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CORRECT SOLVABILITY OF A GENERAL DIFFERENTIAL
EQUATION OF THE FIRST ORDER IN THE SPACE L,(R)

N. CHERNYAVSKAYA AND L.A. SHUSTER

ABSTRACT. We consider the equation

1) —r(@)y () +a(@)y(z) = f(z), z€R
where f € L,(R), p € [1,0] (Lo (R) := C(R)) and
(2) 0<reCR), 0<gqe Ll R).

We obtain minimal requirements to the functions r and ¢, in addition to ,
under which equation is correctly solvable in Ly, (R), p € [1, c0].

1. INTRODUCTION

In the present paper, we continue the investigations of [11 [2, [3, [5]. We consider
the equation

(1.1) —r(x)y'(z) + q(z)y(x) = f(z), zeR
where f € L, (L,(R) := L), p € [1,0), (Lo (R) := C(R)), and
(1.2) 0 <re C(R), 0<qe LFR).

By a solution of (|1.1)) we mean any absolutely continuous function y satisfying
(1.1) almost everywhere. In addition, we say that for a given p € [1, o0] equation
(1.1 is correctly solvable in L, if

I) for any function f € L,, equation (1.1) has a unique solution y € Ly;

IT) there is an absolute constant ¢(p) € (0, 00) such that the solution y € L,
of (|1.1) satisfies the inequality

(1.3) lyllp < eI fllp,  VfeLlp (Ifllp:=IFlz,)-

For brevity, below we say “question on I)-II)” and “problem I)-II)”. We use
the letters ¢, ¢(-) to denote absolute positive constants which are not essential for
exposition and may differ even within a single chain of computations.
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Note that in [IL 2], B] we studied a boundary value problem consisting of (1.1J)
and the boundary conditions
(1.4) lim y(z)=0.
|z]—o00
Here conditions (1.4)) were useful in the study of the boundary value problem
because its solution y, if it exists, is of the form (see [2]):

L5)  y(@) = (G)(x) = pla) /009(5)f(£)d£, fel, zeR.

Here

(1.6) u(x)exp(/owzggdﬁ), H(x)@exp(/ozzggdf), reR.

In I)-II), the solution y € L, of is also of form , but in the absence of
the a priori property it is more difficult to prove . In any case, whenever
formula is proven, the conditions for I)-II) to hold clearly coincide with
the conditions for the integral operator G: L, — L, to be bounded (for a fixed
p € [1,00]). We study these conditions and obtain a precise answer to the question
on correct invertibility in L, of the simplest differential operation

Ly=-ry +qy

with coefficients of constant sign (see (1.2))). We thus propose three unconditional
criteria for I)-II) to hold: Theorems and (see §3; the cases p = 1,
p € (1,00) and p = oo are considered separately, according to theorems on norms of
integral operators). Note that to apply these criteria to particular equations ,
one needs sharp by order estimates of improper integrals (see §3). This implies
that in their original form, these criteria are applicable to particular equations
only under strong additional requirements to r» and ¢ which guarantee all required
estimates. On the other hand, we use Theorems and [3.5] as a starting point
for obtaining less general but much more efficient conditions for practical checking
of conditions I)-II). See §§5-6 for some simple examples.

Likewise, but using special techniques due to M. Otelbaev (see [2] [3]), one can
obtain efficient necessary (and similar sufficient) conditions for the validity of I)-II),
expressed as local requirements to r and ¢. The proofs of such conditions are more
complicated than simple argument of §§5-6 and need a separate exposition. We
will present them in a forthcoming paper.

2. PRELIMINARIES

Throughout this section (and also in §§3, 4), conditions (1.2)) are assumed to be
valid and are not mentioned in our statements.
We need some facts from [2]. Assume that

0
(21) Sl =00, Sl déf/ @dt
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Then for every z € R, one can define the function (see [II 2]):

(2.2) d(z) = inf{d : ®(z,d) = 2} o( d)‘ief/z+d‘](t)dt

. x) = (111;0 :®(x,d) =2}, r,d) = RS

Functions of such a form were introduced by Otelbaev (see [0]).
Consider the boundary value problem (see §1):

(2.3) —r(@)y(z) +q(@)y(z) = f(x),  zER,
(2.4) |z1\i£>noo y(x) =0.

