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Some remarks on multiplier ideals and vector bundles
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(Communicated by A. Sommese)

In this paper, we give two applications of the theory of multiplier ideals to vector
bundles over complex projective manifolds, generalizing to higher rank results already
established for line bundles. The first addresses the existence of sections of (suitable
twists) of symmetric powers of a very ample vector bundle, vanishing on a given
subvariety. The second is a vanishing theorem of Gri‰ths type, adjusted with an
additional multiplier ideal term as in the standard Nadel vanishing theorem.

To begin with, we recall that, starting with work of Bombieri and Skoda, there has
been considerable interest in going from hypersurfaces in Pn highly singular at a given
set of points S to hypersurfaces through S of relatively low degree; there is now a very
direct and terse approach based on multiplier ideals [3], [4], [5], [6].

Here, the same method is shown to yield a statement in the same spirit about sec-
tions of very ample vector bundles on a projective manifold. One says that a rank r

holomorphic vector bundle on a complex projective manifold is very ample if the
relative hyperplane line bundle OPE� ð1Þ on the projectivised dual PE� is very ample.

If X is a projective manifold and ZJX an irreducible subvariety, for every integer
pd 1 the p-th symbolic power I

hpi
Z JOZ of the ideal sheaf of Z is the ideal sheaf

of the holomorphic functions vanishing with multiplicity dp along Z (that is, at a
generic point of Z ).

Theorem 1. Let X be an n-dimensional complex projective manifold. Let E be a rank r

very ample vector bundle over X. Let ZJX be a codimension e irreducible subvariety.
If H 0ðX ; Symd EnIhti

Z Þ0 0, then

H 0ðX ;KX n detðEÞn SymnþlEnIZÞ0 0

as soon as ld de
t

� �
.

Set Y ¼ PE� !p X , the projectivised dual, and let OY ð1Þ be the relative hyperplane
bundle on Y . Let A be any divisor in Y , not necessarily e¤ective, such that OY ðAÞ ¼
OY ð1Þ. If D ¼

P
i aiDi A DivQðXÞ, with the Di HX irreducible divisors, the pull-back

of D to Y is the Q-divisor p�ðDÞ ¼
P

i aip
�ðDÞ. We shall say that Eð�DÞ is nef and



big if the rational divisor A� p�ðDÞ A DivQðYÞ is nef and big. The following state-
ment generalizes the Gri‰ths vanishing theorem for ample vector bundles [7]:

Theorem 2. Suppose that D A DivQðXÞ, E is a holomorphic vector bundle on X, and
Eð�DÞ is nef and big. Then

H iðX ;KX n detðEÞn Symm EnJðDÞÞ ¼ 0 if i > 0;md 0:

Vanishing theorems for vector bundles involving multiplier ideals (or multiplier
subsheaves) were obtained also in [1], based on the di¤erential-theoretic notions of
t-nefness and singular hermitian metrics (see also [2]).

Proof of Theorem 1. Let Y ¼ PE� !p X be the projectivized dual, so that

Symk E ¼ p�OY ðkÞ

for every kd 0. We shall denote the natural isomorphism H 0ðX ; SymkðEÞÞG
H 0ðY ;OY ðkÞÞ by s 7! ~ss.

Suppose that 00 s A H 0ðX ; Symd EnIhti
Z Þ: for every x A Z and in any trivi-

alization of E in an open neighbourhood U of x, s is represented by an rþd
d

� �
-

tuple of functions fI A Ihti
Z ðUÞ. Here I runs over the set Ad of all multiindices

I ¼ ði1; . . . ; irÞd 0 with jI j ¼ d.
The trivialization of E on U induces isomorphisms

p�1ðUÞGU � Pr�1 and OY ðkÞjp�1ðUÞ G p�
2OP r�1ðkÞ

for every k, where p2 : U � Pr�1 ! Pr�1 is the projection onto the second factor.
In terms of these isomorphisms, ~ss is then given in homogeneous coordinates on
U � Pr�1 by

~ssðy 0;XÞ ¼
X
I AAd

fI ðy 0ÞX I :

Thus, if ~ZZ ¼ p�1ðZÞJY and

D~ss :¼ divð~ssÞ A jH 0ðY ;OY ðdÞÞj;

we have mult ~ZZðD~ssÞd t. In other words, ~ss A H 0ðY ;Ihti
~ZZ

nOY ðdÞÞ.
If D ¼ ðe=tÞ �D~ss, then mult ~ZZðDÞd e ¼ codimð ~ZZ;YÞ, and therefore the multiplier

ideal satisfies JðDÞJI~ZZ.
Set d ¼ de

t

� �
. Then if A A jOY ð1Þj the Q-divisor lA�D is ample for ld dþ 1.

