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CLASSIFICATION OF PRINCIPAL CONNECTIONS
NATURALLY INDUCED ON W?2PE

JAN VONDRA

ABSTRACT. We consider a vector bundle E — M and the principal bundle
PE of frames of E. Let K be a principal connection on PE and let A be a
linear connection on M. We classify all principal connections on W2PE =
P2M x5 J?PE naturally given by K and A.

INTRODUCTION

Principal connections on principal prolongation W” P of a principal bundle P
naturally given by a principal connection I' on P and a linear connection A on M
(considered as a principal connection on the principal frame bundle P!M) play
an important role in gauge invariant field theory, [4]. This problem was studied
by many authors, see for instance [II 2], [8, 10]. Complete classification is known
for the first prolongation W'P but for general r the problem is still open. In this
paper we give the full classification of principal connections for the linear gauge
group GL(n) playing the role the structure group and for the order r = 2.

We use the terminology and methods of the theory of natural and gauge-natural
bundles and natural operators, see [3, 9] 1T}, 12 [13].

We denote by PB,,(G) the category of principal G-bundles with m-dimensional
bases and principal bundle morphisms over diffeomorphisms of bases and by FM,,
the category of fibered manifolds with m-dimensional bases and fibered morphisms
over diffeomorphisms of bases. Then a gauge-natural bundle functor is a functor
from the category PB,,(G) to the category F.M,, transforming the diagram for a
morphism in PB,,(G) to a commutative diagram in F.M,,. Moreover, such functor
has to satisfy some locality condition.

All manifolds and maps are assumed to be smooth.

1. PRINCIPAL BUNDLES AND PRINCIPAL CONNECTIONS

1.1. Principal bundle and its principal prolongation. We consider a prin-
cipal bundle P = (P, M, 7;G) with a structure group G. We denote by (27, 2%)
fibered coordinates on P, A=1,...,dimM,a=1,...,dimG.
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By ad(P) we denote the vector bundle associated to P with respect to the adjoint
action of G on its Lie algebra g. We denote by (B,) a base of g and we denote by
(z*,u®) the induced fiber linear local coordinates on ad(P). Let us denote by cg,
the related structure constants, i.e. [By, Bg] = ¢f;Baq.

For the right action ry: P — P given by an element g € G we consider the
tangent mapping Tr,: TP — TP. Let = be a vector field on P. We say that = is

right invariant if Z(pg) = TryZ(p) for all p € P and g € G. In coordinates we have
(1.1) = = eMx)0\ + E%(z) B,

where (Ea) is the base of vertical right invariant vector fields on P which are
induced by (B,). So = are sections of the bundle TP/G — M.

Example 1.1. Let as recall that the bundle of r-th order frames on a manifold is
the principal bundle P"M = (P"M,M,7";G")), where P"M = invJj(R™, M)
is the bundle of invertible r-jets with the source 0 and the structure group
Gr. = invJ§(R™ R™)y, [9]. Local coordinates (z*) on M then induce the fi-
bered coordinates (2,27, ... ,:1721___/”) on P"M. The coordinates in the structure
group G, are denoted by (a} EEE ,aﬁlmm).

The base of the induced rlght invariant vertical vector fields (Ef\”“), i =
1,...,7, on P"M can be obtained by the following construction. Let us consider
a vector field ¢ = &¢*z)dx on M. Then we have the flow lift P"(¢) given by

Pr(Fl:€) = Fl,(P"(€)) which is a vector field on P"M projectable on £. Then, [4],

r )\ EA( ) L L
(1.2) Pre = &N(2)0y +278 g B

and, if we compare it with the expression of P"¢ in the canonical coordinates, we
obtain the relations between the canonical base of vertical vector fields (94" ")
and the base of right invariant vertical vector fields (Eﬁ\““ ). For instance for
r =1 we have

