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CONCIRCULAR CURVATURE TENSOR ON K-CONTACT
MANIFOLDS

PRADIP MAJHI AND UDAY CHAND DE

ABSTRACT. The object of the present paper is to study &-concircularly flat,
¢-concircularly flat and concircularly semisymmetric K-contact manifolds.
Beside these we also study K-contact manifolds satisfying Z(£, X).S = 0.

1. INTRODUCTION

A transformation of a (2n + 1)-dimensional Riemannian manifold M, which
transforms every geodesic circle of M into a geodesic circle, is called a con-
circular transformation ([16], [25]). A concircular transformation is always a
conformal transformation [16]. Here geodesic circle means a curve in M whose
first curvature is constant and whose second curvature is identically zero. Thus
the geometry of concircular transformations, i.e., the concircular geometry, is
generalization of inversive geometry in the sense that the change of metric is
more general than that induced by a circle preserving diffeomorphism. An in-
teresting invariant of a concircular transformation is the concircular curvature

tensor Z. It is defined by ([24], [26])
r

(1.1) ﬂmeZMKWW—%@;j

[g(Y7 W)X o g<X7 W)Y],
where X, Y, W € T(M). Riemannian manifolds with vanishing concircular
curvature tensor are of constant curvature. Thus the concircular curvature
tensor is a measure of the failure of a Riemannian manifold to be of constant
curvature.

Let M be an almost contact metric manifold equipped with an almost con-
tact metric structure (¢,&,7,g). At each point p € M, decompose the tan-
gent space T,M into direct sum T,M = ¢(T,M) & {{,}, where {,} is the
1-dimensional linear subspace of T, M generated by {¢,}. Thus the conformal
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curvature tensor C'is a map
C:T,M xT,M x T,M — ¢(T,M) & {}, pe M.

It may be natural to consider the following particular cases:

(1) C: T,(M) x T,(M) x T,(M) — {&}, i.e, the projection of the image of
C in ¢(T,(M)) is zero.

(2) C: T,(M)XT,(M)xT,(M) = ¢(T,(M)), i.e, the projection of the image

of C'in L(§,) is zero. This condition is equivalent to
(1.2) C(X,Y)¢ =0.

(3) C: ¢(T,(M)) x ¢(T,(M)) x ¢(T,(M)) — {&}, i.e, when C' is restricted
to ¢(T,(M)) x ¢(T,(M)) x ¢(T,(M )), the projection of the image of C' in
¢(T,(M)) is zero. This condition is equivalent to

(1.3) P2C (X, Y)W = 0.

A K-contact manifold satisfying (1.2) and (1.3) are called &-conformally flat
and ¢-conformally flat respectively. A K-contact manifold satisfying the cases
(1), (2) and (3) are considered in [13], [28] and [7] respectively.

In [28], it is proved that a K-contact manifold is &-conformally flat if and
only if it is an n-Einstein Sasakian manifold. In [11], the authors studied
&-conformally flat N(k)-contact metric manifold. A compact ¢-conformally
flat K-contact manifold with regular contact vector field has been studied in
[7]. Moreover, in [12] the authors studied quasi-conformal curvature tensor
in K-contact manifolds and in [27] A. Yildiz et al studied certain curvature
properties in Kenmotsu manifolds. Also in [17] C. Ozgiir studied ¢-conformally
flat, ¢-conharmonically flat and ¢-projectively flat Lorentzian para-Sasakian
manifolds. Analogous to the considerations of conformal curvature tensor here
we define following:

Definition 1. A (2n + 1)-dimensional K-contact manifold is said to be &-
concircularly flat if

(1.4) Z(X,Y)¢ =0, where X,Y € T(M).

