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APPROXIMATION OF SOME REGULAR DISTRIBUTION
IN S$'(R) BY FINITE, CONVEX, LINEAR
COMBINATIONS OF BLASCHKE DISTRIBUTIONS

VESNA MANOVA ERAKOVIC

0. INTRODUCTION

0.1. Some background on Blaschke products and Marshall’s theorem
for functions on H°.

Let U be the open, unit disc in the plane, T'= 9U. H*°(U) is the space of all
bounded analytic functions f(z) on U, for which the norm is defined by

£l zroe = sup [ f(2)].
zeU
If f € H>*(U), then the radial boundary function

f*(ew) = lim f(rew)

r—1

is defined almost everywhere on T with respect to the Lebesque measure on T and
log|f*(e’)] € LY(T).
Let {z,} be a sequence of points in U such that

(0.1.1) Z (1—zn]) <

Let m be the number of z, equal to 0. Then the infinite product

(0.1.2) =™ H En 2T

lzn] 1 —Zn2

converges on U. The function B(z) of the form (0.1.2) is called Blaschke product.
B(z) is in H*(U), and the zeros of B(z) are precisely the points z,, each zero
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having multiplicity equal the number of times it occurs in the sequence {z,}.
Moreover |B(z)| <1 and |B*(¢?)| =1 a.e.

For the needs of our subsequent work we will define the Blaschke product in the
upper half plane IT*. In the upper half plane I, condition (0.1.1) is replaced by

(013) Z 1—|—y|77;|2 < o0, Zn = Tn + Zyn S H+
n=1 n

and the Blaschke product with zeros z, is

z—1 |22 +1] 2 — 2z,
(0.1.4) B(z) = (z—|—z> nli[ 2241 z2—%,
Note. If the number of zeros z, in (0.1.2) or (0.1.4) is finite, then we call B(z)
finite Blaschke product.
For the needs of our subsequent work we will state the Marshall’s theorem for
approximation of functions of H*°(U) by finite, convex, linear combinations of
Blaschke products. The theorem is given in [6].

Marshall’s theorem. Let f € H*®(U) and || f|g~ < 1. Then for every e > 0,
there are Blaschke products B1(z), Ba(2), ..., Bn(z) and positive numbers A1, Aa,

s Ans . Ak =1 such that
k=1

Hf Z)\kBk ||Hoo <e.

0.2. Some notions of distributions and Blaschke distribution.
For a function f, f:Q — C", Q C R", a = (a1,02,...,0,), a; € N U{0},
x € Q, D¢ f denotes the differential operator

olalf

)
0x10x5? ... Oxp”

Dy f = la =1 +as+- +ay.

C*(R™) denotes the space of all complex valued infinitely differentiable func-
tions on R™ and C§°(R"™) denotes the subspace of C*°(R™) that consists of those
functions of C*°(R™) which have compact support. Support of a function f, de-
noted by supp(f), is the closure of {z | f(z) # 0} in R".

D = D(R"™) denotes the space of C§°(R™) functions in which convergence is
defined in the following way: a sequence {p,} of functions ¢y € D converges to
@ € Din D as A — )¢ if and only if there is a compact set K C R"™ such that
supp(px) C K for each A, supp(¢) C K and for every n-tuple « of nonnegative
integers the sequence {D§" <p>\( )} converges to Dg¢(t) uniformly on K as A — Ao.
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D' = D'(R™) is the space of all continuous linear functionals on D, where
continuity means that ¢, — @ in D as A — Ao implies (T, p\) — (T, ) as
A— X, T € D'

Note. (T, ) denotes the value of the functional T, when it acts on the function
®.
D’ is called the space of distributions.
S = S(R™) denotes the space of all infinitely differentiable complex valued
function ¢ on R" satisfying

sup [t°DY(t)| < oo
term

for all n-tuple o and (3 of nonnegative integers. Convergence in S is defined in the
following way: a sequence {yx} of functions ) € S converges to ¢ € S in S as
A — Ao if and only if

lim sup [t°Df[pa(t) — @(t)]| =0
A—=Xo teRn

for all n-tuple o and (8 of nonnegative integers.

Again, S’ is the space of all continuous, linear functionals on S, called the space
of tempered distributions.

Let ¢ be an element of one of the above function spaces D or S, and f be a
function for which

(Ty,0) = / [ty dt, peD (peS)
RTL

exists and is finite. Then T is regular distribution on D (or S) generated by f.
Now, let B(z) be the Blaschke product, 2 = x + iy € II", with zeros z, that
belong to the upper half plane. In [7] it is proven that (BT, ), where

o0

(0.2.1) (BT, @) = lir(r)l+ B(z)p(x)dr, z=z+iyellt, ¢e D(R),
yg)

is distribution on D, named upper Blaschke distribution on D.

