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ESTIMATIONS OF NONCONTINUABLE SOLUTIONS
OF SECOND ORDER DIFFERENTIAL EQUATIONS
WITH p-LAPLACIAN

EvAa PEKARKOVA

ABSTRACT. We study asymptotic properties of solutions for a system of second
differential equations with p-Laplacian. The main purpose is to investigate
lower estimates of singular solutions of second order differential equations
with p-Laplacian (A(¢)®,(y')) + B(t)g(y') + R(t) f(y) = e(t). Furthermore,
we obtain results for a scalar equation.

1. INTRODUCTION

Consider the differential equation

li
(1) (A2, (y)) + Bt)g(y') + R(t)f(y) = e(t),
where p > 0, A(t), B(t), R(t) are continuous, matrix-valued function on
R; := [0,00), A(t) is regular for all ¢ € R4, e: Ry — R™ and f,¢g: R" —
R™ are continuous mappings and ®,(u) = (Jui|P" ug,. .., |[u,|P~ u,) for u =
(u1,...,u,) € R™ We shall use the norm |ju|| = max |u;| where u = (ug,...,u,) €

R™.

Definition 1. A solution y of defined on ¢t € [0,T) is called noncontinuable
or nonextendable if T' < oo and limsup ||y/(¢)|| = oo. The solution y is called

t—T

continuable if T' = oo.

Note, that noncontinuable solutions are also called singular of the second kind,
see e.g. [3], [§], [13].

Definition 2. A noncontinuable solution y: [0,7] — R"™ is called oscillatory if
there exists an increasing sequence {t;}7° | of zeros of y such that klim ty = T;
— 00

otherwise y is called nonoscillatory.

In the last two decades the existence and properties of noncontinuable solutions
of special types of are investigated. For the scalar case, see e.g. [3], [4], [5],
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[6], [9], [110, [12], [13], [I5] and references therein. In particular, noncontinuable
solutions do not exist if f and g satisfy the following conditions

(2) lg(@)] < [al? and |f(@)] < Ja* for |z large

and R is positive. Hence, noncontinuable solutions may exist mainly in the case
(@) = [a|™ with m > p.

As concern the system , see papers [7], [14], where sufficient conditions are
given for to have continuable solutions.

The scalar equation can be applied in problems of radially symmetric solutions
of the p-Laplace differential equation, see e.g. [14]; noncontinuable solutions appear
e.g. in water flow problems (flood waves, a flow in sewerage systems), see e.g. [10].

The present paper deals with the estimations from bellow of norms of a noncon-
tinuable solution of and its derivative. Estimations of solutions are important
e.g. in proofs of the existence of such solutions, see e.g. [4], [8] for

(3) y " = fty,- o y"Y)
with n > 2 and f € C°(R,,R"). For generalized Emden-Fowler equation of the

form (B)), some estimation are proved in [1].
In the paper [I4] the differential equation (1f) is studied with the initial conditions

(4) y(0) =y, ¥ (0)=mu
where yo,y; € R™.
We will use results from [7, Theorem 1.2].

Theorem A. Let m > p and there exist positive constants Ky, Ko such that
(5) lg()ll < Kxllul|™,  f)I < Kafol|™,  w,veR™.
and [;° [|R(s)||s™ds < co. Denote

A

sup [|A()} < oo, Eoei= sup / le(s)]l s < oo,

0<t<oco 0<t<oo

Rooi= [CIROIds. B [ 1B at,
Let the following conditions be satisfied:
(i) Let m > 1 and
m—p
p
for allt € Ry, where
D1 = A {IAO)@, ()| + 27 Kallyo | R + Boc}
(ii) Let m <1 and

m—p o
ALD7 / (K1||B(s)] + 27 Ko™ || R(s)|]) ds < 1
0

g™ =P 4 [T kB Kys™[R(s)|) ds < 1
» 2 | (K1||B(s)|| + K2s™ || R(s)|) ds <

for allt € Ry, where
Dj = A {I1AO)®, (1) | + 27K 12| Bow + 22" K Roc o™ + Boc }
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Then any solution y(t) of the initial value problem , is continuable.

Proof. First let us prove the assertion (i). We will use [7, Theorem 1.2]. From
and its proof, it follows that equation (2.3) in [7] may have form

@ (u(®)]] < IIA(t)_lII{IIA(O)‘Pp(yl)H +K1/0 1Bl [[us)[™ ds

t s
(©) + K IR o+ [ u(ryar | ds)
0 0
where

¢ = Ao {[|A0) Py (y1) || + 27 Kalyol ™ Roo }

and
F(t) = 2m_1K2AOO/ |R(s)||s™ 'ds + K1 A ||B(t)]|.
t

Now, the results follows from [7, Theorem 1.2].
The assertion (ii) follows from [7, Theorem 1.2]. O

2. MAIN RESULTS

In this chapter we will derive estimates for a noncontinuable solution y on the
fixed definition interval [T, 7) C R4, 7 < o0.