) A
(13) PLE) = € 0r + 5 af o
which implies that _
Bf = y, oy .
For r = 2 we have
) A 2€>\ bS] A
A = 9 p pv
(L4) PO =0+ 520k + (Gopas Th ol + s 7l ) O
85/\ 26/\
— A v v
— 0, +W<:rﬁaf\‘+xﬁy8’; )+ oo Thal O
Then we obtain the right invariant vector fields on P2M given by
(1.5) Bf =20y + 20,0y,  B{ =afal 0y

Definition 1.1. For each principal bundle P = (P, M, 7; G) and for each integer
r we can define the principal bundle W™P = P"M x J'P = (WP, M,p; W! G).
The structure group is the semidirect product W G = GI x T" G. See [9).
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The group W/ G is the group of r-jets at (0, e) of all automorphisms ¢: R™xG —
R™ x G with ¢(0) = 0, where the multiplication y is defined by the composition of
jets,

(1.6) (5" p(0,€), 57(0,¢)) = 5" (0 ) (0, ¢).

If we replace holonomic jets by nonholonomic or semiholonomic ones, we ob-
tain the nonholonomic or semiholonomic principal prolongations W™ P and WTP7
respectively. Analogously we have

W'P=PMxyJ P, WP=PMsxyJP
and . } : o - -
W'G=Gr xTrG W, G=G xTG.

Remark 1.1. Moreover, W": PB,,(G) — PB,,(W;,G) defines a functor. Let ¢
be a principal morphism in the category PB,,(G) over a base diffeomorphism ¢
then W7 = (P"p, J"¢). W7 is then a gauge-natural bundle functor of order r and
plays a fundamental role in the theory of gauge-natural bundles. Really, any r-th
order G-gauge-natural bundle is a fiber bundle associated with W P. See [3], [9].

Remark 1.2. On W"™P we have the induced natural local fiber coordinates
(2 A @ ). The base of the induced right invariant

Ty, ""xm.‘-ur 2% ,z,j,...,zl,l_“yr

vector fields (E‘/\“ ,BZI N, i=1,...,7,5=0,...,7, on W"P can be obtained
by the following construction, [4]. Let us consider a right invariant vector field =
on M given by (1.1). Then we have the flow lift WW"(Z) which is a vector field on
WT P obtained as

(1.7) WH(E) =P(§) xe I"(8),

where P7(€) is the flow lift of the vector field £ on P"M and J"(Z) is the r-th
order jet lift of = on J"PE. Then

A s = a ~
(18) WT(E) £>\ a +Zau1§7() M +Za = Bgl'"uj.

Ozt TV, 8;10”1

Comparing (|1.8) with (|1.7)) expressed in the canonical coordinates on W™ P we
obtain relations between the canonical base of vertical vector fields (94, 9," ")

and the base of right invariant vertical vector fields (éfl“'“’i,égl”'"j).
We have two canonical group homomorphisms

(1.9) WG — WG, WG — G,

which induce homomorphisms of Lie algebras

(1.10) iwig o htg,  pri kg — gh

principle bundle morphisms, over the identity of M,

(1.11) o W'P—-W'P, p:W'P—P'M,

and homomorphisms of associated vector bundles

(1.12) 7l ad(W™P) — ad(W™™'P),  pi: ad(W"P) — ad(P"M).

r—
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1.2. Principal connection on P and on W"P. A principal connection on P is
defined as a lifting linear mapping

I':TM — TP/G.
In coordinates
(1.13) I =d*®(d + % (2)B,),

where T'*)(z) are functions on M. If we identify T’ with the functions T'*)(z) then
I" can be considered as a section of the bundle QP — M of principal connections
on P.

Moreover, we have [9].

Proposition 1.1. Let P — M be a principal bundle and QP — M is the bundle
of principal connections on P. Then QP is a 1-order G-gauge-natural affine bundle
associated with the vector bundle ad(P)Q@T*M — M. This implies that the standard
fiber of the functor @ is g @ R™*.

