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ON THE FINITE DIMENSION OF ATTRACTORS OF DOUBLY
NONLINEAR PARABOLIC SYSTEMS WITH L-TRAJECTORIES

HaMmiD EL OUARDI

ABSTRACT. This paper is concerned with the asymptotic behaviour of a class
of doubly nonlinear parabolic systems. In particular, we prove the existence
of the global attractor which has, in one and two space dimensions, finite
fractal dimension.

INTRODUCTION

We consider the following doubly nonlinear system (P) of the form

8bg(:1) — div (a1(VU1)) + fi(uwr) = 512—5@171@) in QxRT,
ab%(tm) —div (a2(Vuz)) + f2(u2) = 62§—H(u1,u2) in QxRT,
U2
ur=uz =0 on 00 x RT,
(bl(m(x,0)),b2(m(x,0))) = (b1(<p0(x)),b2(1/)0(x))) in Q,

where € is a bounded and open subset in R?, with a smooth boundary 95).

Problems of form (P) arise in flow in porous media, nonlinear heat equation
with absorption, chemical isothermic reactions and unidirectional Non-Newtonian
fluids, see [4] . Therefore, it is important to obtain information about the existence
of the global attractor and its regularity.

In recent years, numbers of works have contributed to the study of the single
equation of the type (P). Where a; = Id, the elegant work [6,7] plays a critical
role in this area. The method is extensively used in many other works; we refer the
readers to [1,2,3,4,5,8,9,19] and the references therein. The basic tools that have
been used are a priori estimates, degree theory and super-subsolution method.

In [21], Miranville has considered the following single equation
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Oa(u .

W) i (3(w) + f() = g,
with Dirichlet boundary condition and has obtained the existence of the global
attractor which has, in one and two space dimensions, finite fractal dimension.

Finally, we remind here that doubly nonlinear parabolic systems of the type

9pi(ui)
ot
have been studied by El Ouardi and El Hachimi [12] who obtained the global
attractor, the regularity and the estimates of Hausdorf and fractal dimensions.
Our aim in this paper is to extend the results of [12] and [21] to the more general
systems (P).

The outline of the paper is as follows: in section 1 we make some assumptions
and we prove the existence of the global attractor. In section 2 we show the
results on the regularity of the global attractor. Section 3 is devoted to the fractal
dimension using the method of l-trajectories.

7Aui:fi(azat7u17u2)a (1:152)

1. EXISTENCE AND UNIQUENESS

1.1. Notations and assumptions.

Let 2 be a smooth and bounded domain in R?, d € {1,2,3}. Set for t > 0,Q; :=
0 % (0,t),S; := 02 x (0,t) and also ((,.)), |-, (-,.),]-| be respectively the scalar
product and the norms in V = H}(Q) and H = L*(Q).

Let b;, (i = 1,2) be continuous functions with b;(0) = 0.

We define for s € R

U,(s) :/ T} (7)dT ,
0
dsAi(s) -w = a;(s)-w, forall sweR?

(ds denoting the differential).

In the sequel, the same symbol ¢ will be used to indicate some positive con-
stants, possibly different from each other, appearing in the various hypotheses and
computations and depending only on data. When we need to fix the precise value
of one constant, we shall use a notation like M;,7 = 1,2, ..., instead.

In the sequel, we shall present the following assumptions:

(A1) {bi e °(R),b;(0) =0, (i=1,2),

i < bl(s) < ay, for all seR,(i=1,2).

a; € CH(RY)? a;(0) = 0, dya; is bounded (i = 1,2),
(42) cit|s]? = B < Ai(s) < di |s)® +e;, forall seRYi=1,2),

ai(s) - s > e |s|® (i=1,2),

dsai(s) - w-w > ¢ w|?, for all s,w € R? (i = 1,2).