Theorem 1. Let y be a noncontinuable solution of the system on the interval
[T,7)CRy, 7—T <1,

S -1 . -
Ao = max AW, Bo:= max |[BO),  Eo:= max le(t)]],

Roi= o [ROI. [ IR ds <o

and let there exist positive constants K1, Ko and m > p such that
(7) lg(u)ll < Kulfull™, [[f ()] < Kafvl|™, w,veR".
Then the following assertions hold:
() Ifp>1 and M = 27 22m4) ey,
8)  [AB®,(y O + 27 Kolly()|™ Ro + 2Eo(T — t) > Ci(r =)~ 75
forte [T, ), where

__m_ — -3 — B
Oy = A, m*p(mp p) "[iKlBﬁMKQRO} ’

(ii) If p <1, then
AP (3 (1)) + 2™ K1 Bolly' (¢)|™ + 22" T Ko Rol|y(t)[|™
(9) F2Ey(T—t) > Co(r —t) 7w
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fort e [T,7) where
m L 3 _m%
Oy = 2~ B A (u> [51(130 + MKQRO} 7
p

Proof First let us prove the assertion (i). Let y be a singular solution of system
on the interval [T, 7). We take ¢ to be fixed in the interval [T, 7) and for the
simplicity denote

(10) D=A; 7" P(%) |

Assume, by contradiction, that
[A@) Py (y' ()] + 2™ K|y ()] Ro + 2Eo (7 — 1)

(11) < D[2K1BO+MK2RO}_ﬁ(T—t)_%—p.
Together with the Cauchy problem

(12) (A@)@, ()" + B@)g(y') + R(@)f(y) = e(x), w € [t,7)
and

(13) y(t) =y, ¥({t)=m

we construct an auxiliary system

(14) (A()2,(")" + B(s)g(=') + R(s)f (=) = &(s)

(15) 2(0) =29, 2'(0)=z

where s € Ry, 29, 21 € R, A(s), B(s), R(s) are continuous, matrix-valued function
on Ry given by

- A 4 if 0< —1

(16) Als) = (s+1) 1 0<s<71—-1t,

A(T) if T—t<s<o0,

B(s+1) it 0<s<7—t,

(17) BN L oB(r—t)  if T—t<s<2(r—1),
0 if 2(r—t) <s<oo,
R(s+1) if 0<s<7—t,

(18) = BT L oR(r—1)  if T—t<s<2(T—1),
0 if 2(r—1t)<s< o0,
e(s) it 0<s<1—1t,

(19) e(T t)s+2e(7—t) if T—t<s<2(t-1t),
0 if 2(r—t)<s<o0.

We can see that A(s) is regular for all s € Ry.
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Hence, the systems on [t,7) and on [0,7 —t) are equivalent with the
change of independent variable x —t — s. Let 29 = y(t) and z; = y/(t). Then the
definitions of the functions A, B, R, € give that

(20) z(s) =y(s+t), s€[0,7—t) isa noncontinuable solution

of the system ([T4)), on [0,7 —t). By the application of Theorem A (i) to the
system , we will see that every solution z of the system , satisfying

[AO)®p (1) ]| + 2™ K2 20/ Ro +/ lle(s)]l ds
0

D

(21) <o [T B+ R ) au] T

is continuable. Note, that according to f all assumptions of Theorem A
are valid. Furthermore, we will show that yields .
We estimate the right-hand side of inequality :

ya

6= D[ [ (KB + 27 Kall REw)u™) ] ™

2(T—t) B B ,mlip
> D[/ (K| Bw) | + 27 K| R(w) ™) dw]
0
>D [Kl max_[|B(s +1)](r —1)

2(T—t) B ¢
+K1/ H—MwHB(T—t)Hdw

—t T—1
—t m+1
+2m7 1K,  max ||R(s+t)|\udw
0<s<(7—t) m+1

2(1—t)
4 2m_1K2 /
T—1

1
G > D[Kl TrrSl?éllB(t)H(T =)+ SELIB(r = t)ll(7 — 1)

‘_R(T—t)

w+ 2R(1 — t)me dw}im ,

P
m—=p

+ MK max [RE)|(r =0+ MaKol|R(r = )7 = 1] 77,

where
2m71 2m+2 2 _ _
M, = and My —gn—1 20 (2m+3) = 3m =5
m+1 (m+1)(m+2)
Hence,
3 —w
(22) G>D [iKlBO(T — ) + MKyRo(r — t)™+!

as M > M; + Ms.
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As we assume that 7 — ¢t < 1, inequalities and imply
D

3 ~m-p __p_ __p_
G>D §KlBo+MK2RQ] (T—t) m-p = Cl(T—t) m-p

> (| AR, (y' (1)) + 27 Kally(H)[|™ Ro + 2Eo( — )
(23) > [|A(0) @y (21)[| + 277 K120 ™ Ro + /Ooo le(s)]l ds,

where Cq = D[%KlBO + MKQRO] _%"’. Hence holds and the solution z of
(14) satisfying the initial condition z(0) = yo and 2’(0) = y; is continuable. This
contradiction with proves the statement.

