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ON TOTALLY UMBILICAL HYPERSURFACES OF WEAKLY
PROJECTIVE SYMMETRIC SPACES

SHYAMAL KUMAR HUI AND FÜSUN ÖZEN ZENGIN

Abstract. The object of the present paper is to study the totally umbilical
hypersurfaces of weakly projective symmetric spaces and it is shown that
the totally umbilical hypersurfaces of weakly projective symmetric space is
also a weakly projective symmetric space.

1. Introduction

In 1989 Tamássy and Binh [12] introduced the notions of weakly symmetric
and weakly projective symmetric spaces. A non-flat Riemannian space Vn(n >
2) is called a weakly symmetric space if its curvature tensor Rhijk satisfies the
condition

(1.1) Rhijk,l = AlRhijk +BhRlijk + CiRhljk +DjRhilk + EkRhijl,

where A, B, C, D and E are 1-forms (not simultaneously zero) and the ‘,’
denotes the covariant differentiation with respect to the metric of the space.
The 1-forms are called the associated 1-forms of the space and an n-dimensional
space of this kind is denoted by (WS)n. The existence of a (WS)n is proved
by Prvanović [8]. Then De and Bandyopadhyay [4] gave an example of (WS)n
by a metric of Roter [9] and proved that in a (WS)n, B = C and D = E [4].
Hence, the defining condition of a (WS)n reduces to the following form:

(1.2) Rhijk,l = AlRhijk +BhRlijk +BiRhljk +DjRhilk +DkRhijl.

In this connection it may also be mentioned that although the definition of
a (WS)n is similar to that of a generalized pseudosymmetric space introduced
by Chaki [2], the defining condition of a (WS)n is little weaker than that
of a generalized pseudosymmetric space. That is, if in (1.1) the 1-form A is
replaced by 2A and E is replaced by A then the space will be a generalized
pseudosymmetric space.
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In particular, if in (1.1) the 1-form A is replaced by 2A and B, C, D and
E are replaced by A, then the space turns into a pseudosymmetric space of
Chaki [1].

The projective curvature tensor on a space Vn(n > 2) is defined by

(1.3) Phijk = Rhijk −
1

n− 1

[
Rijghk −Rhjgik

]
,

where Rij is the Ricci tensor of the space.
A Riemannian space Vn(n > 2) (the condition n > 2 is assumed throughout

the paper) is called weakly projective symmetric space [12] if its projective
curvature tensor is not identically zero and satisfies the condition

(1.4) Phijk,l = AlPhijk +BhPlijk + CiPhljk +DjPhilk + EkPhijl,

where A, B, C, D and E are 1-forms (not simultaneously zero). Such an n-
dimensional space is denoted by (WPS)n. Here W stands for the word weakly
and P represents the projective curvature tensor.

Recently, Shaikh and Hui [10] studied weakly projective symmetric spaces
with the existence of such notion by several proper examples. It is shown that
[10] in a (WPS)n the associated 1-forms B = C and D 6= E and hence the
defining condition (1.4) of a (WPS)n reduces to the following form:

(1.5) Phijk,l = AlPhijk +BhPlijk +BiPhljk +DjPhilk + EkPhijl,

where A,B, D and E are 1-forms (not simultaneously zero). If in (1.4), the
1-form A is replaced by 2A and B, C, D and E are replaced by A, then the
space reduces to a pseudo projective-symmetric space [1].

Recently, Özen and Altay [6] studied the totally umbilical hypersurfaces of
weakly symmetric and pseudosymmetric spaces. Again Özen and Altay [7]
studied the totally umbilical hypersurfaces of weakly concircular and pseudo
concircular symmetric spaces. In this connection it may be mentioned that
Shaikh, Roy and Hui [11] studied the totally umbilical hypersurfaces of weakly
conharmonically symmetric spaces.

The object of the present paper is to study totally umbilical hypersurfaces
of a (WPS)n, and it is shown that such a hypersurface is also a weakly pro-
jective symmetric space. It is proved that if the totally umbilical hypersurface
of a weakly projective symmetric space with cyclic Ricci tensor is a weakly
projective symmetric space with cyclic Ricci tensor then the mean curvature
of Vn must be zero.

2. Preliminaries

Let {ei : i = 1, 2, . . . , n} be an orthonormal basis of the tangent space at
any point of the space. Then from (1.3), we have the following [10]:

(2.1) gijPhijk =
n

n− 1

[
Rhk −

R

n
ghk

]
,
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where R is the scalar curvature of the manifold and

(2.2) gjkPhijk = ghiPhijk = ghkPhijk = 0.