Remark 1.3. Let us recall that every principal connection I' on P induce the
linear adjoint connection Ad(T") on ad(P) given in coordinates by

Ad(D) = d* ®(0x + 2. T%\ucd,) .

Example 1.2. Let us consider the r-order frame bundle P"M of M (see Example
. A principal connection A, on P"M has a coordinate expression

-
(1.14) A= @0y + 3 AY, Bl

i=1
We remark that principal connections on P*M are in the bijection with classical
connections on M (linear connections on TM).

Let I, be a principal connection on W" P given in coordinates by

T T
(1.15) r, =d ®<8A + 3T AY B ey F“m__,ﬁjABgl---“j) .
i=1 §=0
Remark 1.4. We remark that coefficients AZu.uM’ respective I'", .., satisfy
the symmetry condition with respect to indices p; ... p;, respective k1 ... K;.

The projections (1.11)) of W” P and the functor @ induce the projections
(1.16) QWP — QWP pr: QW™P — QP"M

so any principal connection I';. on W P projects on the principal connection A, on
P"M, see (1.14]), and on the principal connection I',_; on W"~1P.

Remark 1.5. By Proposition QW"™P — M is the affine bundle modeled
over the vector bundle ad(W"P) @ T*M — M. Now, if we consider two principal
connections I, and T, on W”P such that they are over the same A, on P"M
and I',_; on W™~1P, then the difference I, — T, is in the intersection of the
kernels of projections n7_; @ idp«ps: ad(W"P)@T*M — ad(W™"1P)®@T*M and
p1 ®idyspr: adW'P)@T*M — ad(P"M) @ T*M.
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Let £ be a vector field on M, I' be a principal connection on P and A be a
principal connection on P! M such that the horizontal lift k(&) = P1(€). Let h (€)
denote the horizontal lift of ¢ with respect to I'. Let us denote by Fl; (k! (€)) the
flow of h''(¢). Then the expression

W" (Fl (R (€))) = (PT(F1,(€)), J"(FL(R" (€))) = FlL.(h"V' T (€))

gives a principal connection W'T" on W” P which depends on I' in order r and on
A in order (r —1). So W'T' is a natural operator

W'T: J7LQPM x5 J'QP — QW' P
called the flow prolongation of T'.

Remark 1.6. There is another construction of a prolongation of the pair (A, T") of
principal connections to principal connections on W7 P. In literature this construc-
tion is usually denoted by p(A,T") and in order one was described in [I0] and in
any order r in [I].

Consider general problem of the classification of all principal connections on
W7 P which are naturally given by a principal connection I" on P and by a classical
connection A on the base M. In general this problem is still open. There are only
some partial results. Namely, the classification of principal connections on WP for
a torsion free A and any T is given in [I0] and the full classification for the linear
gauge group GL(n) and order one is given in [§].

Clearly, the solution of this problem in any order depends essentially on the
structure group of principal bundles. In this paper we give the full classification of
principal connections for the linear gauge group GL(n) and for the order r = 2.

1.3. Connections on frame bundle PE. Let F — M be a vector bundle with
m-dimensional base and n-dimensional fibers. Let us denote by (z*, %) local linear
fiber coordinate charts on . Let PE — M be the frame bundle of F, i.e. PE is the
principal bundle with the structure group GL(n) and the induced fiber coordinates
(2, ah).

Principal connections on PE are in bijection with general linear connections on
E. The coordinate expression of a linear connection K on F is of the type

K =d*®@0x + Kix(x)y 0;)
and, if we consider K as a principal connection on PFE,
K = d" @0 + Kjx(2)270]) = 4" @(0x + Kjx(2)BY).