FINITE DIMENSIONAL ATTRACTOR 291

fi € CZ(R)v

(43) sign(s) fi(s) > cia|sP T, forall seR, p; >0, (i=1,2),
1fi(s)] < eis s/, forall seR, (i=1,2),
fl(s) > —-K;, forall seR, (i=1,2).
HeC*(RxR,

A4 g_fi(oﬂo)zoa (i=1,2),

(A44) there is positive constant M; > 0 such that:
max |55 (s)] < M, (i=1,2).

(A5) d=1,20r 3 when b; = ¢;Id,¢; > 0, and that d = 1, or 2 otherwise.

(A6)  (po.t0) € (LT=())".
The following lemma are useful and used.

Lemma 1.1 (Ghidaghia lemma, cf.[19]). Let y be a positive absolutely continuous
function on (0,00) which satisfies

y 4 py Tt <A,
with ¢ >0, u >0, A>0. Then fort >0
A

o)< (2) + o+

Lemma 1.2 (Uniform Gronwall’s lemma, cf. [27]). Lety and h be locally integrable
functions such that: 3r >0, a1 >0, a2 >0, 7>0,Vt > 1T

t+r t+r
[ wedsza, [ G)ds<a, o <.
¢ ¢
Then
y(t+r) < ﬂJrag, Vit > 1.
T
Lemma 1.3 (Theorem 2.4., cf. [21]). For every ¢ € L?(Q2), the problem
—div(a(Vu)) =¢, u=0 on 90Q,
possesses a unique solution u such that u € Hg(2) N H?(Q).
1.2. Existence theorem.

Theorem 1. Let (Al) to (A6) be satisfied. Then there exists a solution (u1,uz)
of problem (P) such that for i = (1,2), we have

u; € LPTH(0,T; LPHH(Q)) N L2(0,T; Hy (Q2)) N L (to, T; L>()), Vo > 0.
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Proof. By Theorem 2 in [6], we can choose v € LPi*H(Qr) N L?(0,T; H () N
L (T,T; LOO(Q)) for any 7 > 0 such that:

abg(“?) — div (o (V) + fi(u) = 0 n Qr.
=0 on St,

1(U1)t:0 = b1(0) in Q,
and

Do) _ iy (Vi) + foli) =0 n Qr,

ud =0 on St,

b1(u9)i=o0 = b1 (v0) in Q.
We construct two sequences of functions (u}) and (u%), such that:
(1.1) % —div (a1 (Vul)) + fi(u}) = gf( “Hulh in Qr,
(12)  wf=0 on St,
(1.3)  bu(uy)i=o = b1(%o) in Q,
(1.4) % — div (a2(Vu})) + fa(u) = gf( “LusTh in Qr,
(1.5)  uy=0 on Sr,
(1.6)  ba(uy)i=o0 = b1(po in Q.

We need Lemma 1.4 and Lemma 1.5 below to complete the proof of Theorem 1. O
Lemma 1.4.
(1.7 V7 >0, 3¢ >0 such that  [[uf|| e oo () < Cr -

Proof. For n =0, (1.7) is proved in [21], so suppose (1.7) for (n — 1).
Multiplying (1.1) by |by(u?)|" by (u}), k integer, and integrating over €2 to ob-
tain:
1
k+2 Q

+ [ Al ) do = [ 65500 b ) ) o

We note that

|b1 (u )|k+2 dx + (k + 1)/ by (ul) |b1(u1)|k a1(Vuy) - Vuy dzx

/ B () [by () @ (Vuy) - Vug dz > 0,
Q

oH )
/518 ( 1,1143 1)b1(’u?) |b1(u?)|kdz < C/ |b1(u7ll)|k+1 dr.
U1 ;
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We thus have

1
s L (u1)|k+2dx+c/|b )R g <c/|b W

Setting yp n(t ) = [|b1(uf)|[ L r+2(q) and using Holder inequality on both sides, we
have the existence of two constants A > 0 and § > 0 such that
dykn(t)
dt

which implies from Lemma 1.1 that V¢ > 7> 0
N 1
Yen(t) < ()70 + ———.
[A(p1)t] 7

pY P1+1()§6,

As k — oo, we obtain
[ut ()] <er VE>7>0.

