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ON TOTALLY UMBILICAL HYPERSURFACES OF WEAKLY
PROJECTIVE SYMMETRIC SPACES

SHYAMAL KUMAR HUI AND FUSUN OZEN ZENGIN

ABSTRACT. The object of the present paper is to study the totally umbilical
hypersurfaces of weakly projective symmetric spaces and it is shown that
the totally umbilical hypersurfaces of weakly projective symmetric space is
also a weakly projective symmetric space.

1. INTRODUCTION

In 1989 Tamédssy and Binh [12] introduced the notions of weakly symmetric
and weakly projective symmetric spaces. A non-flat Riemannian space V,,(n >
2) is called a weakly symmetric space if its curvature tensor Ry, satisfies the
condition

el = y g Ry Ry .
(1.1) Ryijig = AiRpiji + BrRuji + CiRuji + D Rpak + ExRpiji

where A, B, C, D and E are 1-forms (not simultaneously zero) and the ‘;’
denotes the covariant differentiation with respect to the metric of the space.
The 1-forms are called the associated 1-forms of the space and an n-dimensional
space of this kind is denoted by (W.S),. The existence of a (W.S),, is proved
by Prvanovi¢ [8]. Then De and Bandyopadhyay [4] gave an example of (W S),
by a metric of Roter [9] and proved that in a (WS),, B=C and D = E [4].
Hence, the defining condition of a (W5),, reduces to the following form:

(1.2) Ryijig = AiRpijie + BrRuji + BiRpyjie + Dj Ryaw + Dy Rpiji.

In this connection it may also be mentioned that although the definition of
a (WS), is similar to that of a generalized pseudosymmetric space introduced
by Chaki [2], the defining condition of a (W), is little weaker than that
of a generalized pseudosymmetric space. That is, if in (1.1) the 1-form A is
replaced by 2A and E is replaced by A then the space will be a generalized
pseudosymmetric space.
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In particular, if in (1.1) the 1-form A is replaced by 2A and B, C, D and
E are replaced by A, then the space turns into a pseudosymmetric space of
Chaki [1].

The projective curvature tensor on a space V,(n > 2) is defined by

1
(1.3) Phrijr = Rhijr — ] Rijgnk — Rnjgir |,
where R;; is the Ricci tensor of the space.
A Riemannian space V,,(n > 2) (the condition n > 2 is assumed throughout
the paper) is called weakly projective symmetric space [12] if its projective
curvature tensor is not identically zero and satisfies the condition

(1.4) Prijig = AiPriji + BrPujik + Ci Prjk + D Prak + EipPhiji,

where A, B, C', D and E are 1-forms (not simultaneously zero). Such an n-
dimensional space is denoted by (W PS),,. Here W stands for the word weakly
and P represents the projective curvature tensor.

Recently, Shaikh and Hui [10] studied weakly projective symmetric spaces
with the existence of such notion by several proper examples. It is shown that
[10] in a (WPS), the associated 1-forms B = C' and D # E and hence the
defining condition (1.4) of a (W PS),, reduces to the following form:

(1.5) Prijiy = AiPriji + BaPiji + BiPriji + D Phik + E Phiji,

where A, B, D and E are 1-forms (not simultaneously zero). If in (1.4), the
1-form A is replaced by 24 and B, C'; D and E are replaced by A, then the
space reduces to a pseudo projective-symmetric space [1].

Recently, Ozen and Altay [6] studied the totally umbilical hypersurfaces of
weakly symmetric and pseudosymmetric spaces. Again Ozen and Altay [7]
studied the totally umbilical hypersurfaces of weakly concircular and pseudo
concircular symmetric spaces. In this connection it may be mentioned that
Shaikh, Roy and Hui [11] studied the totally umbilical hypersurfaces of weakly
conharmonically symmetric spaces.

The object of the present paper is to study totally umbilical hypersurfaces
of a (WPS),, and it is shown that such a hypersurface is also a weakly pro-
jective symmetric space. It is proved that if the totally umbilical hypersurface
of a weakly projective symmetric space with cyclic Ricci tensor is a weakly
projective symmetric space with cyclic Ricci tensor then the mean curvature
of V,, must be zero.

