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SOME L, INEQUALITIES FOR THE FAMILY OF
B-OPERATORS

IRSHAD AHMAD, A. LIMAN AND W. M. SHAH

ABSTRACT. Let P, be the class of polynomials of degree at most n and B,
be a class of operators that map P, into itself. For every P € P,, and B €
B,., we investigate on |z| = 1, the dependence of ||B[P(R -)] — B[P(r -)]||4
on ||P||y, for every R >r > 1 and ¢ > 1.

1. INTRODUCTION
n

Let P, be the class of polynomials P(z) := Y a;27 of degree at most n with

7=0
complex coefficients. For P € P,, define

1 2w 0\ 14 1/q
1Ph= {5 [ 1P a8} and 1Pl = max PG
0 |2=1

Rahman [6] (see also Rahman and Schmeisser [8, p. 538]) introduced a class
B,, of operators B that map P € P, into itself. That is, the operator B carries
P e P, into

o nz\ P'(2) nz\2 P"(z)
(1) BIP|(2) = 2P + 0 (5) 5+ % () 5
where \g, A\; and Ay are real or complex numbers such that all the zeros of
n!
(2) U(Z) = )\0 + C(TL, 1))\12 + C(n, 2))\222, C(TL, 7’) = m,

lie in the half plane

n

(3) o< |2 -3

and observed:
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Theorem 1.1. If P € P,, then for |z| > 1,
(4) |B[Plllse < [BIE][|Pl]se,
where E,(z) == z".
As an improvement of (4), Shah and Liman [9] proved the following:
Theorem 1.2. If P € P, and P(z) # 0 in |z| < 1, then for |z| > 1

6 1BIP] Il < 3 { BB+ Dol Pl

The result is sharp and equality holds for a polynomial whose all zeros lie on
the unit disk.

Recently, Shah and Liman [10] extended the above results to the L, norm
by proving the following more general results:

Theorem 1.3. If P € P,, then for every R>1, ¢ > 1 and |z| =1,

(6) IBIP(R -)]llg < [BIEL(R I[Pl

where B € B, and E,(z) := 2". The result is best possible and equality holds

for P(z) = az™, a # 0.

Theorem 1.4. Let P € P, be such that P(z) # 0 in |z| < 1, then for every

R>1,qg>1and|z| =1,

B[Ey (R ]| + Ao
11+ Enllq

where B € B, and E,(z) := z". The result is best possible and equality holds
for the polynomial P(z) = az" + B, where |a| = |f|.

(7) IBIP(R ], < | |||P||qa

2. STATEMENT AND PROOF OF RESULTS

For the proofs of these theorems, we need the following lemmas. The first
lemma is a special case of a result due to Aziz and Zargar [2].

Lemma 2.1. If P(z) is a polynomial of degree n having all zeros in |z| < 1,
then for R>r >1 and |z| =1

|P(Rz)| > |P(rz)]|.
The next lemma follows from Corollary 18.3 of [5, p.86].

Lemma 2.2. [f all the zeros of a polynomial P(z) of degree n lie in a circle
|z| < 1, then all the zeros of the polynomial B[P|(z) also lie in the circle
|z| < 1.

Lemma 2.3. If P(z) is a polynomial of degree n having all zeros in |z| > 1

and Q(z) = z"P (%), then for every real or complex number o with |of < 1
and R >r > 1,

(8) [BIP(R )] = aB[P(r -)]| < |B[Q(R -)] — aBQ(r -]
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The result is sharp and equality holds for P(z) = 2™ + 1.

Proof. The result is trivial if R = r. So we assume that R > r. Since P(z) has
all zero in |z| > 1, therefore all the zeros of Q(z) = z"P(1/2) liein |z| < 1. By
maximum modulus principle, |Q(z)| < |P(2)| for |z| < 1, and in particular,
|P(z)] < |Q(z)| for |z] > 1. By Rouches theorem, it follows that for a with
la] < 1 all the zeros of F(z) = P(z) — fQ(z) lie in |z| < 1, for every [ with
|G| > 1. Applying Lemma 2.1 to F'(z), we get for [z| =1, R>r >1

|F(rz)| < |F(Rz)|.