Definition 2.1 ([2]). Let p € [1,00]. We say that the boundary value problem

(2.3)—(2.4) is correctly solvable in L, if equation ([2.3)) is correctly solvable, and,
regardless of f € L,, the solution y € L, of (2.3) satisfies (2.4).

We now give the conditions for correct solvability of (2.3)—(2.4)).
Theorem 2.2 ([2]). Let p € (1,00), p' = p(p — 1)~ L. Problem (2.3)-([2.4) is

correctly solvable in L, if and only if the following conditions hold:
1) M, < co where M, = sup M,(x),

z€R
o= [ [ oo (- [ 1) al”
(2.5) . [/m”@exp(_pf/:gggdg) a]"
2) Sp =00 (see [2.1));
3) Ay < oco. Here
(2.6) Ap = sup Ap ()
(2.7) Ay () = /m Zj:) - (‘tl;p, . zeR.

Theorem 2.3 ([2]). Problem (2.3)—(2.4)) is correctly solvable in Ly if and only if
the following conditions hold:

1) Sy =00 (see (2.1)));
2)

def .
(2.8) ro > 0, ro = ;Ielﬂ’l“(l‘),

3) My < oo, My = sup,cg Mi(z) where

(2.9) Ml(a;):r(lx)/;exp<—/tnggd§)dt, zeR.
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Theorem 2.4 ([2]). Problem (2.3)—(2.4) is correctly solvable in C(R) if and only
if Ag = 0 where

(210) o= lm A(x), A(x):/;or(lt)exp(—/;gggdé“)dt, zeR.

Our proofs (see §4, §6) are based on the following theorems.

Theorem 2.5 ([2]). Let p € (1,00), let p, 0 be continuous positive functions
defined on R, and let

(211) (KN =ulo) [ 6@1©d,  aek.

Then the operator K: L, — L, is bounded if and only if H, < co. Here H, =
sup Hp(z),

z€R

(2.12) @) = [ | ; | / Totey ]
P R

p=—— z
p—1
In addition, we have the inequalities
(2.13) Hy < [IKllp—p < (0)/7 - ()7 H,y .

Remark 2.6. Theorem 2.5 follows from Hardy’s inequality (see [7]). See, e.g., [2]
for such a proof. In [8], an original direct proof of this theorem (under weaker
requirements on p and 6) are given.

Theorem 2.7 ([]). Let KC be the operator (2.11). Then
(2.14) IKllot) e = supnta) [ 0te)d.
rEe x

Further, let —oo < a < b < oo, suppose that the functions y(x) and 0(x) are
continuous for x € (a,b) and let IC be the integral operator

b
(2.15) €Nx) = uo) [ 0Of@ds. e (@b,
Then
(2.16) IR lwssion = s 0) [ oyt

Note that some technical assertions are given in §5.

3. RESULTS

Below, we present only unconditional criteria for the validity of I)-II). Some
consequences requiring additional requirements to r and ¢ are given in §5.

Theorem 3.1. Let p € (1,00). Equation (L.1)) is correctly solvable in L, if and
only if M, < oo (see Theorem .



CORRECT SOLVABILITY OF A GENERAL DIFFERENTIAL EQUATION 91

Corollary 3.2. Let p € (1,00). Equation (L.1) is correctly solvable in L, if and
only if the operator G: L, — L, (see (1.5))) is bounded. In the latter case, S; = oo

(see (2.1))), and the solution y € L, of (L.1) is of the form y = Gf. In addition,
(3.1) C_l(p)Mp < Gllp—p < clp) M.

Thus, the only difference between Theorem [2.2] and Theorem [3.1]is the condition
Ap < oo (see (2.7)). This condition is a minimal requirement, in addition to the

conditions of Theorem which guarantees (2.4]). In §7, we give an example of
equation (|1.1f) for which 51 = oo, M, < co and A, = co.

Theorem 3.3. FEquation (L.1)) is correctly solvable in Ly if and only if M7 < o0
(see Theorem [2.).