Also from (1.3) it follows that [10]

(i) Phijk = −Pihjk,
(ii) Phijk 6= −Phikj,
(iii) Phijk 6= Pjkhi,
(iv) Phijk + Pijhk + Pjhik = 0.

(2.3)

If we take the covariant derivative of the equation (1.3), we find

Pjkhi,l + Pklhi,j + Pljhi,k = Rjkhi,l +Rklhi,j +Rljhi,k

− 1

n− 1
(Rhk,lgij −Rjh,lgik +Rlh,jgik −Rkh,jgil(2.4)

−Rjh,kgil −Rlh,kgij

Remembering that Rijkl = Rklij and using the second Bianchi Identity, we
obtain

Pjkhi,l + Pklhi,j + Pljhi,k =
1

n− 1
((Rlh,k −Rhk,l)gij + (Rjh,l −Rlh,j)gik

+(Rkh,j −Rjh,k)gil)(2.5)

If the Ricci tensor of this space is Codazzi type then we get

Pjkhi,l + Pklhi,j + Pljhi,k = 0(2.6)

Thus, we have the following theorem [10]:

Theorem 2.1 (A. A. Shaikh and S. K. Hui [10]). The projective curvature ten-
sor of a Riemannian space Vn admitting Ricci tensor of Codazzi type satisfies
the relation

Pjkhi,l + Pklhi,j + Pljhi,k = 0(2.7)

3. Totally umbilical hypersurfaces of weakly projective
symmetric spaces

Let (V , g) be an (n+1)-dimensional Riemannian space covered by a system
of coordinate neighbourhoods {U, yα}. Let (V, g) be a hypersurface of (V , g)
defined in a locally coordinate system by means of a system of parametric
equation yα = yα(xi), where Greek indices take values 1, 2, · · · , n and Latin
indices take values 1, 2, · · · , (n+1). Let Nα be the components of a local unit
normal to (V, g). Then we have

(3.1) gij = gαβy
α
i y

β
j ,

(3.2) gαβN
αyβj = 0, gαβN

αNβ = e = 1,
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(3.3) yαi y
β
j g

ij = gαβ −NαNβ, yαi =
∂yα

∂xi
.

The hypersurface (V, g) is called a totally umbilical hypersurface ([3],[5]) of
(V , g) if its second fundamental form Ωij satisfies

(3.4) Ωij = Hgij, yαi,j = gijHNα,

where the scalar function H is called the mean curvature of (V, g) given by
H = 1

n

∑
gijΩij. If, in particular, H = 0, i.e.,

(3.5) Ωij = 0,

then the totally umbilical hypersurface is called a totally geodesic hypersurface
of (V , g).

The equation of Weingarten for (V, g) can be written as Nα
,j = −H

n
yαj . The

structure equations of Gauss and Codazzi ([3],[5]) for (V, g) and (V , g) are
respectively given by

(3.6) Rijkl = RαβγδB
αβγδ
ijkl +H2Gijkl,

(3.7) RαβγδB
αβγ
ijk N δ = (H,i)gjk − (H,j)gik,

where Rijkl and Rαβγδ are curvature tensors of (V, g) and (V , g) respectively,
and

Bαβγδ
ijkl = Bα

i B
β
j B

γ
kB

δ
l , Bα

i = yαi , Gijkl = gilgjk − gikgjl.

Also we have ([3],[5])

(3.8) RαδB
α
i B

δ
j = Rij − (n− 1)H2gij,

(3.9) RαδN
αBδ

i = (n− 1)H,i.

From (1.3), (3.6) and (3.8), we obtain

(3.10) Pijkl = PαβγδB
αβγδ
ijkl .

Also from (1.3), (3.7) and (3.9), we have

(3.11) PαβγδB
αβγ
ijk N δ = (H,i)gjk − (H,j)gik.

Let (V , g) be a weakly projective symmetric space. Then we have

(3.12) P bcea,d = AdP bcea +BbP dcea +BcP bdea +DeP bcda + EaP bced,

where A,B, D and E are 1-forms (not simultaneously zero).
Multiplying both sides of (3.12) by Babcde

hijkr and then using (3.10), we get the
relation (1.5).

This leads to the following:

Theorem 3.1. The totally umbilical hypersurface of a weakly projective sym-
metric space is also a weakly projective symmetric space.