The same holds also for ui.
Lemma 1.5. V7 >0, 3 ¢; = ¢; (7,0, %0) > 0
|‘U?HL2(O,T;H§((Z)) <c

Hu?HL“’(T,T;H(}(Q)OLW(Q)) <c

2 T T
Z[/ /|Vu?|2das+c// /|uf
1tJo Ja 0o Ja

Proof. Multiplying (1.1) by u} and (1.4) by u%, and adding, we get:

pidz} <.

(1.8) %i[/ﬁ\lf?(bi(u?)) das} +i/ﬁ|VU?|2dz+ci/Q|u?

But

i +2
pit dr <c.

|0l 20y + [0l L2 @) §C=>/Q‘I’T(bl(§00)) dx+/ﬂ W5 (ba(t0)) dz < c,

so we deduce that:

2 T 2 T
Z/ / |Vu?|2d$+cZ/ / [l [P de < ¢
—Jo Ja —Jo Ja

Whence Lemma 1.5.
From Lemma 1.4 and Lemma 1.5, there is a subsequence u} (i = 1,2) with the
following properties:

ul — u; weakly in L?(0,T; Hy(Q2)) N LPH1H(0, T LP (1))
bi(ui') — Xi weakly in L*(0,T; L*( )
bi(ul') = xi strongly in L*(r,T; H ()

(by the compactness result of Aubin (see [24]). By Lemma 7 in [6], we have

Xi = bi(u;). Moreover,
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Dl n O0H
&a_ui(m LusTh) = filud) — 5i3_m(u1,u2) = iy ui)

in L” (T, T, LT(Q)), Vr>1,V 7 > 1. Taking the limit as n goes to +00, we deduce
that (u1,us) is a weak solution of (P). O

1.3. Uniqueness.
Let (Al) to (A6) be satisfied. Then (P) has a unique solution (u,v) in Q7.

Proof. Let u = (u1,uz2) and v = (v1,v2) be solutions of (P), we have:

a(bl(ua@; ) div(a1(Vur) —a1(Vor)) + fi(u1) — fi(v1)
(1.9 = B ()~ B (o),

Oa(r) = b2(12)) _ 110, (Vuup) — an(Ta)) + faluz) — fo(vs)

ot
(1.10) - 5225( )5, 28 ).

The difference w; = u; — v; satisfies

by (wi)w; — div(ai(Vui) — ai(Vvi)) + fi(ui) — fivi)

) , , . OH OH
(1.11) = [B:(va) = bi(w)) v + 8= (w) = di g ()

(1.11) becomes
by (wi)w; — div(as (Vug) — ai(Vvi)) + fi(us) — fi(vi)

(1.12) = [0 (v3) — bi ()] v + 6 gf (w) - m?—f;w-

We multiply (1.12) by %

2dtz wilza(@) +Z( oi(Vas) =l Vi), Vi, )))H(m
w; (biwi) = bi(u)
*Z( ~ i i<ui>):Z<W”“wi)L2<m

OH oH w;
(113) + ;(@m(“) 50 )
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With the assumptions and standard arguments, we get

2 2
1 2
(1.14) ;(ai (Vui) — ai(Vy), mvwi) > c; V|
2 "
b; (ui)
2
(1.15) < CZ Vil paqy lwil pagay lwill gy o) 5
=1

(1.16) i’(ﬁ(uz) fi(va), )‘ < CZ|wz|

i=1 bi(
2
bi(vi) = bi(ui) , wi
i—1 i\ Ui i
< CZ |65 (vi) — b (u) | paq) Vil p2(q) 1will Lo o)

(1.18) Z]( G ig_uHi(”>’b;(U;i))’§C;|wi|2

Since (u,v) € (H?(Q))? and H' () — L*(Q)

2

D anwzHHl Q><chwzl +2,€lewz|\H1 @

i=1

(1.19)

Q.|g‘

1
2
We finally deduce from Gronwall’s lemma,

Z lw; | < Z lw; (0))* exp(2¢T), Vt € (0,T).
Thus, we deduce that wu; = v1 and ugy = vs. O