Definition 2. A (2n + 1)-dimensional K-contact manifold is said to be ¢-
concircularly flat if

(L5) 9(Z(6X,6Y)6U, oW) = 0,

Let (M,g) be a Riemannian manifold and let V be the Levi-Civita con-
nection of (M,g). A Riemannian manifold is called locally symmetric [8] if
VR =0, where R is the Riemannian curvature tensor of (M, g). A Riemann-
ian manifold (M, g),n > 3, is called semisymmetric if

(1.6) RR=0

holds, where R denotes the curvature tensor of the manifold. It is well known
that the class of semisymmetric manifolds includes the set of locally sym-
metric manifolds (VR = 0) as a proper subset. Semisymmetric Riemannian
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manifolds were first studied by E. Cartan, A. Lichnerowich, R. S. Couty and
N. S. Sinjukov. A Riemannian manifold (M, g),n > 3, is said to be Ricci
semisymmetric if on M we have

(1.7) R.S =0,

where S is the Ricci tensor.

The class of Ricci semisymmetric manifolds includes the set of Ricci-symmetric
manifolds (V.S = 0) as a proper subset. A Riemannian manifold (M, g),n > 3,
is said to be concircularly semisymmetric if on M we have

(1.8) R.Z =0,

where Z is the concircular curvature tensor.

In [2] Binh, De and Taméssy have been studied partially pseudo symmetric
K-contact Riemannian manifolds. In the case of contact manifolds S. Tanno
([23], [24]) showed among others that there exists no semisymmetric or Ricci
semisymmetric K-contact manifold. Motivated by the above studies, in this
paper we study &-concircularly flat and ¢-concircularly flat K-contact mani-
folds. Again in [5], D. E. Blair et al. studied concircular curvature tensor in
contact metric manifolds. A (2n + 1)-dimensional N (k)-contact metric man-
ifold satisfying Z(£,X).Z =0, Z(¢,X).R = 0 and R(¢, X).Z = 0 has been
considered in [5]. B. J. Papantoniou [18] and D. Perrone [19] included the
studies of contact metric manifolds satisfying R(§, X).S = 0, where S is the
Ricci tensor. Motivated by these studies, we continue the study of K-contact
manifolds with concircular curvature tensor Z satisfying Z(&, X).S = 0.

The present paper is organized as follows: After preliminaries in section
3, we study &-concircularly flat K-contact metric manifolds and prove that a
(2n 4 1)-dimensional, n > 1, {-concircularly flat K-contact metric manifold is
of positive scalar curvature. Section 4 deals with the study of ¢-concircularly
flat K-contact manifolds. In this section we prove that a (2n+ 1)-dimensional,
n > 1, K-contact manifold is ¢-concircularly flat if and only if the manifold
is Einstein with scalar curvature 2n(2n + 1). Section 5 is devoted to study
a (2n + 1)-dimensional concircularly semisymmetric K-contact manifold and
prove that in this case the manifold is Sasakian. Finally in section 6 we study a
(2n-+1)-dimensional, n > 1, K-contact manifolds satisfying Z(¢, X).S = 0 and
prove that the K-contact manifold satisfies Z(¢, X).S = 0 if and only if the
manifold is an Einstein manifold provided r # 2n(2n + 1). As a consequence
of the results we obtain some important Corollaries.

2. PRELIMINARIES

By a contact manifold we mean a (2n + 1)- dimensional differentiable man-
ifold M?*"*! which carries a global 1-form 7, there exists a unique vector field
¢, called the characteristic vector field such that, n(§) = 1 and dn(¢, X) = 0.
A Riemannian metric g on M?"*! is said to be an associated metric if there
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exists a (1, 1) tensor field ¢ such that
(21)  dn(X,Y) = g(X,0Y), n(X) = g(X,§), ¢" =-T+n®E.
From these equations we have

(2.2) 9§ =0, n0¢ =0, g(¢X,dY) = g(X,Y) = n(X)n(Y).

The manifold M equipped with the contact structure (¢,&,n,g) is called a
contact metric manifold. If ¢ is a Killing vector field, then M?"*! is said to be
a K-contact manifold ([3], [4], [20]). K-contact manifolds have been studied
by several authors such as S. Tanno ([23], [22], [24]), S. Sasaki ([20], [21]), Y.
Hatakeyama, Y. Ogawa and S. Tanno [14], M. C. Chaki and D. Ghosh [9], U.
C. De and S. Biswas [10] and many others.

