = {a(—1/2),a(1/2)}. We define a homeomorphism
1, € H(F, P) by

{ 7,0 A(z) = A(e*™Flz) ze D?,
7, = identity outside the image of A.

The braid twist along a is defined to be the isotopy class 7, in .#(F, P) represented by
7, (see Figure 7.5).

We notice that:
+ the element 7, does not depend on the choice of 4;
+ if @ and b are isotopic, then T, = T};
- if his in A (F, P), then Ty, = hT,h™";
- if ¢ : S' :— F\P is the essential circle defined by ¢ = As1, then (T,)* =T..

Figure 7.5. Braid twist along a.
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Finally, let us consider
D={zeC|lz| <4},
Dy ={zeC|lz-2| <1},
D, ={zeC||z+2| < 1}.

Then D\(D; U D,) is a pair of pants of type III, whose boundary curves ¢, a;,a, may
be parametrized as follows:

c(e) = 4e”,
aj(e”) =2+ e",
ar(e) = =2 —e"
for 0 < 0 < 2¢. We may then consider
F = (D\(Dy UDy))/{ar(e") = ax(e”)}

We denote by p the natural projection p : D\(D;UD;) — F, and we define the
meridian curve a : S' — F by

a=poay=poa

(see Figure 7.6).

Definition 27. We define a homeomorphism S : D — D by

| 0 ifo<r<
S 0y _ re 1 Irs
(re® {ref<e—<r—2>n> f3<re<

We have then that S(D1) = Dy, S(D,) = Dy, Soa; = ay' and S o a; = a;'. Hence,
S induces a homeomorphism S : F — F such that Soa = a~!. We call semitwist of

F along c relative to a the isotopy class ¢ of S in .#(F).

We remark that, if 7. and T, are the Dehn twists along the corresponding curves of
F, then 62 =T, and 6T,0 ! = T},

c

a2 al
c
- > )
P

Figure 7.6. The projection map.
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