Therefore, KY nOY ðlþ nþ r� 1ÞnJðDÞ is globally generated. Since the canoni-
cal line bundle of Y is KY ¼ p�ðKX n detðEÞÞnOY ð�rÞ,

p�ðKX n detðEÞÞnOY ðl� 1þ nÞnJðDÞ
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is globally generated. In particular,

H 0ðY ; p�ðKX n detðEÞÞnOY ðl� 1þ nÞnJðDÞÞ0 0;

and therefore H 0ðY ; p�ðKX n detðEÞÞnOY ðl� 1þ nÞnI~ZZÞ0 0. By pushing for-
ward, this implies

H 0ðX ;KX n detðEÞn Syml�1þn EnIZÞ0 0

for l� 1d d. r

Proof of Theorem 2. By the Nadel vanishing theorem,

HiðY ;KY nOY ðmÞnJðp�DÞÞ ¼ 0; for all i;m > 0:

By the projection formula and and the arguments in Chapter V of [7],

HiðX ;KX n detðEÞn p�ðOY ðm� rÞnJðp�ðDÞÞÞ ¼ 0; if i;m > 0:

Lemma 1. Jðp�ðDÞÞ ¼ p�ðJðDÞÞ.

Assuming the lemma,

HiðX ;KX n detðEÞn p�ðOY ðm� rÞnJðp�ðDÞÞÞ

GHiðX ;KX n detðEÞn Symm�rðEÞnJðDÞÞ;

again invoking the projection formula, and the theorem follows. r

Proof of Lemma 1. Let m : X 0 ! X be a log-resolution of D; recall that this means
that X 0 is non-singular, m is a proper birational map, and m�ðDÞ þ ExcðmÞ has simple
normal crossing support, where ExcðmÞ denotes the sum of the exceptional divisors
of m [6].

Set E 0 ¼ m�ðEÞ, Y 0 ¼ PE 0� ¼ Y �X X 0. We have a commutative diagram

Y 0 ���!m Y

p 0

???y
???yp

X 0 ���!m X

Since p 0 is smooth, p 0�ðExcðmÞÞ ¼ Excðm 0Þ, m 0 : Y 0 ! Y is a log-resolution of
p�ðDÞ, KY 0=Y ¼ p 0�ðKX 0=X Þ, ½p 0�m�ðDÞ� ¼ p 0�½m�ðDÞ�. Therefore, since m 0�ðp�ðDÞÞ ¼
p 0�ðm�ðDÞÞ,

Jðp�ðDÞÞ ¼ m 0
�OY 0 ðKY 0=Y � ½m 0�p�ðDÞ�Þ ¼ m 0

�p
0�OX 0 ðKX 0=X � ½m�ðDÞ�Þ:
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Let CohðZÞ denote the category of coherent sheaves of OX -modules on a projective
manifold Z. Lemma 1 is now an immediate consequence of the following:

Lemma 2. m 0
� � p 0� ¼ p� � m� : CohðX 0Þ ! CohðYÞ.

Proof of Lemma 2. Let F be a coherent sheaf of OX 0 -modules. A basis for the Zariski
topology of Y is given by a‰ne open subsets U ¼ SpecðBÞJY such that V ¼ pðUÞ ¼
SpecðAÞJX is also a‰ne. The restricted projection SpecðBÞ ! SpecðAÞ corresponds
to a morphism of rings A ! B. Let V 0 ¼ m�1ðVÞJX 0. Then m�FðVÞ ¼ FðV 0Þ,
viewed as an A-module by the morphism A ¼ OX ðVÞ ! OX 0 ðV 0Þ. Thus, p�m�FðUÞ ¼
FðV 0ÞnA B.

Next, m 0
� � p 0�FðUÞ ¼ p 0�FðU 0Þ, where U 0 ¼ m�1ðUÞ and p 0�FðU 0Þ is regarded as

a B-module via the homomorphism B ! OY 0 ðU 0Þ. On the other hand, p 0�F is the
sheafification of the presheaf on Y 0

~FFðSÞ ¼ Fðp 0ðSÞÞnOX 0 ðp 0ðSÞÞ OY 0 ðSÞ ðSJY 0 openÞ:

As p 0ðm 0�1ðUÞÞ ¼ m�1ðpðUÞÞ ¼ V 0 JX 0, we have

~FFðU 0Þ ¼ FðV 0ÞnOX 0 ðV 0Þ OY 0 ðU 0Þ:

Since m and m 0 are projective morphisms, OX 0 ðV 0ÞGA and OY 0 ðU 0Þ ¼ A. Thus,
FðV 0ÞnA BGFðV 0ÞnOX 0 ðV 0Þ OY 0 ðU 0Þ. r
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