A contact metric structure is said to be normal(Sasakian) if the almost
complex structure J on M x R defined by J(X, f%) = (pX — ff,n(X)%), f
being a function on M?" ™! is integrable. A contact metric manifold is Sasakian
if and only if

(2.3) R(X.Y)¢ = n(Y)X — n(X)Y.

Every Sasakian manifold is K-contact, but the converse need not be true,
except in dimension three [15]. K-contact manifolds are not too well known,
because there is no such a simple expression for the curvature tensor as in the
case of Sasakian manifolds. For details we refer to [1, 15, 20].

Besides the above relations in K-contact manifold the following relations
hold ([3], [15], [20]):

(2.4) Vi = —¢X

(2.5) R(&,X,Y,€) = n(R(£, X)Y) = g(X,Y) = n(X)n(Y)
(2.6) R(§, X)E = —X +n(X)¢

(2.7) S(X,€) = 2nn(X)

(2.8) (Vx9)Y = R(§, X)Y,

for any vector fields X, Y.

Again a K-contact manifold is called Einstein if the Ricci tensor S is of the
form S = Ag, where \ is a constant and 7- Einstein if the Ricci tensor S is
of the form S = ag + bn ® n , where a, b are smooth functions on M. It is
well known [15] that in a K-contact manifold a and b are constants. Also it is
known [6] that a compact n-Einstein K-contact manifold is Sasakian provided
a >-2.

In a (2n + 1)-dimensional almost contact metric manifold, if {ey, ..., es,,&}
is a local orthonormal basis of vector fields, then {¢pey, ..., pes,, £} is also a
local orthonormal basis. It is easy to verify that

2n 2n
(2.9) Zg(ei, e;) = Zg(@ei, ¢e;) =2n
i=1 i=1
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2n
(2.10) Zg(ei, W)S(Y, e;) Zg (pe;, W)S(Y, ¢e;)
i=1

for Y, W € T(M). In particular in view of no ¢ = 0, we get

(2.11) Zg ei, oW)S Zg dei, W)S(Y, de;) = S(Y, W),
for Y, W € T(M). If M is a K-contact manifold, then it is known that
(2.12) R(X, )¢ = X —n(X)€, X € T(M)
and
(2.13) S(£,€) = 2n.
Moreover M is Einstein if and only if
(2.14) S = 2ng.
From (2.13) we get

2n 2n
(2.15) Z S(ei,e;) = Z S(pei, pe;) =r —2n,

i=1 i=1
where r is the scalar curvature. In a K-contact manifold we also have
(2.16) R(&,Y,W,8) = g(¢Y,¢W), Y, W € T(M).
Consequently

(217) ) R(es, Y, W,e;) ZR pei, Y, W, de;) = S(Y, W) — g(¢Y, pW).

Where f%(X7 YW, V) =g(R(X, YW, V), XY, W,V € T(M). For more de-
tails we refer to [28], [7].

3. £&-CONCIRCULARLY FLAT K-CONTACT MANIFOLDS

In this section we study &-concircularly flat K-contact manifolds. Let M
be a (2n + 1)-dimensional, n > 1, &-concircularly flat K-contact manifold.
Putting W = ¢ in (1.1) and applying (1.4) and g(X, &) = n(X), we have

(3.1 R(X, V)6 = 5o s V)X = n(X)Y ]
Putting Y = £ in (3.1), we obtain
(3:2) ROX, ¢ = 3 X = 0¥,
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Using (2.6) in (3.2), yields

(3.3) (1= sy X — nX)g =0

Now [X —n(X)&] # 0 in a contact metric manifold, in general. Therefore (3.3)
gives

(3.4) r=2n(2n+1).

Since r = 2n(2n + 1) is positive. Therefore we can state the following:

Theorem 3.1. A (2n+1)-dimensional &-concircularly flat K -contact manifold
is of positive scalar curvature.