2. GLOBAL ATTRACTOR

Proposition 1. Assuming that (A1)—(A6) hold, then the solution (uyi,us) of sys-
tem (P) satisfies

(2.0) [u1 (D) oo (o) + [U2(t)| oo () < (1) vt =,

2
(2.1) > 1Vul® < er), Vit > to 47
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Proof. Reasoning as in the proof of Lemma 1.4, we also have (2.0).
Multiplying the first equation of (P) by u; and the second by us, we get

d < 2 2
E; /Q U, (u;) dx + Z(ai(Vuz-), Vui) + ;(ﬁ(u%), uz)

i=1
(2.2) =— gélg—i(u)% dx .

We note that it follows from (A2) that

(2.3) (ai(Vug), Vui) > ¢ |V, |

We deduce from (A3) that

(2.4) (filwi),us) > efus[" 72 =

For fixed r > 0 and 7 > 0, integrate (2.2) on |t,t + 7|

2 t+r
Z/ [Vug® ds < (), Vt>7>0,
i=1"1

(25) i;[”mi

Multiplying the first equation of (P) by éi(ul)t and the second by é (u2)¢, we get

S o5) (e (5)) 15 i

Pit2 s < (7).

(2.6 = [ [ (7),ua() ~ 0, )
Q
We note that
1, ou;\ 2 Oou; |2
(2.7) (Eb(u)(at))>ca ,
1 aul 1d
(2.9) o |Vu|* — e < / Ai(Vug) de < d; |[Vu|* + ¢,
Q
(2.10) clugP T — e < / Fi(ui)dz < c|ui|” T2 + c.
Q

We finally deduce from (2.5)—(2.10) and the uniform Gronwall’s lemma that, for
>0,

2
(2.11) S IVuil* <e(r), VE=to+r.
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Remark 1. By Proposition 1 we deduce that there exist absorbing sets in L7 () x
Lo (Q) for any 0;: 1 < 0; < 400 and absorbing sets in (H&(Q))Q; then as-
sumptions (1.1),(1.4) and (1.12) in Theorem 1.1 [27, p. 23], are satisfied with
U= [L*()] ?_ so we have the following

Theorem 2. Assuming that (A1)—(A6) are satisfied, then the semi-group S(t)
associated with the boundary value problem (P) possesses a mazimal attractorA,

which is bounded in ([Hg ()N LOO(Q)])Q, compact and connected in [LQ(Q)}Q. Its

domain of attraction is the whole space [L2 (Q)]2

Proposition 2. We assume that (o, %) € A. Then, for everyt > 0, (%, %) €
(HY()? and A € (H2(2))”.

Proof. Differentiating equation

8bi 0 : aH
5(: ) —div [a;(Vug)] + fi(w;) = 51'8_%,

(ul, ’LLQ) .

Setting 6; = at , we get

H(U)
du;0u,

(2.12) i (ui)0 + bl (u;)(0:)* — div (dsa;(Vu;).V0;) + fl(ui)0; = 25

Now multiplying (2.12) by 6;, and integrating over 2, we obtain, thanks to (A2),

2 2 2
Z/ b;(ui)QgﬂiderZ/ by (us)(6;)° dz+cZ|V€i|2
/0 PRV Pt
2 2 2
0?H (u)
2.13 + /le u; ) |0; 2 dx S/ 0; 0;10; dx,
213 Y f o dr< | (X3 Az

the L estimate and hypothesis imply successively

(2.14) c;lt b’(uz)|9’| dasf/b;(ui)t%@idqu%/Qb;’(ui)(ﬁi)gdx,
(2.15) /(ZZ& - au ) dz <MZ|9|

i=175=1

(2.16) Z/ F(us) |6:]2 da > —CZ 10,2
=179 i=1
We deduce from (A1) that

| [ v e < il < 1ol

(2.17) < c|0:|V6;| < M |VO;|* + M'|6;]*.
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By (2.13)—(2.17) becomes
d 2 2 2
2 4 2
(2.18) ZI2 [ wierad] <<yl + o>l
1=1 1=1 =1

Setting y = Z Jo b (us) ) |0, dzz, we obtain

d
(2.19) d_‘z <cy?+¢.