2. PRELIMINARIES

Let {e; : i = 1,2,...,n} be an orthonormal basis of the tangent space at
any point of the space. Then from (1.3), we have the following [10]:

g n R
2.1 Y Phiji = [ o }7
(2.1) 9" Dhije = —— | Bk = —Gnk
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where R is the scalar curvature of the manifold and
(2.2) 7" Priji = ¢" Pk = 9" Pyiji = 0.
Also from (1.3) it follows that [10]

(¢)  Phijk = —Pinj,

(19) Prijk 7 — Phiky,

(13) Phijk 7# Pikni,

(iv) Phijk + Pijni + Pjnix = 0.

(2.3)

If we take the covariant derivative of the equation (1.3), we find

Piihig + Punij + Pijnigr = Rjknig + Rianij + Rijnik

(2.4) - ﬁ(th,lgij — Rjna9ik + Rinjgin — Rin,jga
— Lyp kGil — Rm,kgz'j

Remembering that R, = Ry and using the second Bianchi Identity, we
obtain

Piiniy + Prnij + Pijnir = ﬁ((th,k — Rui1)gij + (Rjng — Rinj)gik
(2.5) +(Rng — Rjnk)ga)
If the Ricci tensor of this space is Codazzi type then we get
(2.6) Pjihig + Prnij + Pijnip =0

Thus, we have the following theorem [10]:

Theorem 2.1 (A. A. Shaikh and S. K. Hui [10]). The projective curvature ten-
sor of a Riemannian space V,, admitting Ricci tensor of Codazzi type satisfies
the relation

(2.7) Pjgnig + Pranij + Pijnig = 0

3. TOTALLY UMBILICAL HYPERSURFACES OF WEAKLY PROJECTIVE
SYMMETRIC SPACES

Let (V,3) be an (n + 1)-dimensional Riemannian space covered by a system
of coordinate neighbourhoods {U,3°}. Let (V,g) be a hypersurface of (V,7)
defined in a locally coordinate system by means of a system of parametric
equation y* = y*(x'), where Greek indices take values 1,2,--- ,n and Latin
indices take values 1,2,--- ,(n+1). Let N® be the components of a local unit
normal to (V,g). Then we have

(3.1) 9i; = Gag¥2Y}

(3.2) gaﬁNayf =0, GsN°N°=e=1,
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a ¥ —q « fo aya
(3.3) Uiy 9" =g = NONP, -y = o

The hypersurface (V,g) is called a totally umbilical hypersurface ([3],[5]) of
(V,79g) if its second fundamental form €;; satisfies

(3.4) Qij = Hgij, vy;; = 9i;HN®,

where the scalar function H is called the mean curvature of (V,g) given by
H = 1%"49Q,;. If, in particular, H = 0, i.e.,

(3.5) Q, =0,

then the totally umbilical hypersurface is called a totally geodesic hypersurface
of (V7).
The equation of Weingarten for (V, g) can be written as N§ = —%yjo-‘. The

)

structure equations of Gauss and Codazzi ([3],[5]) for (V,g) and (V,g) are
respectively given by

(3.6) Rijii = Rapys B + H*Gjia,

(3.7) Ea,@yanﬁvNé = (H;)gjx — (H ;) i,
where Rjj and R,p.5 are curvature tensors of (V,g) and (V,g) respectively,
and s

BZ@ = B?BfBIZBZ;7 B =y, Giu = gugjk — girgj-

Also we have ([3],[5])

(3.8) Ras By B] = Rij — (n — 1)H?gyj,
(3.9) RosN“B? = (n —1)H ;.
From (1.3), (3.6) and (3.8), we obtain

) afBvyé
(3.10) Piji = Poaﬁ%Biji? .
Also from (1.3), (3.7) and (3.9), we have
(3.11) ?aﬁwéB?ji’yNé = (H;)gjx — (H ;)Gir-

Let (V,g) be a weakly projective symmetric space. Then we have
(312) ?bcea,d = Adﬁbcea + Bbﬁdcea + Bcﬁbdea + Deﬁbcda + Ea?bcedy
where A, B, D and E are 1-forms (not simultaneously zero).

Multiplying both sides of (3.12) by B,‘;f;,‘ff and then using (3.10), we get the
relation (1.5).