Corollary 3.4. Equation (1.1) is correctly solvable in Ly if and only if the operator
G: Ly — Ly is bounded (see (1.5))). In the latter case, S; = oo (see (2.1))) and

(3.2) 1Gllim1 = M.
Thus the only difference between Theorem [2:3] and Theorem [3.3]is the condition
ro > 0 (see (2.8)). This condition is a minimal requirement, in addition to the

conditions of Theorem which guarantees (2.4]). In §7, we give an example of
equation (1.1)) for which S; = oo, M1 < 00 and rq = 0.

Theorem 3.5. Equation (1.1)) is correctly solvable in C(R) if and only if the
following conditions hold:

0
[T
(3.3) S =00, S /O L.
2) A< oo, A= sg}gA(a:), where (see (L.6))
(3.4) A(@) = (=) / Towdt,  zcR.

Thus, the only difference between Theorem [2.4) and Theorem [3.5]is the condition
Ao = 0 (see Theorem Thus equality is a minimal requirement, in addition to
1)-2), which guarante. In §7, we give an equation for which Ss = oo,
A < oo, Ay > 0.

4. PROOFS
Proof of Theorem [B.1l Necessity.

The following obvious remark is stated as a separate assertion.

Lemma 4.1. Let y be a solution of (1.1), let p and 6 be defined by (1.6)), and let
—00 < x <t < oo. Then we have the following equality:
y(t) _ y(=)

(4.1) m5=m5—éemﬂ®%.
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Fix numbers —oo < t; < t9 < oo and introduce the function

0(6)1)/—1 ’ 5 € [t17t2]7 P
1.2 - P
- old) {o, gt | pl
Then

to 1/ to , 1/
as U= [ [ e = [Coera] " <.

In (1.1), set f = fo, and denote by yo € L, the solution of such an equation (1.1f).

In (4.1), set f := fo, y := yo,  :=to and let t > & = t5. Then (see (4.2))
p(t)

4.4 t) = yolt Lt >t

(4.4) Yo(t) = wo( Q)M(tz) 2

From (4.4) it follows that yo(t2) = 0 since otherwise (see ((1.6])):
o> Il > [ ol ae = lea)pr [ (L) a
tz t2

u(ta)
> |y0(t2)|p/ ldt=00 = yo(ta) =0 = (see )
to
(45) yo(t) = 0, t>to.
Hence, by and , we have
(4.6) @) =u(o) [ 0©OREE,  scr.

Let us now estimate ||yol|, from below (see (4.6), (4.1), (4.2)):
oo oo p
lwnlly = [ wter| [ o) noce) ae'ar
—00 t

- /_oo oy / ool ) at

> [ wera( [

_ Cocne ) -

(@7) ol = ([ worar) ([ ocer ae).

Therefore, by (1.3)), (4.3) and , we get
t1 1/p t2 ’
([ wtwrar) ™ ([ 007" a€) <l < o)l sl
t1

= [ oerae)” =

(4.8) (/t u(t)pdt)l/p(/f 9(5)P’dg)1/pl <elp)<oo, t <t

— o0 1
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Since in (4.8) the numbers ¢ and t5 (t1 < t3) are arbitrary, from (4.8]) for x € R
we get

. t Upr [ € uls Uy
{/_Ooexp(p/o zggdf)dt}/ {/I @exp(—p’/0 zgsgds)dd/
<¢(p) < .

Using the relations

t@ _ 3:@ - 3:@ )
/or(é)df_/o @) ® /tT(g)dﬁ, >t,

/ogqusfozﬁd”/:fgd& 233

we easily bring the second inequality to the form , which immediately give the
inequality M, < oo (see Theorem [2.2).
Proof of Theorem [3.1] Sufficiency.

Let p € (1,00) and M, < co. Set y = Gf (see , ) Then from Holder’s
inequality, it follows that

W@ _ ([ e ey )
(19) 2l < ([ o ae) . aen.