Corollary 3.1. The totally umbilical hypersurface of pseudo projective sym-
metric space is also pseudo projective symmetric space.
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If we consider that the hypersurface of a weakly projective symmetric space
(V n, g) is of Codazzi type Ricci tensor, then we obtain from Theorem 2.1,

P abcd,e + P abde,c + P abec,d = 0(3.13)

and we have from (1.5)

P abcd,e = AeP abcd +BaP ebcd +BbP aecd +DcP abed + EdP abce(3.14)

where A,B,D,E are 1-forms (not simultaneously zero). Permutating the in-
dices c, d, e in (3.14) by cyclic, adding these equations and using (3.13), we
get

AeP abcd + AcP abde + AdP abec +BaP ebcd +BaP cbde +BaP dbec +

+BbP aecd +BbP acde +BbP adec +DcP abed +DdP abce +DeP abdc +(3.15)

+EdP abce + EeP abdc + EcP abed = 0

Now, we assume that the totally umbilical hypersurface (V, g) of (V , g) is
a weakly projective symmetric space whose Ricci tensor is of Codazzi type.
Multiplying both sides of (3.15) by Babcde

hijkl , from (1.5) and (3.8), we find

H2((Al −Dl − El)Ghijk + (Aj −Dj − Ej)Ghikl

+ (Ak −Dk − Ek)Ghilj) = 0(3.16)

Thus, it can be said that from (3.16) either H = 0 or

(Al −Dl − El)Ghijk + (Aj −Dj − Ej)Ghikl

+ (Ak −Dk − Ek)Ghilj = 0(3.17)

If we suppose that H 6= 0 then using (3.16), we obtain

(Al −Dl − El)Ghijk + (Aj −Dj − Ej)Ghikl

+ (Ak −Dk − Ek)Ghilj = 0(3.18)

From Walker’s Lemma,[13] and (3.18), we can say that

Al = Dl + El for all l(3.19)

In this case we have the following theorem:

Theorem 3.2. If the totally umbilical hypersurface of a weakly projective sym-
metric space with Codazzi type Ricci tensor is a weakly projective symmetric
space with Codazzi type Ricci tensor then the 1-forms A, D and E satisfy the
condition Al = Dl + El

Multiplying (1.5) by gilgjk, from (2.2) and (2.3), we obtain

DhPhl = 0(3.20)

Again, multiplying (1.5) by gijghk, from (2.2), we also get

(Bh + Eh)Phl = 0(3.21)
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In addition to these equations, multiplying (1.5) by gijghl, from (2.2) and (2.3),
we find

P l
k,l = (Ah +Bh −Dh)Phk = 0(3.22)

Comparing the equations (3.19), (3.20), (3.21) and (3.22), it can be easily seen
that

P l
k,l = 0(3.23)

This leads the following theorem:

Theorem 3.3. If the totally umbilical hypersurface of a weakly projective sym-
metric space with Codazzi type Ricci tensor is a weakly projective symmetric
space with Codazzi type Ricci tensor then the divergence of the tensor Phk is
zero, i.e. P l

k,l = 0.

Let us take the covariant derivative of (3.8), then we obtain

Rab,cB
a
i B

b
jB

c
k = Rij,k − 2(n− 1)HHkgij(3.24)

Permutating the indices a, b, c by cyclic in (3.24) and adding these equations
side by side, we get

Rab,c +Rbc,a +Rca,b = Rij,k +Rjk,i +Rki,j(3.25)

−2(n− 1)H[H,kgij +H,igjk +H,jgik]

Assuming that V n is a weakly projective symmetric space with cyclic Ricci ten-
sor and Vn, the totally umbilical hypersurface of V n, is also weakly projective
symmetric space with cyclic Ricci tensor, (3.25) reduces to

H,kgij +H,igjk +H,jgik = 0(3.26)

where H 6= 0. From Walker’s Lemma [13], it must be from (3.26) H,k = 0, i.e.,
the mean curvature is constant. Thus, we have the following theorem:

Theorem 3.4. If the totally umbilical hypersurface of a weakly projective sym-
metric space with cyclic Ricci tensor is a weakly projective symmetric space
with cyclic Ricci tensor then the mean curvature of Vn must be zero.
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[6] F. Özen and S. Altay. On weakly and pseudo-symmetric Riemannian spaces. Indian J.
Pure Appl. Math., 33(10):1477–1488, 2002.
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