Now we shall prove the assertion (ii). If p < 1 then the proof is similar, we have

to use only Theorem A (ii) instead of Theorem A (i). O
Now consider the following special case of equation :
(24) (A2, (y) + R(1) f(y) = 0

for all t € Ry. In this case a better estimation than before can be proved.

Theorem 2. Let m > p and y be a noncontinuable solution of system on
interval [T, 7) C Ry. Let there exists a constant Ky > 0 such that

(25) IF )] < Kallo|™, v eR™.
Let Ry and M to be given by Theorem[]l Then

(26) IA@)®, (' (1)) + 272K |ly(1)]" Ro > Cu(r — £)~ “5r
where i
Ci = AJ% (mp—p)—r—p I:MKQRO:Iiﬁ in case p > 1
and
JA@ ()| + 22 K ly(8)]™ Ro = Car — 1)~ 55"
with

p

>_mifp[MK2Ro]fﬁ in case p<1.

_p(m+1)

Cp =275 4,7 (B E

p

Proof. Proof is similar the one of the Theorem (1| for B(¢) = 0 and e(t) = 0. Let
p > 1. We do not use assumption 7 —¢ < 1 and we are able to improve an exponent
of the estimation . The inequality has changed to

_ p(m+1)

G > 01(7‘ — t) Tm=p
> A6 @,y ()] + 2" Ko [ly(1)]™ Ro
(27) > [[A(0)@, (2 (0)[| + 2™ Kal|2(0) ™ Ro ,

where Cy = D[M K3Rp]™ =D If p <1, the proof is similar. O
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3. APPLICATIONS

In this case we study the scalar differential equation

(28) (a()®p(¥) + (1) (4) =0,
where p > 0, a(t), r(t) are continuous functions on Ry, a(t) > 0 for t € Ry,

/: R — R is a continuous mapping and ®,(u) = |u[P~u.

Corollary 3. Lety be a noncontinuable oscillatory solution of equation defined
on [T, 7). Let there exist constants Ko > 0 and m > 0 such that

(29) |f(v)|§K2\v\m, veR

and let {t;}3° and {T:}5° be increasing sequences of all local extrema of the solution

y and of y! = a(t)®,(y") on [T, 7), respectively. Then there exist constants Cy and
Cy such that

_ p(m+1)
(30) ly(tr)| = Ci(r — i) 70m=e)
and, in the case v # 0 on R4,
(31) ’y[l] ()| = Ca(7 — Tk)_p(’:‘nj"l)

fork>1,2,....

Proof. Let m > p and y be an oscillatory noncontinuable solution of equation
defined on [T, 7). An application of Theorem 2| to gives

_ p(m+1)

(32) |y (0] + 22" Ko |y()|Mro = C(r =) mer

where C' is a suitable constant and ry = maxp<;<, |r(t)|. Note that according
to (30), z (z1) has a local extremum at to € (T,7) if and only if z[(¢;) = 0
(x(tg) = 0). From this it follows that an accumulation point of zeros of z (z[!)
does not exist in [T, 7). Otherwise, it holds y(7) = 0 and y'(7) = 0. That is in
contradiction with (32). If {t,}5° is the sequence of all extrema of a solution y, then
Y (tx) = 0, i.e. ylU(¢;) = 0. We obtain the following estimate for y(t) from

p(m+1)

(33) ly(te)| = Cr(r — ty) " mm=ry |
where Cy = O (22 *+! Kyrg)~ and is valid. If {75 }5° is the sequence of all
extrema of y!*(7},), then y(7,) = 0. We obtain the following estimate for y! ()
from

_p(m+1)
(34) ‘ym(Tk)| >Co(t — )" mP
where Cy = C. O

Example 1. Consider and with m = 2, p = 1. Then from Corollary
we obtain the following estimates

ly(t)| = Ci(r —t) "%, [yW(m)| = Colr — )72,

_ 56 _ Vi3 _
where M = =, C1 = TiSKyaore and Cy =

3
448K2 a%ro :
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Example 2. Consider and with m = 3, p = 2. Then from Corollary
we obtain the following estimates

8

ly(te)| > Cr(r—tr) 75, Jy(m)] > Calr — m) 78,

2
__ 288 _ 1 10ag ) 3 _ 5ag 2
where M = ==, C) = 32K2r0( 9 ) and Cy = (144K2r0) .