It remains to show that presents the unique solution of that belongs to
L,. Since M, < oo then due to (4.9 we obtain that the integral converges
for x € R, the function y = G f is defined, absolutely continuous and satisfies
almost everywhere on R. Moreover, holds (see Theorem . Finally, the
solution z of the homogeneous equation

(4.10) —r(z)' (z) + q(z)2(z) =0, reR

is of the form

“q(8)
z(x) = cexp —=d£), r € R, ¢ = const
= cesn ([ Ty
and belongs to L, only for ¢ = 0 because otherwise we would have

00> 4l 2 121 0y = Ie? [ exo (v [ 253 d) o

o0
> |c|p/ ldx = 0o contradiction = ¢=0,
0

i.e., z = 0. The theorem is proved. O
Proof of Corollary Let p € (1,00) and M, < co. Then M,(z)| < o0

and therefore . . " =0
/ exp(—p/t L de) di < oc.

— 00

Assume now that S; < co. This implies that

oo>/oooexp(—p/tozggd§>dt>/Oooexp(—pSl)dt:oo.
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Contradiction. Hence S7 = oo. The remaining assertions of the corollary are
immediate consequences of Theorems and O

Proof of Theorem (Necessity) and Corollary Let f € L1,n>1and

(4.11) Fulz) = {(J)‘(m), i igizﬂ

Denote by y, the solution of ([1.1)) with the right-hand side f,, which lies in L;.
Then, repeating the initial part of the proof of necessity of the conditions of

Theorem we obtain that y(n) = 0 and therefore (see (4.1)), (1.5))
@12) ) = (Gh)@) =) [ 6QL©Od, s <n.
Now from (4.11)), (4.12) and (1.3)), it follows that

(4.13) 1YnllLy(=nm) < [YnllL, < elfallzy = e fnllzy=nm) -

Since f,, is an arbitrary function from the class Li(—n,n), from (4.13]) we obtain
that the operator G,,: L1(—n,n) — Li(—n,n) where

(4.14) (Gnf)(x) = p(x / 0(&)f(&)d¢, feLi(-n,n), x| <n
is bounded, and (see Theorem

x

sup 6(2) [ 4(t)dt = |Gl (nmys(nam < (1) < 0.
|z|<n -n

The latter bound holds for all n > 1, and therefore M; < oo and (3.2) holds. The

equality S; = oo can be checked in the same way as Corollary

Proof of Theorem (3 - (Sufficiency) and Corollary 3.4] Let M1 < oo Sety =

Gf for f € Ly (see (L1.5), - Since ||G|li—1 < oo (see (2.9), ([2.16)), we have
y € Ly. In addition, from , . ) for t > x we get

M_ ! o B t w
= / 0(6)1(€) de + / 0(6)1(€) d = / e st + 1.

ie., holds. Further, since the function 8(¢) is continuous for £ € R, from
and absolute continuity of the integral, it follows that the function y(¢), t € R is
absolutely continuous too. Now from , it is easy to obtain , ie., yis
a solution of (1)), y € Ly and (see above) holds with ¢(1) = ||G|j1-1 = M;.
Finally, ro prove that has a unique solution in the class L, one can use the
same argument as in Theorem [
Proof of Theorem [3.5l Necessity. Suppose that equation is correctly sol-
vable in C'(R), and let z be the function from with ¢ = 1. If Sy < oo, then
setting c =1 in we obtain that z € C(R), and z is a solution of with
f =0. Then by we have

0 < |lzllem) = exp(S2) < ¢(00)[0]lc®) = 0.

Contradiction. Hence Sy = co. Now set f = 1 in (1.1]), and let y be a solution
of this equation such that y € C(R). Since S = co and y € C(R), from (4.1)) it
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follows that % — 0 as t — oo, and therefore (1.5 holds with f = 1. Together
with (|1.3]), this implies that

Azsup/oo1eXp(—Ltmdf)dt:supy(x)|

z€R Jz T(t) 71(5) z€R

= lyllem < c(0)|fllem = cloe) < oo.

Proof of Theorem [3.5l Sufficiency.
For f € C(R) set y = G f (see (1.5, (1.6). Clearly, y € C(R) since

¥l = supp(a)| [ T o) (e e < sup ((o) | " o(6)de) £ o

= Allfllem) < oo,

and this also gives (1.3)). In addition, y is a unique solution of (l.1) in the class
C(R) because the function z from (4.10)) for ¢ # 0 does not belong to C(R) in view
of (3.3). O

5. ADDITIONAL ASSERTIONS

In this section, we show that one can extract from result of §3 certain assertions
which are efficient and convenient for investigating concrete equations. Several such
theorems are presented below; see §6 for their proofs.