Now,let us consider r = 2n(2n+1) and the manifold is Sasakian. Then from
(1.1) and (2.3) we easily obtain

Z(X,Y)¢=0.
In the view of the above discussion we have the following:

Theorem 3.2. A (2n + 1)-dimensional Sasakian manifold is &-concircularly
flat if and only if r = 2n(2n + 1)

4. p-CONCIRCULARLY FLAT K-CONTACT MANIFOLDS

This section is devoted to study ¢-concircularly flat K-contact manifolds.
Let M be a (2n + 1)-dimensional ¢-concircularly flat K-contact manifold.
Using (1.1) in (1.3) we obtain

r

(4.1) g(R(¢X, Y)W, pV) = m@n 1)

[9(0Y, oW )g(p X, V)
— 9(6 X, oW)g(9Y, oV)].

Let {e, ea, ..., en, €1, Pea, ..., de,, £} be an orthonormal ¢-basis of the tan-
gent space. Putting X =V =¢; in (4.1) and taking summation over ¢ = 1 to
2n and using (2.17), we obtain

o r(2n—1)
(4.2) S(¢Y, W) = [m + 1g(oY, oW).
Replacing Y and W by ¢Y and ¢W in (4.2) and using (2.1), (2.7) yields
(4.3) SY,W) = Ag(Y, W) + Bn(Y )n(W),

where A and B are given by the following relations:

_ r(2n—1)
© 2n(2n+1)

r(2n —1)

(44) A S 2n(2n41)

+1land B=(2n—1)
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Let {e;},i=1,2,...,(2n+1) be the orthonormal basis of the tangent space at
any point of the manifold. Putting X =Y = e; in (4.3) and taking summation
over 1 <7 < (2n+ 1), we obtain

(4.5) r=A(2n+1)+ B.
Again, putting Y = W = ¢ in (4.3) yields
(4.6) 2n=S5(¢,¢) =A+B.
Solving (4.5), (4.6) we get

r r
4. A=—-1 B=(2 1) — —.
(4.7) 5 and (2n+1) 5n

Now, equating the value of A or B from (4.4) and (4.7) we obtain r = 2n(2n +
1). Therefore the equation (4.3) becomes

(4.8) S(Y, W) =2ng(Y,W).
Hence the manifold is Einstein with scalar curvature r = 2n(2n + 1).

Conversely, let the manifold is Einstein i.e. S(Y,W) = 2ng(Y, W) with the
scalar curvature r = 2n(2n + 1).Then we have

(4.9) g(Z(oX,8Y )W, V) = g(R(¢X, dY )W, dV ) —
[9(0Y, oW )g(9 X, ¢V) — g(¢ X, oW )g(8Y, dV )]

Let {e1,eq,...,en, Qe1,dea, ..., ey, &} be an orthonormal ¢-basis of the tan-
gent space. Putting X =V =¢; in (4.9) and taking summation over ¢ = 1 to
2n and using (2.17), we obtain

Putting Y = ¢Y , W = ¢W in (4.8) yields

(4.11) S(oY, pW) = 2ng(pY, oW).
Using (4.11) in (4.10) we easily obtain

(4.12) 9(Z(X, OV )W, 6V) = 0.

Therefore we can state the following:

Theorem 4.1. A (2n+ 1)-dimensional K -contact manifold is ¢-concircularly
flat if and only if the manifold is Einstein with scalar curvature 2n(2n + 1).

In [23] S. Tanno proved that a K- contact manifold is Ricci semisymmetric
(R.S = 0) if and only if the manifold is an Einstein manifold with scalar
curvature r = 2n(2n + 1). Thus in the view of the above result we can state
the following:

Corollary 4.1. A (2n+ 1)-dimensional K -contact manifold is ¢-concircularly
flat if and only if the manifold s Ricci semisymmetric.

Lemma 4.1 ([6]). A compact K-contact Einstein manifold is Sasakian.
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Therefore from the Theorem 4.1 and Lemma 4.1 we have the following:
Corollary 4.2. A (2n+1)-dimensional ¢-concircularly flat compact K -contact
manifold is Sasakian.