The following lemma is a special case of [I3, Lemma 11.2].
Lemma 1. Lety € C?[a,b), § € (0,2) and y/'(t)y(t) > 0, y"(t)y(t) > 0 on [a,b).
Then
35 (W 00) T 2w / (6)Plu(s) 2 ds, telab),

where w = [(1 —26)6°(1 — §)1=°)~

Now, let us turn our attention to nonoscillatory solutions of .
Theorem 4. Let m > p and M > 0 be such that
(36) [f(@)] < |z[™ for |a|>M.

If y is a nonoscillatory noncontinuable solution of defined on [T, T), then
constants C, Cy and a left neighborhood J of T exist such that

p(m+1)
(m

(37) ly'(t)| = C(r—t) " mtm=n1 | teJ.
Let, moreover, m < p+ +/p?+p. Then
m? —2mp—p
38 t)| > Co(r —t)™ ith =— <0.
(39) [y0] = Colr— 0y with my = TP <

Proof. Let y be a nonoscillatory noncontinuable solutions of defined on [T, 7).
Then there exists to € [T, 7) such that y(t)yl(t) > 0 for ¢ € [to, 7). Let

y(t) >0 and ¢'(t) >0 for teJ:=lty,7);

the opposite case y(t) < 0 and y'(t) < 0 can be studied similarly. As y is noncon-
tinuable, lim y'(t) = oco. Moreover, tlim y(t) = oo as, otherwise, y!!) and y are
t—77 —0

bounded on the finite interval J. Hence, there exists t; € J such that y'(¢) > 1 for
[t1,7), y(t) > M for t > t; and

(39) y(t) = y(to) +/ y'(s)ds < y(to) +7y'(t) <219/ (t), te[tr,7).

to

Note, that due to y > M it is sufficient to suppose instead of for an ap-
plication of Theorem [2} Hence, Theorem [2| applied to , and ¢’ > 1 imply

Ci(r =) 555 < a()(y/ (1) + Coy™ (1)
< a(t)(y/ (1) + Co(2r)™ (' ()™
< Cy(y' ()™
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or
, _ p(m+1)
y'(t) = Ca(r —t) == on [ty,7),

where C7, Cy, C3 and Cjy are positive constants which do not depend on y. Moreover,
the integration of yields

p(m+1)

t t
y(t) = y(tO) +/ y/(s)ds Z C/ (T — 5)7'")(”77,71)) dS
to to

C mi1 __ T — mi
= |m1|[(T_t) ( tO) ] > 2|m1|

for ¢ lying in a left neighbourhood I of 7. Hence, and are valid. O
Our last application is devoted to the equation

(40) y' =rt)lyl" sgny,

where 7 € CO(R), m > 1.

(r—t)™

Theorem 5. Let 7 € (0,00), T € [0,7) and r(t) > 0 on [t,7].
(i) Then has a nonoscillatory noncontinuable solution which is defined in
a left neighbourhood of T.
(ii) Let y be a nonoscillatory noncontinuable solution of defined on [T, T).
Then constants C', Cy, Cy and a left neighbourhood I of T exist such that

2(m+3)

)| < C(r—t)" % and |y/(t)] > Ci(r—t) mmT, tel.

If, moreover, m < 1+ /2, then

m2 —2m — 1
t)| < C: —t)™ ith = —FF7— <0.
VO] < Calr =™ with = 2
Proof. The assertion (i) follows from [2, Theorem 2].
Let us prove the assertion (ii). Let 3 be a noncontinuable solution of defined
on [T, 7). According to Theorem and its proof we have lim |y(t)] = co and
t—1—

holds. Hence, suppose that to € [T, 7) is such that

y(()>1 and ¢'(t) >0 on [to,7).
Furthermore, there exists ¢, € [tg, 7) such that
t
@)y =yt + [ ¥ 6)ds < ylto) + (O ~to) < Ca/ (1)
to
for t € [tI17 7) with C5 = 2(7 — to). Now, we estimate y from below. By applying

Lemma 1| with [a,b) = [t1,7) and § = 2= € (0, ). We have 6m + 3§ —2 =0 and

m+3  2(m+3)

Cy Ty T (tm > (Y (Hy(t) T > w/tT(y”(S))‘S(y(S))S‘S‘ZdS

(42) > C4/ y6m+35_2(s)d8 =Cy(r—1t) on [t1,7),
t
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where C4y =w min |r(o)|. From this we have

to<o<T

y(t) < C(r — 1) %9 on [ty 7)

with a suitable positive C. The rest of the statement follows from Theorem [d] O
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