This leads to the following:

Theorem 3.1. The totally umbilical hypersurface of a weakly projective sym-
metric space is also a weakly projective symmetric space.

Corollary 3.1. The totally umbilical hypersurface of pseudo projective sym-
metric space is also pseudo projective symmetric space.
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If we consider that the hypersurface of a weakly projective symmetric space

(V,9) is of Codazzi type Ricci tensor, then we obtain from Theorem 2.1,
(313) Fabcd,e + Pabcle,c + ﬁabec,d =0
and we have from (1.5)
(314) ?abcd,e — Ae?abcd + Ba?ebcd + Bbpaecd + Dcﬁabed + EdFabce
where A, B, D, E are 1-forms (not simultaneously zero). Permutating the in-
dices ¢,d,e in (3.14) by cyclic, adding these equations and using (3.13), we
get
Aeﬁabcd + Acﬁabde + Adﬁabec + Ba?ebcd + Baﬁcbde + Baﬁdbec +
(315) +Bbﬁaecd + Bbﬁacde + Bbﬁadec + Dcﬁabed + Ddﬁabce + De]_Dabdc +
+Edﬁabce + Eeﬁabdc + Ecﬁabed =0
Now, we assume that the totally umbilical hypersurface (V,g) of (V,3) is
a weakly projective symmetric space whose Ricci tensor is of Codazzi type.
Multiplying both sides of (3.15) by Bj%, from (1.5) and (3.8), we find
H2<(Al — Dl — El>Ghijk + (AJ — Dj — Ej>Ghikl
Thus, it can be said that from (3.16) either H = 0 or
(A; — Dy — E))Ghiji + (A; — Dj — E;)Ghin
If we suppose that H # 0 then using (3.16), we obtain
(A — Dy — E)Ghijk + (A; — Dj — E;)Ghinl

(318) + (Ak — D, — Ek)Ghilj =0
From Walker’s Lemma,[13] and (3.18), we can say that
(319) Al = Dl + El for all [

In this case we have the following theorem:

Theorem 3.2. If the totally umbilical hypersurface of a weakly projective sym-
metric space with Codazzi type Ricci tensor is a weakly projective symmetric
space with Codazzi type Ricci tensor then the 1-forms A, D and E satisfy the
condition A; = D; + E,

Multiplying (1.5) by g"¢’*, from (2.2) and (2.3), we obtain
(3.20) D"Py =0
Again, multiplying (1.5) by g¥¢"*, from (2.2), we also get
(3.21) (B" 4+ E" Py =0
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In addition to these equations, multiplying (1.5) by ¢¥/ ¢, from (2.2) and (2.3),
we find

(3.22) P, =(A"+B"—D"P, =0

Comparing the equations (3.19), (3.20), (3.21) and (3.22), it can be easily seen
that

(3.23) P, =0
This leads the following theorem:

Theorem 3.3. If the totally umbilical hypersurface of a weakly projective sym-
metric space with Codazzi type Ricci tensor is a weakly projective symmetric
space with Codazzi type Ricci tensor then the divergence of the tensor Py is
zero, i.e. P,i,l =0.

Let us take the covariant derivative of (3.8), then we obtain
(3.24) Ra B! B!Bf, = Rij;, — 2(n — 1) H Hy,g;;

Permutating the indices a, b, ¢ by cyclic in (3.24) and adding these equations
side by side, we get

(3.25)  Rape + Ryca + Reap = Rijk + Rjki + Riij
—2(n — 1)H[H y9;; + H .91 + H jgir]

Assuming that V,, is a weakly projective symmetric space with cyclic Ricei ten-
sor and V,,, the totally umbilical hypersurface of V,,, is also weakly projective
symmetric space with cyclic Ricci tensor, (3.25) reduces to

(3.26) H r9i; + H ;g + Hjgik = 0

where H # 0. From Walker’s Lemma [13], it must be from (3.26) H; =0, i.e.,
the mean curvature is constant. Thus, we have the following theorem:

Theorem 3.4. If the totally umbilical hypersurface of a weakly projective sym-
metric space with cyclic Ricci tensor is a weakly projective symmetric space
with cyclic Ricci tensor then the mean curvature of V,, must be zero.
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