Theorem 5.1. If equation (1.1)) is correctly solvable in L,, p € [1,00], then

B, < co. Here (see (2.2))

SUpP,cr %, for p=1
z+d(x l/p’
(5.1) By =1 sup,cpd(@)/?( [T A )Ty = 2 for pe (1e0)
z+d(z)
SuszRf +d(x) r%i)’ fO’f‘ p=c0.

The main difference between the necessary condition and those of the
theorems of §3 is the fact that the condition B, < oo is usually local because for
particular equations one has, as a rule, the inequality dy < co where
(5.2) do = sup d(x).

r€R
Even if dy = oo, when studying the condition B, < 0o, we nevertheless can rely
on powerful of local analysis since d(z) < oo for any = € R (see [2]). In particular,
below we give convenient tools for establishing two-sided, sharp by order estimates
of the function d, which guarantee all our assertions in most cases.

Note that under some non-rigid additional requirement to the function d, the
condition B, < oo becomes also sufficient for the correct solvability of equation
in L, for all p € [1,00]. Thus (under this additional condition on d), when
investigating I)-II), we can study, instead of hard global conditions of §3, the
significantly and conceptually easier local requirement B, < co. However, to prove
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the latter fact, we need separate considerations, which will be given in a forthcoming
paper.

Now we present our results. The following assertion serves as a main tool for
obtaining estimates for the function d (see Theorem below).

Theorem 5.2. [2] Let S; = oo (see (2.1))). For x € R, the inequality n > d(x)
(0 <n < d(x) holds if and only if F(n) > 2 (F(n) < 2). Here

T+n t
F(n) & / i) 4
v—n T(t)
Theorem 5.3. Suppose that the following conditions hold:
1)
(5.3) 0 <r e C°(R), 0 < qe LP(R);
2) there exist functions g1 and qa such that
(5.4) =q+q
(5.5) 0<q €C™(R), gell[®R), eACy),;
3)
(5.6) i (z) — 0, y(z) — 0 as |z] — oo,
where
2 z+E 1
(5.7) i (z) = ( r(z) ) sup / (fh(s)) ds‘ ’
ql(x) ‘E‘<2ﬂ z—§€ T(S)
=" q1()
(5.8) so(x) = sup ‘ /
<253y

q1(z)

Then the following relations hold:

(5.9) d<x>=;(("‘;))<1+5<x>>, 6@)| < con(a) + (@), o > 1.

_1 () m T
(5.10) c @) <d(x) < qu(x) , eR.

We note another useful property of the function d.

Theorem 5.4 ([2]). Let S1 = oo (see (2.1))). Then dy < oo (see (5.2)) if and only
if there exists a € (0,00) such that m(a) > 0. Here

(5.11) m(a) = inf /I+a a(t) dt.

z€R J,._ 4 ’I"(t)

In the following theorems, we give sufficient conditions for correct solvability of
equation (1.I) in Ly, p € [1, x].
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Theorem 5.5. Let m(a) > 0 (see (5.11))), £(a) < oo for some a € (0,00). Here

xz+a
(5.12) l(a) = ilelg/_ TCZ)

Suppose that there exists a € [0,00) such that the following inequality holds:

(5.13) :((i)) Z((f)) < cexp (oz‘ /: zgg de , z,t €R.

Then equation (1.1)) is correctly solvable in L, for all p > cv.
The next assertion gives us a way for checking (5.13)).

Theorem 5.6. Suppose that conditions (L.2]) hold and, in addition.
1)

(5.14) r € AC'°(R);
2) there exist functions q1 and qo such that

(5.15) q=q1+ G2

(5.16) 0 < q € L°(R), ¢ € LY°(R);
3) there exists a > 0 such that

(5.17) |7’ (2)] < aqi(x), zeR;

4) the following inequality holds:

(5.18) = sup ‘/ a2(¢ df‘

z,teR

Then the estimate (5.13)) holds.