Applying the functor W” on PFE we obtain the principal prolongation W™ PE
with the structure group W}, GL(n) = G}, x T}, GL(n). For example, in order 2

we have the structure group W2, GL(n) with coordinates (a?,a?,,a%, a%  at ). If

: ) ) o Py g jps Ty
we denote by (X, X)), X}, X!, X! ) the induced coordinates on the Lie algebra

2 gl(n) we can compute easily the adjoint action of the group W2 GL(n) on
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1oz gl(n). In coordinates if X = Ad(g)(X) we have

X) =ayX%a,, X, =ayX2a%a) + pol(a, X),
XZ = apr; = X? = apXé’aag 4+ pol(a, X),

X!,, =al XIza0alal + al XP adala a3 + pol(a, X),

jeo [ qoB%e @
where pol(a, X) is a polynomial on W2 GL(n) x tol gl(n) such that any monomial
contains exactly one coordinate of 77(X) of orders less then the leading terms.

Proposition 1.2. 1. The restm'ction of the adjoint action of the group W2 Gl(n)
on the kernel of the projection 3 : w2 gl(n) — wigl(n) has the form

X)\ _ a)\XQ aaﬁ
X, =a, XTBaZ‘aﬁ +a, X7 Bagag aj.
2. The restriction of the adjoint action of the group W2 Gl(n) on the kernel of
the projection py: wZgl(n) — g2, has the form

X; =a,XPal = X, =al XP as a3 + pol(a, X),

X =d XP a%aPa? + pol(a, X),

Jeo P qap QG'J

where pol(X, a) is a polynomial on W2 GL(n) x tLgl(n) such that any monomial
contains exactly one coordinate of orders less then the leading terms.

Proof. 1. The kernel of the projection 7% : tvZ gl(n) — rk gl(n) is given by Xli‘ =0,
X; =0 and X;u =0, i.e. all pol(a, X) =0.

2. The kernel of the projection py: tozgl(n) — g2 is given by Xﬁ‘ = 0 and
X» . =0. O

H1p2
Now, as a direct consequence of Proposition [I.2] we have.

Theorem 1.1. The restriction of the adjomt action of the group W2 Gl(n) on the
intersection of kernels of the projections 3 : w2 gl(n) — wkgl(n) and p;: rwZgl(n)
— g2 1s given by

X;W =a anﬁaaagaj ,
i.e. Ker 72 NKer p; is gl(n) @ SZR™* with the action of the group G, x GL(n)
given as the tensor product of the adjoint action of GL(n) on its Lie algebra gl(n)
and the tensor action of the group GL on S*R™*.

Corollary 1.1. The intersection of kernels of the projections n2: ad (W2 PE) —
ad (WL PE) and p1: ad (W2 PE) — ad (P2M) is the vector bundle

ad(PE) ® S*T*M — M .

Next we will describe the flow lift (see Section of a principal connection
K on PE and a classical connection A on M on the principal bundle W2PE. We
have the induced fibered coordinates on W2PE denoted by (27 xy, ;\w, azj, xw, :cJW)

A right invariant vector field on PE has the coordinate expression

E = &N2)0\ + Ei(2) B} = )(x)0x + Zh(2)2%0! .
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The flow lift of Z on W2PE is then

W2(E) = P*(€) x¢ T*(E),
where P?(£) is the flow lift of the vector field ¢ on P2M given by (T.4) and J2(Z)
is the 2nd order jet lift of = on J2PE, see [J, [I1]. We have

(1.17) TA(E) = €0\ + 21000 + (0AELgh + Zhgty — Mgl )0

+ (OuEpg; + O\ELgl, + OuELah, + E095n,
) ) , N
- a)\,u.ggg;g - a)\ggg;'gy - 8#599;9)\)8’{ g
and from (|1.17) and (1.4) we obtain the relations between the right invariant
vertical vector fields on W2PE and the canonical vertical vector fields in the form
(1.18) B = 2204 + 22,0 — g2,01° — gt,,0]%"
B = aladk” — 1,017,

EZP = 9?35 + g?)\azj)\ + gﬁ;\uap\# s

7

B = giol* + gf 0l B = ghol.