Since all the zeros of F(Rz) lie in |z| < £ < 1, by Rouches theorem it follows
that all the zeros of

F(Rz) — aF(rz)
lie in |z] < 1. Since B is a linear operator (see [6, sec. 5]), it follows by Lemma
2.2, that all zeros of
H(z) := B[F(Rz) — aF(rz)]

= {B[P(Rz)] — aB[P(rz)]} — B{B[Q(Rz)] — aB[Q(rz)]}
lie in |2| < 1. This gives, for |z| > 1,

|BIP(R2)] — aB[P(rz)]| < |B[Q(Rz)] — aB[Q(rz)]|.
For, if this is not true, then there exists a point z = zy with |29| > 1, such that

|BIP(Rz)] = aB[P(r2)]|.—,, > [BIQ(Rz)] — aB[Q(r2)]|.—,

We take
g = ABIP(R2)] — aBIP(r2)l} sy
{BIQ(Rz)] — aB[Q(rz)]}e=z
so that |5 > 1. With this value of z, H(z) = 0, for |z| > 1. This is a
contradiction to the fact that all the zeros of H(z) lie in |z| < 1. Hence the
proof of lemma is complete. O

Lemma 2.4. If P € P, then for every o with |a] <1, R>r > 1 and |z| > 1,
) IBIP(R )] = aB[P(r )] < [BIEW(R -) — aB[E,(r )]} Pl]e-

Proof. Let M = max|,—1 |P(2)|, then |P(z)| < M for |z| = 1. By Rouches
theorem, it follows that all the zeros of polynomial F'(z) = P(z) — (2" M lie in
|z| <1 for every real or complex number ¢ with || > 1. Therefore, it follows
from Lemma 2.1, that for R > r > 1, and |z| = 1,

|F(rz)| < |F(Rz)|.

Since all the zeros of polynomial F'(Rz) lie in |2| < £ < 1, again making
use of Rouches theorem, we conclude that all the zeros of the polynomial
F(Rz) — aF(rz) lie in |z| < 1, for every real or complex number a with

la] < 1. By Lemma 2.2, the polynomial
(10) B[F(Rz) — aF(rz)] = (B[P(Rz)] — aB[P(rz)]) — ((R" — ar™)B[2"] M,
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has all the zeros in open unit disc for every real or complex number ( with
|C| > 1. This implies similarly, as in the case of Lemma 2.3, for |z| > 1 and
R>r>1,

(11) |B[P(Rz)] — aB[P(rz)]| < [R" — ar”||B["]| M.
This gives the desired result. 0J
Lemma 2.5. Let P, denote the linear space of polynomials

P(z)=ag+ -+ a,z"

of degree n with complex coefficients, normed by || P|| = max |P(e?)], 0 < § <
2m. Define the linear functional L on P, as

L: P—>l0a0+l1a1+~~-+lnan,

where 1;’s are complex numbers. If the norm of the functional is N, then
27 n L.a eik@ 27
(12) / o [ 1k lkare™] d@g/ 0 do,
0 N 0

where O(t) is a non-decreasing convex function of t.

The above lemma is due to Rahman [6].

In this paper, we prove some results which generalize the above theorems
and there by obtain compact generalizations of many polynomial inequalities
as well. In fact, we prove:

n

E ay eiké)

k=0

Theorem 2.6. If P € P, then for every a, with |a|] <1, R>r>1, ¢>1
and |z| =1,

(13) IBIP(R )] = aB[P(r )]l < |BlEw(R -) — aB[EL(r )] [[Pllq
The result is best possible and equality holds for P(z) = az", a # 0.

Proof. Let M = max|;—; |P(z)|, then by Lemma 2.4, we have, for |z] > 1 and
R>nr>1,

(14) |B[P(Rz)] — aB[P(rz)]| < |R" — ar™||B[z"]| M.
This in particular gives for every 0, 0 < 6 <27 and R >r > 1,

(n—1)

2
(15) |B[P(Re)] — aB[P(reé®)]| < |R" — ar”| >\0+%>\1+ n o[ M.

Since B is a linear operator (see [6, sec. 5]), therefore
A = B[P(Rz)| — aB[P(rz)]

is a bounded linear operator on P,. Thus in view of (15), the norm of the
bounded linear functional

L: P — {B[P(Rz)] — aB[P(rz)]},_,
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18
n? n3(n—1

|R" — ar”| Ao .