Theorem 5.7. Suppose that the following conditions hold.

1) m(a) > 0 for some a € (0,00) (see (5.11)));
2)

(5.19) ro >0, ro < inf r( ).
z€R

Then (L.1) is correctly solvable in L, for all p € [1,0].

Theorem 5.8. Let m(a) > 0 and {(a) < co for some a € (0,00). Then equation
(1.1) s correctly solvable in C(R).
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6. PROOFS OF ADDITIONAL ASSERTIONS

Proof of Theorem [5.1l Suppose that for a given p € [1,00] conditions I)-II)
hold. Consider the cases 1) p=1; 2) p € (1,00); 3) p = oo.
Then we have
1) Sy = oo (see (2:1)) by Corollary B-4]and M; < oo (see (2.9)) by Theorem [3.3]
We now use :
oo>M1:supi/ exp(f/ @d@dt
z€R 7“(33) t T(f)

— 00

2o [ oo (= [ g )@

d(x) ed(@) g(¢) o d(x)
2o en (= [ G de) = et T <y

2) S1 = oo (see (2.1))) by Corollary [3.2]and M, < oo (see (2.5)) by Theorem [3.1}
We now use (2.2):
x t

00 > M, = fféﬁ (/exp (—p/zgg df) dt) 1/p (/r(tl)p/ exp (— p’/ zgg df) dt)l/p/

—o0 t © z
x x z+d(z) t
/ , /P’

> 21;& Elm)exp (—p/f@ df) clt)1 p( I/ #exp (—pz/zgg d§) dt)l :
zsup( j exp(—p ] zggdg)dt)l/p

vek z—d(z) c—d(z)

z+d(x) ) z+d(z)q(£) Ly
x( / Wexp(—p' / @cE)dt)
m+d(z)q(£) a+d(z) o

= ilelg exp ( w_lw) @ df) d(x)l/P( ! r(t)p') = e*QBp .

3) S2 = 00 (see (3.3)). Then the function d (see (2.2)) is defined on R. This
can be proved in the same way as in the case S; = 0o (see [2]). In addition, it is
known (see [2]) that the function d(z) is continuous for z € R, and z — d(z) — oo
as  — 0o. Further, A < oo (see (3.4)). We now use :

c>o>A=sup/C>O lexp(—/xt ﬁdodt

zeR Jo—d(z) T(t) —d(z) T(§)
z+d(z) z+d(z)
> sup/ L exp ( — / @ df) dt = e ?B...
zeR Jo—d@) T(t) a—d(z) T(§)
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Proof of Theorem [5.3l We need the following assertion.

Lemma 6.1. Let f € ACI(;C)(R), z €R, n>0. Then

(6.1) /;:nf( )dt = 2 f(x / / / s)dsdedt .

Proof. The following relations are obvious:

z+n z z+n n
/_ f(t)dt:/_ f(t)dt+/ f(t)dt:/o [Flo+ 1) + flz — 1)) dt

— onf(a) + /"[f<x+t> f(@)] dt /"[f(ac) f - ) dt

=2nf(x // 1 dfdt—/ ztf ) d€ dt
=2f(x // (x+s)|"dsdt — // (x —s)]' dsdt
=2nf(x /// T)drdsdt.

Let € R, n > 0. Then (see (5.4), ):
- / s [ e [
(6.2) - (;) / / /I+£ (s ) " dsdedt + /:Z" %? dt.

Set

3 r(x)
2q1(z)’

In the following relations we use (6.2)), (6.3), (5.7), (5.8 and (5.6):

r(x) \2 T ()N
F<’h<x>>>3—§(qf(ﬁ)) sup /gg_5 (qr((s))) ds‘

(6.3) n=m(z)= || > 1.

lel<2 25
(6.4) —  sup / a2(5) ds’ =3— - (x) — () > 2.
ei<2 @ og 7(5) 8

From (6.4) and Theorem [5.2|it follows that n > d(z), |z| > 1. Set

lz| > 1.