5. CONCIRCULARLY SEMISYMMETRIC K-CONTACT MANIFOLDS

In this section we study concircularly semisymmetric K-contact manifolds,
where Z is the concircular curvature tensor. Therefore we have

(5.1) (R(X,Y).Z) (U, V)W = 0.
This implies
(5.2) R(X,Y)Z(U V)W — Z(R(X,Y)U VW — Z(U, R(X,Y)V)W
- Z(U,V)R(X, Y)W = 0.
Putting U =&, X =& and W = ¢ in (5.2) we have

Now,

(5.4) R(§,Y)Z(E,V)E = (1 - Hn(V)n(Y)

—n(V)Y = R(§,Y)V},

on (2n+ 1)

using (1.1), (2.6). Similarly we have

(5.5) Z(R(§,Y)EV)E = (1 - Hn(V)n(Y)€ —n(Y)V}

on (zn +1)
—R(Y,V)§ t oo T (2 1) {n(V)Y —n(Y)V}.
(5.6) Z(& R(EY)V)E=(1~- m){g(x V)E=n(Vn(Y)§
- R(&,Y)V},
using (2.5), and
(5.7) Z(§ V)RS, Y)E = (1~ m){ﬁ( n(V)E—=n(Y)V}
R(EV)Y + ot {g(V.Y)E — n(Y)V}.

2n(2n + 1)
Using (5.4), (5.5), (5.6) and (5.7) in (5.3) we obtain
(5.8) 2n(Y)V —n(V)Y +g9(Y,V)E+ R(Y,V)E+ R(E V)Y =0.
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Interchanging Y and V' and then subtracting the result from (5.8) we obtain
by the virtue of Bianchi identity that
(5.9) R(V,Y)§ =n(Y)V —n(V)Y.

In the view of the above result we can state the following:

Theorem 5.1. A (2n+1)-dimensional concircularly semisymmetric K -contact
manifold satisfies is Sasakian.

6. K-CONTACT MANIFOLDS SATISFYING Z(£, X).S =0

This section deals with a (2n + 1)-dimensional, n > 1, K-contact manifold
satisfying Z(£, X).S = 0. Now, the relation Z (¢, X).S = 0 implies

(6.1) S(Z(&, X)Y, W) + (Y, Z(&, X)W) = 0,
Using (1.1) in (6.1), we have

(6.2) S(R(EX)Y, W)+ 5(Y, R(§, X)W) — [9(X,Y)S(E, W)

,
2n(2n + 1)

—n(Y)S(X, W) + g(X, W)S(Y, ) —n(W)S(X,Y)] = 0.
Putting W = ¢ in (6.2) and using (2.1), (2.7) we obtain

(6.3) S(R(E,X)Y,&) +S(Y, R(E,X)E) — mpng()@ Y)
- S(X, V)] =0.
Now
64)  S(R(E X)Y,€) = 2un(R(€, X)Y) = 2ng(R(X, £)€,Y).
Using (2.6) in (6.4) yields
(6.5) S(R(§, X)Y, ) = g(X,Y) = n(X)n(Y)
Again using (2.6), (6.5) in (6.3), we get
(6.6) (S(X,Y) —2ng(X,Y))(1 — m) =0

Therefore either S(X,Y) = 2ng(X,Y) or, r = 2n(2n + 1).
Conversely, let us consider the manifold is Einstein. Then we have

(6.7) S(X,Y) =2ng(X,Y)

Now,

(6.8) (Z(€,X).5)(Y, W) = S(Z(& X)Y, W) + 5(Y, Z(§, X)W)
Using (6.7) in (6.8), we obtain

(6.9) (Z(€,X).5)(Y, W) = 2n[g(Z(, X)Y, W) + (Y, Z(§, X)W)]
Again using (1.1) in (6.9) yields

(6.10) (Z(¢,X).8)(Y,W)=0
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Therefore we can state the following:

Theorem 6.1. A (2n+1)-dimensional K -contact manifold satisfies Z(€,X).S =
0 if and only if the manifold is Einstein provided r # 2n(2n + 1).

By the Lemma 4.1 and the Theorem 6.1 we can state the following:

Corollary 6.1. A (2n + 1)-dimensional compact K -contact manifold satisfies
Z(&,X).S =0 is Sasakian provided r # 2n(2n + 1).
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