Hence by Lemma 2.5, for every ¢ > 1, we have,

/0 "I BIP(Re™)] — aB[P(re®||do

q

2 3 -1
S ‘(Rn — Oé?“n) ()\0 + %)\1 + —n <n ))\2)

2m
ANES
3 i ’P(e )’ do.

From this inequality, (13) follows immediately and this completes the proof of
Theorem 2.6. 0

Remark 2.7. For a = 0, Theorem 2.6 reduces to Theorem 1.3.

The following corollary immediately follows from Theorem 2.6, when we let
q — o0.

Corollary 2.8. If P € P,, then for every real or complex number o with
la| <1, R>r>1 and |z| =1,

|BIP(R )] = aB[P(r )|l < |B[E(R ) — aB[Ey(r )] ||[P]|.
Or, equivalently,

(16) [[BIP(R -)] — aB[P(r )]l

2 3(n—1)

n n

The result is best possible and equality holds for P(z) = az", a # 0.

Remark 2.9. Theorem 1.1 is a special case of Corollary 2.8, when we take
a=0.

Also, If we choose @« = 0 and A\g = 0 = Ay in (16), which is possible, as it
can be easily verified that in this case all the zeros of U(z) defined by (2) lie
in (3), we get,

Corollary 2.10. If P € P, then for every R>1,q¢>1 and |z| =1,
1P ]y < nR*H| Py

This in particular for R =1, gives,

1Plg < nllPllg, forq>1.
which is an inequality due to Zygmund [11].
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Lemma 2.11. If P € P, then for every a with |o| <1, R>r >1,q>1
and 0 < 0,5 < 2m,

(17) /0 ’ /0 " |(BIP(RE)] — aB[P(re?)))
+ "7 (BIQ(Re")] — aB[Q(re™)])|* dbds
<271 [|B[En(R ) — aB[E,(r -)]| + |1 — CY||>\o|]q/0 ' |P(e)|" do.

Proof. Let M = max,— |P(2)|, then |P(z)| < M for |z| = 1. By Rouches
theorem, it follows that all the zeros of polynomial F(z) = P(z) — (M lie in
|z| > 1, for every real or complex number ¢ with |¢| > 1. Applying Lemma
2.3 to the polynomial F'(z) and using the fact that B is a linear operator, it
follows that for every real or complex number o with |a] <1, R >r > 1,

(18) |BIF(R2)] — aB[F(r2)]| < |B[G(Rz)] — aB[G(rz)]]
for |z| > 1, where
G(z) = 2"F(1/z) = Q(2) — 2"CM.
Using the fact that B[1] = Ao, we get from (18),
(19) [B[P(Rz)] — aB[P(rz)] = ((1 = a)Ao M|
< |B[Q(Rz)] — aB[Q(rz)] — ((R" — ar")B[z"]M|.

Now choosing argument of ¢ such that

|BIQ(Rz)] — aB|Q(rz)] — ((R" — ar™) B[z"|M|
= [ClI(R" — ar")||B[z"]|M — |BIQ(Rz)] — aB[Q(rz)]],
which is possible by (9), we get from (19), for |[(| > 1 and |z| > 1,
|BIP(R2)] — aB[P(rz)]| + | BIQ(Rz)] — aB[Q(rz)]]
< [ = ar™|| Bl")] + 1 = af|Ao]) max | P(2)]
Letting || — 1, we obtain

BIP(R:)) — aBIP(r)] | + |BIQ(R2)] - aB[Q(r2)]
< (IR" = ar”||B[2"]| + 1 = o ol) max | P(2)].

This in particular gives for every 0, 0 < 0 <27 and R >1r > 1,

[BIP(Re")] — aB[P(re”)]| + | BIQ(Re")] — aB[Q(re”)]]
< (IR" — ar™[| Ble™ ]| + 1 = al[Ao]) max | P(z)]

Thus for every g with 0 < g < 27, we have
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(BIP(Re")] — aB[P(re”)]) + ¢ (B[Q(Re")] — aB[Q(re")))|
n3(n —1)