Now, let us assume a principle connection on I'y on W2PE given in coordinates
by (see (L.13)))
Ty =d*@(dy + Ay, BY + AY , \Bl#2 + Ki\BY +T% B +T%, B
and, in the canonical base, by using the relations (|1.18]),

(1.19) Ty = d* @(0y + A%y a02 + (A%, s ak? 4 A ot )9

. v , v .
+ (P;M/tz)\xj + F;M1>\xjﬂ2 - Alyil,uw\m;’/
i P i J 1
+ Ko, 0, — Apa50,,)00 ?).

Now, if we assume = to be the horizontal lift of £ given by the connection K and
PL(£) to be the horizontal lift of ¢ given by A, i.e. B = &N and 0,8 = Al/)pf",
we have the following coordinates expression

W2(Z) = 0 + AUazhof + (01l n + ALy oA )kt ok + Y a8 ,) 027

+ K25 0] + ((0uBpn + KpaAj )2} + Kpaah, — Afaaj,) 0"
+ ((Ourpa Kpr + 0, K o A2 \ + K 00, A2, 5 + K A2 G AT 3)ah

H19 J
i i AO P 4 Y o P
+ (aﬂleA + Kp@AmA)zjuz - (aﬂlAuz/\ + Am” /L2>‘)xj9
i P __ A0 i J K1 2
T KA, — Ay ij@uz)az‘ ] :

So, the vector field W?(Z) can be considered as the horizontal lift of ¢ with
respect to the connection on W2PE where I'; is given by connections A and
K. Especially, T'y = W2K (A, K). From the symmetry of 927 in o, o and &/**#2 in
1, fto We obtain the coordinate expression of W2K given by
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v 1 v v v [ v (03
(120) 101 2 A - i(a,u,lAHQ)\ + 6M2Aulk + AM1 QA/J/2>\ + Auzf’AuM) ?
(121) F;u/\ = auK;i;A + K;}L)Aﬁ)\ )
(1.22) ;mmk - amuzK;)\ + aszingﬁz)\ + a;tszizeAﬁl)\

H1o

1 j o o
+ §Kg@(aﬂlAﬁz>‘ + 81‘2Al%1)‘ + A7 AM2>‘ + Algm"AM)\) :

Remark 1.7. The flow prolongation WK (A, K) we obtain by the projection 77
of W2K (A, K) on WIPE, so it is given by (1.21)) and projects on A and K.

Remark 1.8. The second prolongation p(A, K) on W!PE from Remark is
over the same connections A and K and has the coordinate expresion

Thux = O6Kpu + KK — KjnK)u+ K A8
The difference p(K, A) — W'T(K, A) is a section M — ad(PE) @ ®>T*M given by
(123) BAK;M - 8HK;,)\ + K;MK;)\ - K;AKIJJH s

where A denotes the classical conjugate connection to A (obtain by the exchange
of indices). It is easy to see that (1.23]) is exactly the curvature tensor of the
connection K.

2. CLASSIFICATION OF NATURALLY INDUCED CONNECTIONS ON W2PFE

Let us recall that any principal connection I's on W2PE projects by on
principal connections A on P2M and I'y on W' PE. So first we will classify principal
connections on P2M naturally given by a classical connection A and a general
linear connection K (considered as a principal connection on the corresponding
frame bundle).