99
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Then we obtain in a similar way that

1
() <14 L (1D | / ds]
8\qi(z) el 2
z+E€
(6.5) + sup / 42(5) %17(%) +n(x) < 2. O
g2y amg T
—aq1(x

From (6.5) and Theorem [5.2] it follows that n(x) < d(z), |z| > 1. Thus we
obtained (5.9)). Let
d(z)qi (z)

(6.6) p(x) = )

Slnce the function d(x) is positive and continuous for z € R, so is the function ¢

(see (6.6)), (5-3), . In addition, ¢(z) € [3,3] for |z| > |zo| > 1 (see (5.9)).

The function ¢ is positive and continuous on [—zg, Zo] and hence is separated from
zero and bounded, and we obtain (5.10)).

Proof of Theorem We need the following assertion.
Lemma 6.2. Let § > 0 and m(a) > 0, £(a) < 0o for some a € (0,00) (see (5.11))

and (5.12)). Then

reR.

(6.7) gsclelﬁ/j -9 ) zgg d¢ dt c(0) < o0,
¢
(6.8) ilelg/ —exp (5/ a€) d{ dt c(0) < 00.

Proof. Estimates and ( are proved in the same way; therefore, we only
consider (6.8). Let us introduce segments {A,,}2°, :

(6.9) A, =[A,,AF], A =2, +a, Tn =2+ (2n—1)a, L =x.
We have the equality
(6.10) Ar =AF, n>1.

Below we use and ( -
/x / dg dt Z/ eXp —6 At iggdg) dt
Sl

n=1
a) Y exp(—dm(a)(n — 1)) = c(6) < o0.

Let us now go over to the main assertion for p = 1. By Theorem we have to
prove that My < oo (see (2.9)).
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Below we use the inequalities (5.13)), m(a) > 0, £(a) < co and (6.7):
S fa©)
m=sp gy [ oo (-] Tg o)
B o) 1 “q(§)
—u e (< T

Sig%/_:;ﬂlt)exp(_(l_a)/t zggdf)dt<oo.

For p € (1,00), by Theorem we have to show that M, < oo (see (2.5))).
Below, for p € (1,00), we use the same tools as in the case p =1 (see above):

ot =g [ [ o o [5G )] [ [ (o g 06) o)™

|
> ()P [ /v
L Ga) e (2 [ g )
1

’

* z /p
Sgsclelg[ _m%exp(—(p—a)/t zggdf)dt}
x{/:or(lt)exp(—(p'—a(p’—l))/x zggdﬁ)dt]l/p

seml [ mgeo (#0=5) [Tg)a] " <

O

Proof of Theorem [5.6l The assumptions of the theorem allow one to deduce
the following obvious implications:

—aq1(§) <€) < aqi(§), EeER =

/!
(6.11) 0O O ai©)
r(€) — () ()
Let, say, x <t (the case > t can be considered in the same way). From ([6.11])
it follows that

o [ 1© L0 )
/x e =M = / o * =

O @) e [ e
/ e K /g,.r(odg Lm i

/nggdf‘-i-a/zqf((f))ddﬁa/xj((gdg’_kcy

£eR.

R
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RO _a/t (6 df:—a/t 16) ~a:(6)

@) () ")
o [(19 e, [ 02O
= /mr@)d“/w ()

G

Q(f)di‘ / /t Q(f)df’

-« —c

r(8) 2 + T(&)

This implies (5.13]). O
Proof of Theorem [5.7. We need the following assertion.

df’__

Lemma 6.3. Suppose that the conditions of the theorem hold and § > 0. Then
one has the inequalities

(6.12) ilg};[ exp 5/ g dg dt =c< 00,
(6.13) zlég/ exp 5/ df dt =c<00.

Proof. Below we use the notation of the proof of Lemma

iléﬁ/ exp 5/ d£ Z/ exp 5/ dfdt

<22aexp 5/ d§ <2aZeXp —om(a)(n—1)) =c< 0.