We have, owing to estimates (2.9) and (2.10)
T+T
(2.20) / ydt <c;, forany 7>tg.
The uniform Gronwall’s lemma gives
2
(2.21) y(t) = Z/ b; (u;) |9§|2dx <ec(r), forany t>r.
— Ja
Now, by (2.21) and hypothesis (A2), we get

Z 92d:z: <c(tg), forany t>tg.

Then, for every t > 0, (agtl, 6{;?) € (LQ(Q))Q.
But we have

(E)

—div (aZ(Vul)) = ¢i in Q,
u; =0 on 09,

where ¢;(x,t) = —fi(u;) — b (u;)0; + 6; 2L (uy,up) € L*(Q), for every t > 0.

L du;
It follows from Lemma 1.3 that the problem (E) possesses a unique solution
(u,v) such that (u,v) € (HE(Q) N H2(Q))”, O

3. DIMENSION OF THE GLOBAL ATTRACTOR A

Proposition 3. Let (po,%0) € A; u = (u1,u2) and v = (v1,v2) be two solutions
of (P). Then,

2 2
d
i=179 i=1
2
(3.1) S MQZ/ b;(uz) |ui —’Ui|2dl‘.
i=17%
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Proof. Wet set w; = u; — v; , we have

d .
7 (i) = bi(v)) = div (ai(Vui) = ai(Ver)) + filui) = fi(vi)
0H 0H
(32) = 51'8—%(“) - 51'6—%(”) :
Multiplying (3.2) by w; and integrating over {2 to obtain
1d
__(/ bl (us )w? das) + (a;(Vu;) — ai(Vy), Vw;) + (fi(ui) — fi(vi), w;)
24\ J,
_ (; OH _ 8_H ) 1 du; w2
- (& ou; ") O, (0)w:) + / bi (i) T i

(3.3) - /Q (8 (ug) — b;(vi))%wi da.

By the assumption above, we have

2 2
(3.4) Z(ai(VUi) —a;(Vu;), Vwi) > CZ |Vwi|2 ,
=1 =1
’22/ b (u Z/ b' (u;) — b} vi))%wi dz’
< CZ/ aul L }avl ) wi|2
a 10
< [ (G + G
Oui| |0
_cz(} |+ |52 ) il
M 2 2
(3.5) < CZ lwi| |Vw;| < 72 IVwi* + ¢ fw;]*
=1 =1 =1
2 2
(3.6) S O I(filwi) = fi(vi)wi)] <€) Jwil
=1 =1
/. O0H OH L,
(3.7) Z\ (51-%@) - 51-%(0),%) O
i=1 v i=1

We finally deduce from (3.4)—(3.7) that

2 2
(3.8) Zdt/ b’ (u;)w 12) dx Jrcz |Vwi|2 < c’z |uz|2
i=1 i=1
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Set w; = [bz(uz)]% w;, we deduce from (3.1) and Gronwall’s lemma that,
2 2

D lwilta)[* < exp (Ma(ta —t1) Y [wi(t)]”
=1 =1
2 P
(3.9) < eXp(2); lwi(t)?, for 0<ty—t; < e

We fix s € (0,1 = MLQ) and integrate (3.1) over t € (s,1) to obtain, owing to (4.5)
2 2 2 2 g2 2
Z|wi(l)|2+c2/ |Vwi|2dt§c’2/ jwil* dt + > |wi(s)[®
i=1 i=1"% i=1"% i=1

2 2
(3.10) <D fwils)* <Y Jusls)?
=1 =1

which yields

2 21l 2
(3.11) Z/ Ve dt < fwils)]? .
i=1 "1 i=1

Integrating (3.11) over s € (0,1),

2 21 2 21
(3.12) Z/ |Vu; — Vvi|2 dt < CZ/ |u; — Uz‘|2 dt.
i=1 7! =170
O

Proposition 4. Let (po,%0) € A; (u1,u2) and (vi,v2) be two solutions of (P).
Then,