2.1. Natural connections on the 2nd order frame bundle. The connection
W?2K (A, K) described in Section 1.3 projects on the (natural) principal connection
Ay(A,K) on P2M given by (1.20), i.e. it is independent of K. Az(A, K) can
be constructed by an other construction. Let as remark that P2M c P?M C
WP M are natural reductions with respect to the subgroups G2, ¢ G2, ¢ WL G},
[9, p. 153]. Here P?M = invJZ(R™, M) and G2, = inv JZ(R™,R™),, where J2
denotes the semiholonomic 2-jet functor. Then we can consider the flow lift of
a principal connection A on P'M with respect to the same principal connection
A and obtain the principal connection W'A = W!A(A,A) on WP'M. This
connection is reducible to the principal connection on P2M. Now, if Ay is a
principal connection on the semiholonomic 2-order frame bundle, then it can be
considered as G2, -invariant section Ay: P2M — J'P?M and the composition
i(Ag) = J% o Ay is the principal connection on P?M conjugated with Ay. Here
i: P2M — P2M is the canonical natural involution. Let us remark, that if As is
given by coefficients (AZA’ A;Vnuz)\)’ then i(As) is given by coefficients (AZA’ AszA)'
Then the connection (WA +i(W?!A)) is reducible to the principal connection on
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P2M and we obtain the principal connection on P2M which is exactly the above
connection Ay(A, K). In what follows we shall denote this connection by P?A and
call it the flow prolongation of A.

Any natural principal connection on P2M given by A is projectable on a natural
connection on PM given by A. So, we have to classify first all natural connections
Ay on P'M given by A. This result is well known and we have, [, p. 220].

Proposition 2.1. All natural operators transforming a principal connection A
on P'M into principal connections A1(A) on P'M is of zero order and form a
3-parameter family
A(A) =A+D4(N),
where ®1(A) is a natural (1,2)-tensor field of the form
O =ar T+ as Idry QT + a3 T @ Idras a; €R,
where T denote the torsion tensor of A and T denote the contraction.

Corollary 2.1. Any connection Az(A) on P2M naturally given by A is projectable
on a natural connection in the family Ay (A).

Theorem 2.1. Let Ay(A) on P2M be a natural connection given by A projectable
on Ay (A) then the difference

Ay(A) = PEAL(A): M - TM QT*M @ S*T*M .

Proof. As a corollary of Theorem we obtain that the kernel of the projec-
tion 77: g2, — gl is gL, ® R™* which implies that the kernel of the projection
ad(P?2M) — ad(P'M) is the vector bundle ad(P'M)®T*M. The difference of two
principle connections on P2M over the same A;(A) on PLM is then in the kernel
ker(n? ® idp-pr) = ad(P'M) @ T*M ® T* M. Moreover, ad(P'M) = TM @ T*M
and from the symmetry property we obtain Theorem (Il

Lemma 2.1. Any natural tensor field ®o(A): M — TMQT*M®S?*T* M naturally
given by A is of maximal order one and all ®o(A) form 16-parameter family.

Proof. A non-symmetric connection A can be decomposed as the sum of the
classical symmetric connection A (obtained by the symmetrization of A) and
the torsion tensor 7. From the reduction theorems for classical non-symmetric
connections, [7], we obtain that ®5(A) is given as a zero order operator of the
curvature tensor R[K] of A and its covariant differentials %R[I\] (with respect to
/NX) and the torsion tensor T’ and its covariant differentials VT (with respect to
1~X) From the homogeneous function theorem, [9, p. 213], it follows, that a natural
(1,3)-tensor field can be constructed only from R[/~\], T and VT. So the maximal
order of ®5(A) is one and

®5(A) = o(R[A]) + 7(T) + o(VT),

where o, 7 and o are given by tensorial operations from the indicated tensor fields.
Let X, Y, Z be vector fields on M. Then from the first Bianchi identity and the
symmetry of ®3(A) in the last two vector variables we obtain that o is given by the
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tensor product of R[K] with the identity of 7'M and contractions. Such operators
form a 4-parameter family

o(X,Y,Z) = bi (R(X, Z)(Y) + R(X,Y)(Z)) + b2 X (3R(Y, Z) + 3 R(Z,Y'))
+b3(YelR(X, Z) + Zei R(X,Y)) + by (Y3 R(X, Z) + Ze3 R(X,Y))

where b; € R. In what follows cj» denotes the contraction on the indicated indices.
Similarly 7 is given by the tensor product of T' (two times), the identity of T'M
and contractions. Such operators form a 7-parameter family