Inequality (6.12)) is checked in the same way. O

To finish the proof, we use Lemma [6.3] and Theorems [3.I] and [3.3] For p =1 and
€ (1,00), we get, respectively,

=gy [ e (= g o)
<:Oilég/_;exp(—/jzégdf)dt:c<oo,

= ([ e (=0 [ Hgae)a)

X (/:Or(lt)p’exp(—p’ ) ;{Egdf)dt)l/p

<:021€1g</$ooexp(—p’/gﬂtz§§;ds)dt) /p/:c<oo.
O

Proof of Theorem [5.8. This is an immediate consequence of Lemma and
Theorem [3.51 O
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7. EXAMPLES

As an example, we have the following assertion.

Theorem 7.1. [5] Suppose that in (1.2) we have r = 1 and p € [1,00]. Then
equation (L.1)) is correctly solvable in Ly, if and only if go(a) > 0 for some a € (0, 00).
Here

z+a
7.1 = inf t)dt.
(7.1) w(@ = inf [ a0
Proof of Theorem [T.1l Necessity.
From Corollaries [3.2] [3-4] and Theorem we obtain

(7.2) / q(t)dt = oo
and therefore the function d(z), * € R (see (2.2)), is defined. Further, from
Theorem [5.1] and the equality » = 1 it follows that

(7.3) oo > By, > supd(x) = do, p € [1,00].
z€R
From (7.3) we now get (see ([7.1) and (2.2))
z+dg z+d(z)
qo(dp) = inf q(t)dt > inf q(t)ydt =2.
zeR z—dg z€R z—d(z)

Proof of Theorem [T.1l Sufficiency.
Since do < oo (see ([7.3)) and Theorem [5.4)), we have (see (5.11)) and (7.1))

m(do) = qo(do) > 1, ro =1
and it remains to refer to Theorem [5.7 O

Below we give an example of an equation which is correctly solvable in Ly,
p € [1,00], for which the boundary problem 1) is not correctly solvable.
See [2, 3] for various situations related to (2.3)—(2-4).

Consider equation with

1
7.4 = — =1 R.
(74) )= s a@=1 o
We need the following assertion.

Lemma 7.2. Suppose that (7.4]) holds and we are given numbers o, 3, v satisfying
the following conditions:

(7.5) a>1, |y —1] < 28.
Then we have inequalities

(7.6) J(z,a) <er(x), I(x,8,7) < er(z) ™7, r€eR.
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Here
’ “q(8)
(77) J(x,a)z/ oo (—a [ Dar,  aem,
—00 t T(f)
(7.8) I(z,ﬁm):/ ﬂ/ d§ dt z€R.
Proof. Inequalities ((7.7)) and | j are proved in the same way, by integrating by

parts. Therefore we only prove ([7.§]

I(m,ﬁﬁ)—/m 6/ df dt
- ﬁ/ (e *ﬁ/z rﬁ)”

_ t
:ﬂr(x)«,fl_,yﬂl g Tt?yexp<—ﬁ/x %)dt

1 1
S ﬂr(m)'yfl + |’y2ﬁ |I($,ﬂ,’}/) = "

O

Let p = 1. By Lemmal7.2} we obtain M; < oo and then by Theorem [3.3] equation
in the case is correctly solvable in L. Since here we have ro = 0 (see
(2.8)), by Theorem the boundary problem (2:3)—(2.4) is not correctly solvable
in Ly. Let p € (1,00). By Lemma [7.2] for a=p,v=p0=p, we obtain M, < oo;
therefore, by Theorem [3.1] u, equatio in the case (|7.4)) is correctly solvable in
L,,. Let us estimate A, (see (2.7)). We apply Theorem to the pair of functions

(7-4) and easily obtain

i) < —C eR
X o m—— X .
1422~ — 1422’

Since p’ > 1, from (7.9), we easily get the following relations (see (2.7)):

(7.9)

z+d(x) dt ,

Ay =sup Ay (z) = sup/ - > ctsup(1 4 2P 7 = 0.
z€R 2eR Jo—d@) T()P z€R

Hence, problem (2.3)—(2.4) is not correctly solvable in L, for p € (1,00), due to

Theorem

Let p = co. In this case, A < co by Lemma[7.2} and by Theorem [3.5 equation
in the case ([7.4) is correctly solvable in C'(R). Further, we establish the equality
Ag =1 (see n a straightforward way; therefore, problem (2.3)—(2.4) is not
correctly solvable in C(R) by Theorem
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