313 S G

Proof. We have

’ 8w1
b (i)

2
L2 (12611 () = c; i = vill L20,: 110 -

21 , aw
:SHP‘/ <b(ui)—l,%—>dt‘,
l ot

L2(1,21;H—1(Q))

where o; € L2(1,21;V)), ||%||L2(l,2l;v) =1
Noting that

’

b (Uz)% = diV (al(Vul) — al(Vvl)) — (fz(uz) — fz(’l}l))

OH oH / () Vi
i () = Dy (0) = (O () = V' (00)

Furthermore,

2 21l 2
(3.14) Z/l |ai(Vus) — ai(Voi)| [Vepi| dt < Y llwill ooy
1=1

i=1
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2 21l 2
Z/z ‘fi(ui)_fi(vi)‘ \%!dtﬁCZHwiHLza,zz;H)
i—1 i—1

2
(3.15) < CZ lwill 2,20 »
=1

2 21 OH OH 9
Z_Zl/l ‘(&a—uz(U) - 51%(1)))‘ lpi| dt < CZ lwill 21,2151

i=1

2
(3.16) < CZ lwill L2 1,200 »

i=1
21 21
Z/ dt/‘l7’z¢1—l7’1)z |dz<cZ/ dt/|wz|

ov;
(3.17) cZH ooy 1l 20y < Z lwill e 2y -
We thus deduce from (3.14)—(3.17) that

’ 8’[1)1'
b (uz) ot

(91)1
li| d

2 2l
< Z/ la:(Vu) — ai (V)| |Vei| dt
l

L2(1,21;H—1(Q)) i=1

- OH
+Zl/z i) = fileo)] e d”Z/ 0y~ 0, 0)| il
2 21
+Z/ dt/‘(b’(ui) UZ ”81)1
i=1"1 Q

and by (3.12), we obtain

(3.18) >

1=

lps| dx < CZ lwill 21,2017y -
=1

’ Gwi

b (Ui)w

2
< el -
i=1

L2(1,21;H—1(Q))

O

Theorem 3. The global attractor A associated with (P) has finite fractal dimen-
ston.

Proof. It follows from Proposition 1 and Proposition 2 that the semigroup as-
sociated with (P) possesses a bounded and positively invariant absorbing set Bs

n (Hg(Q) ﬂHQ(Q))Q. More precisely, we will take By = Ui>t,S5(t)Be, where

B> is a bounded absorbing set in (HQ(Q))2 and 7 is such that t > 7 implies

S(t)Bz C By and where the closure is taken in the topology of (HQ(Q))2 We

use the l-trajectories method introduced by Malek and Prazak in [20]. Let [ be
fixed as defined above, we introduce the space of trajectories X; = {w = (u,v) :
(0,1) — H?, w is the solution of (P) on (0,) }. We endow X with the topology of
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(L*(0,1; H))2 We then set By = {w € &), w(0) = (¢o,%0) € B2}. By construction

B is weakly closed in (H 2 (Q))2 This yields that B; is a complete metric space,
and we define the operators L;: X} — X, t > 0, by (L:(w)) (s) = w(t+s),s € [0,1],
where w is the unique solution of (P) such that wjj; = w. We finally set £ =L;.

Finally if we express (3.12) in terms of l-trajectories, we get for all wq,wq € B;

(3.19) [[Lwy — £w2||L2(OJ;V) <c|lw — w2||2q ,

and it follows from (3.13) that

(3.20) H% (Lwr — Lws) ’

L2(0,,H-1(2)) S eflwr = wallz -
Furthermore, £ is Lipschitz from B; onto X}, Vt > 0, and the mapping t — Liw
is Lipschitz, Yw € X;. Thanks to (3.19) and (3.20), it can be proved (see [20] for
the details of the proof) that the semigroup IL; possesses an exponential attractor
M; on B, that M; is compact for the topology of A}, is positively invariant and
has finite fractal dimension. |
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