(XY, Z) = di(T(T(X,2),Y) + T(T(X,Y), Z))
+do (T(X,Y)e1T(2) + T(X,Y)eiT(2))
+d3 Xc(TT)Y, Z) + diXel3(T @ T)(Y, Z)
+d5 (Yel3(T@T)(X, Z) + Zei3s(T @ T)(X,Y))
+ds(YAHT @ T)(X, Z) + Zei; (T @ T)(X,Y))
+d7 (Yel3(TRT)NX, Z)+ Zei3(T® T)(X,Y)), di €R.

Finally, o is given by VT, the tensor product with the identity of TM and
contractions. We have a 5-parameter family

o(X,Y,Z) = e (V2T)(X,Y) + (VyT)(X, Z))
+ea X (c](V2T)(Y) + e} (VyT)(Z))
+e3 (Y (VT (X) + Zel (VyT)(X))
+es (Yl (VT)(Z) + Zei (VxT)(Y))
5V

+es(YeS(VT)(X, Z) + Zey(VT)(X,Y)), e €R. O

Theorem 2.2. All natural principal connections Ao(A) on P?M given by a classical
connection A on M form a 19-parameter family.

Proof. Every natural connection Ao(A) on P?M has form P?A;(A)+®5(A), which
is over A;(A) = A+ ®1(A). So this theorem is the corollary of Proposition and
Lemma 211 (]

Remark 2.1. Let as remark that without using the reduction theorem natural
principal connections on the semi-holonomic frame bundle P?M naturally given
by A was studied in [IT], p. 185].

Corollary 2.2. All natural principal connections on P2M given by a classical
connection A on M and by a principal connection K on PE form a 20-parameter
family.

Proof. It is sufficient to consider that ®; and ®, are natural tensor fields given
by A and K. By the reduction theorem for general linear connections, [6], and
the homogeneous function theorem we have that ®;(A, K) = ®;(A) given by
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Proposition On the other hand for ®3(A, K) we obtain that ®2(A, K) include
also the tensor product of the contracted curvature tensor R[K] of K and the
identity of T'M. By using the the symmetry condition we have

Oy(A, K)(X,Y,Z) = ®2(A)(X,Y, Z) + k(Y RIK|(X, Z) + Zci RIK](X,Y)),
keR. O

Corollary 2.3. All natural connections on P?M given by a classical symmetric
connection A on M and by a principal connection K on PE form a 5-parameter
family.

2.2. Classification of natural connections on W2PE. We consider all connec-
tions and tensor fields naturally given by A and K and we will not denote this fact
explicitly.

Proposition 2.2. Any natural principal connection T's on W2PE is in a bijective
correspondence with the triplet

Fg ~ (A27F17\112),

where Ao s a natural principal connection on P2M, Ty is a natural principal
connection on W'PE and Wy is natural tensor field M — EQ E*QT*M ® S?T*M.
Moreover, Ay and Ty are over the same Ay on PYM.

Proof. Let us assume a natural connection I'y projectable on I'y and Ay (over the
same Aj). The difference of Ty, with any other natural connection I'y over the same
natural connections I'y and As is by Corollary natural tensor field W,. O

From Proposition [2.2]it follows that for the classification of I'y we need to classify
all natural Ay (see Corollary , all natural I'y and all natural tensor fields Ws.

First, we have to classify all natural principal connections I'y on W!PE. Let as
recall that we have the correspondence I'; = (A1,Tg, ¥1), [9]. A; is described in
Proposition 2.1

Lemma 2.2. All natural operators transforming a classical connection A on M
and a principal connection K on PE into principal connections I'g on PE are of
zero order and form a 1-parameter family

Io=K+Y=K+mldg®T, meckR.