Note. This is a new notion in the theory of distributions and has useful applica-
tion in the problems of approximation. The introduced Blaschke distributions in
[7] were used for representing some distributions in D’ as a limit of sequence of
Blaschke distributions.

The following theorem gives another application of the Blaschke distribution.

1. MAIN RESULT

Theorem 1.1. Let f(z) € H®(II') and | f||lg~ < 1. Let Ty~ be the distribu-
tion in S'(R) generated with the boundary value f* of the function f(z). Then
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for every £ > 0, and for every ¢ € S(R) there are upper Blaschke distributions

n

B, BY,... B} and positive numbers \1, Az, ... , An, kzl A = 1 such that

n

(1.1) (Tp-0) = 3 MlB )| <=
k=1

Proof. Let f(z) € H*(II"), ||f]lg=~ < 1. Let ¢ > 0 and ¢ € S(R) be arbitrary
chosen. Because S(R) C L'(R), it follows that ¢ € L1(R).

Let g1 = W > 0. Then because of the Marshal theorem, there are Blaschke
Pl
products Bi(z), B2(2), ..., Bn(2) with zeros in the upper half plane IT*, and pos-

itive numbers A1, A2, ..., An, Y. Ax = 1 such that

k=1

(1.2) Hf(z) — Z M Bi(2) <eép.
k=1 Hoo

From (1.2), we have that for By(z), Ak, k € {1,2,...,n} hold
(1.3) ‘f(z)—Z)\kBk(z)‘ <e, Vzelll.

k=1
Because the Blaschke products Bj(z), Ba(2),..., B,(z) have zeros in IIT, they
define upper Blaschke distributions Bf , B;r ,-.., BT respectively, as in [7]. Now,
let
(1.4) (B, o) = 11I{)1+ Br(2)p(z)dz, z=z+iyell,T ¢eS(R).

y;}

We will prove that B} € S'(R), for k € {1,2,...,n}. Because of the theorem of
characterization of tempered distributions given in [8], it is enough to prove that
B;" x « are continuous and bounded functions on R, for every a € D(R). So, let
a € D(R), supp(a) = K,t € R and K; =t — K. Then

(B *a)(t) = (B}, a(t —))
= y]irg+ Bi(x +iy)a(t — z) dzx

= lim [ Bi(z+iy)a(t —x)dx.
y—0t
K
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First, we will show that Bl;" * o is bounded function on R:

. , _ |Bu(a+iy) <1
(BY + a)(1)] = ’yll%l+/3k(x+zy)a(t_m) | /|a(t—x)|dm
K1 Kl

<M -m(K) < 0,

where m(K) is the Lebesque measure of K.

Now, we will prove the continuity of B,j xaonR. Let £ >0, t) € R and let
Ky =tp— K. Since « is continuous, there exists 6 > 0, so that |t — to| < ¢ implies
la(t) — a(ty)| < € i.e. if z € R is any real number, the last is equivalent with:
there exists 6 > 0, so that |(t —z) — (to — )| < § implies |a(t —z) — a(to — )| < e.
Now

(B = a)(t) = (Byf *a)(to)|
=| lim / Bi(x + iy)a(t — z)dz — lim Bi(x + iy)a(ty — x) dx

y—0+ y—0
— 00 — 00

| B (z+iy)|<1
<! tim / Bu(e +igalt —2) — alto — )] ds| <

y—0t
K>

§/|a(t—x)—a(to—x)|dac
K>
<e(2m(K)+0)=e1 when |t—to|<$

(K3 is a compact set that contains Ko i1 K7.)

On the other hand, using the properties of the space H°, it is clear that the
boundary function f* of the function f(z) exists, f* € L* and f(z+iy) — f*(x),
in L>®, asy — 0%, o +iy € IIT.

Even more, theorem 5.3 in [3] claims that f(z + iy) — f*(z) in S'(R), as
y— 0T,z +iy € IIT ie.

(1.5) lim [ f(z+iy)p(r)de = (Tp ) w+iy €17, o€ S(R).
,y;)
Now, we get that

(T ) = 3 MlB )|

k=1
2::; lim / f@+iy)p(@)dr =Y A Tim [ By(o +iy)p(r) de
: . k=1 Y7

— 0o
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=[ g, [ st ae =t S [ Buto+ igyela) da|
—| i [t i)pla)do— lim, [;wk@my)}mmx\
= | tim [ [f+iy) = 3 MeBule +iy)] (o) da

= k=1
< 111%1+ / ‘f(ﬂH—iy) —Z)\kBk(l’-i-iZ/)‘ lp(2)| dx

= k=1
(1.3) e’} [o%¢)
< tim /61|<p(x)|dx:51/|<p(x)|da:

y—0F

ellel gl =€
= 1] = — 1 = .
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