Proof. If we consider any natural principal connection I'g on PFE, then the diffe-
rence I'g — K is a section Wg: M — E® E* ® T*M. So to classify all natural T'g
it is sufficient to classify natural ¥y. Then from the reduction theorem and the
homogeneous function theorem we obtain that Wy is of zero order and is obtained
as a multiple of the tensor product of the identity of E and (0, 1)-tensor field given
by the contraction of the torsion of A. O

Proposition 2.3. All natural operators transforming a classical connection A on
M and a principal connection K on PE into principal connections 'y on W'PE
are of the maximal order 1 and form a 14-parameter family.
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Proof. We have the 3-parameter family of connections A; given by Proposition
the 1-parameter family of connections I'g given by Lemma First, we have
to prove that there exists a natural connection I'j projectable on A; and T'y. But
it is exactly the flow lift W!T'y with respect to Aj. Then the difference I’} — 'y
is a natural tensor field ¥1: M — EQ E* @ T*M ® T*M. From the reduction
theorems, [6], and the homogeneous function theorem, [9], follows, that ¥, is given
by tensorial operations on from R[K], R[A], T, VT and the identity of E. So the
maximal order of ¥, is 1 and from the Bianchi identity and the symmetry condition
we obtain 10-parameter family. O

Remark 2.2. Let us remark that in [8] Proposition was proved without using
the reduction theorem, so the base of 10-parameter family W, is different.

Lemma 2.3. All natural tensor fields w: M — T*M ® S?*T*M of type (0,3) given
by A and K are of the maximal order two and form a 31-parameter family.

Proof. From the reduction theorems for classical non-symmetric connections and
general linear connections, [6], and the homogeneous function theorem we obtain
that w is given by the tensorial operations from R[K], 63[7\], T, %T, §2T, R[K]
and VR[K] (V is assumed with respect to K and A, see [5]). So natural w is of
the maximal order two. N L

The first part of w has order two and is given by the contracted VR[K], VR[A]
and V2T. From the Bianchi and the Ricci identities and the symmetry condition
we obtain a 6-parameter family. B

The second part of w has order one and is given by R[K], R[A] and VT multiplied
tensorially with 7" and two contractions. In this way we obtain a 18-parameter
family.

The last part of w has order zero and is given by the tensor product of 7' (three
times) only and three contractions. In this way we obtain a 7-parameter family. [

Lemma 2.4. All natural tensor fields ¥o: M — E® E* @ T*M @ S*T*M given
by A and K are of the mazimal order two and form a 34-parameter family.

Proof. As in Lemzna~2.3~we haze thjit all natural \Iig are given by tensorial
operations from R[A], VR[A], T, VT, V?T, R|K] and VR[K].

Then ¥y has two parts. The first one is given by VR[K] or by a composition of
R[K] and T. By using the symmetry property and the Bianchi identity we obtain
3-parameter family. Exactly we have

m ((VZRIK)(X,Y) + (Vy RIK])(X, Z)) +
n2 (RIK|(X,Y)eiT(Z) + RIK|(X, Z)e1T(Y))+
where X, Y, Z are vector fields on M.

The second part is of the form Idg ® w, where w is the natural tensor of type
(0,3) described in Lemma All together we have a 34-parameter family. O
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Theorem 2.3. Natural principal connections on W2PE given by a classical connec-
tion A on M and by a principal connection K on PE form a 65-parameter family.

Proof. By Proposition [2.2| and by [9] we have
[y~ (A2, ', ¥2) = (A1, P, T'o, U1, Vo) = (A, @1, o, K, U, Uy, V).

By Proposition 2.I] ®; form a 3-parameter family, by proof of Corollary [2.2] ®,
form a 17-parameter family, by Lemma U, form a 1-parameter family, by [§] ¥
form a 10-parameter family, and, finally, by Lemma [2.4) ¥5 form a 34-parameter
family. All together we obtain a 65-parameter family of natural connections. [

Corollary 2.4. All natural connections on W2PE given by a classical symmetric
connection A on M and by a principal connection K on PE form a 13-parameter
family.
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