2

n
A —A
0—|—2 1+ 3

A2

< <|R” —ar”|

11 al Al ) max| (2]
This shows that

A := (B[P(Re")] — aB[P(re”)]) + € (BIQ(Re™)] — aB[Q(re™)))
is a bounded linear operator on P,. Thus in view of (10), the norm of the
bounded linear functional
L:P— {(B[P(Reie)] - aB[P(reig)]) + €' (B[Q(Rew)] - ozB[Q(rew)])}ezo
is

n? n3(n —1
)\0 -+ ?)\1 + %)\2
Therefore, by Lemma 2.5, it follows that

|R™ — ar”|

+ |1 — o] Aol

(20) /0 ﬂ‘ (B[P(Rew)] — ozB[P(rew)]) + e (B[Q(Rew)] — ozB[Q(rew)]) |qd0

n3(n—1)

n2
< [[R"—ozr"| )\0+7)\1—|— A2

q 2T
+ 11— a||/\0|} / | P(e)|" ab.
0

Integrating the two sides of (20) with respect to 3, we get,

| [ lBp@en) - abipaen) + e (BlQUR)] - aBlQee")) [ dsas

0
27
§/ [|R”—ar"|
0

(n—1)

n? n 7 |
)\0+?>\1+T)\2 +\1—a|])\0] d,@ ‘P(e )‘ do
0
2 3 -1 q 2T )
=27 {\R”—ar”\ )\0+%)\1+%)\2 +\1—a!|)\0|] / !P(ew)r]d@.
0
From this the desired result follows. [l

Next we prove:

Theorem 2.12. If P € P, and P(z) # 0 in |z| < 1, then for every real or
complex number o with |a] <1,¢>1, R>r>1 and |z| =1,

|BIEW(R -) — aB[E(r ]| +[1 = ol Ao

|
B|P(R ‘)| — aB[P(r - < P|l,.
IB[P(R -)] —aB[P(r ]|, < [+ B, 1Plq
Or, equivalently,
(21) [|B[P(R -)] — aB[P(r -)]llq
IR — ar| [Ag + M 2% 4 A 0D 41— af|A|
< ||P||q7

B 11+ E,ll

where B € B,, . The result is sharp and equality holds for a polynomial P(z) =
az" + b, |a| = 1b).
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Proof. Since P(z) # 01in |z| < 1, by Lemma 2.3, we have for each 6,0 < 6 < 27
and R >r >1,

|B[P(Re")] — aB[P(re?)]| < |B[Q(Re")] — aB[Q(re”)]| .

Also for every real # and t > 1, it can be easily verified that |1 +te| > |1 +¢%|
and therefore for every ¢ > 1,

27 2T
(22) / |1+ te|9d6 > / 11+ €)9do.
0 0

| BIQ(Re™)]—aB[Q(re?)]|
| BIP(Rei?)]—aB[P(re??)]|

(23) / W / " (BIP(R")] — aB[P(re"))
+e"™(B[Q(Re™)] — aB[Q(re")))|*dBdo

/ / P(Re™)] — aB[P(re)]|? x

B[Q(Re”)] — aBIQ(re®)] |*
B[P(Re?)] — aB[P(re')] apdl

- / T{|BIP(R)) — aB[P(re?)]

2 B[Q(Re?)] — aB[Q(re)] ||*
< BIP(Re)| — aBP(re7)] || ¥ } “

> /027r {|B[P(Rew)] — aB[P(re®)]| /027r |1+ e dﬁ} de

2w

B / IBIP(R”)] - aBIP(re ) / 1+ €| dp.

Inequality (23) in conjunction with Lemma 2.11, gives

Now, taking ¢ =

> 1 and using inequality (22), we have

x |1 4 e™?

1+ M8

/0 " IBIP(RE™)| — aBP(re®)]| do

27 [|R”
<

_ q
ROl + = aldol] g
< = — / |P(e”)|" db.
fo |1+ emB|?dp 0
Or, equivalently,
|B[Ew(R -) — aB[Ea(r -)]| +[1 — a||A]
B|P(R -)] — aB|P(r - < P
|BIP(R )] = aB[P(r )]ll, < T+ B, 1P1lq-

This completes the proof of Theorem 2.12. O

Remark 2.13. If we choose @ = 0 in (21), we obtain Theorem 1.4. Also
Theorem 1.2 easily follows from Theorem 2.12, if we make o = 0 and ¢ — oo.
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Further, if we choose @« = 0 and A\g = 0 = A2, R = 1 in (21) which is possible,
we get the following inequality:

n
Pl,<——|Pl.,
1P[lq < Hl+Z”Hq” g

for every ¢ > 1, which is a result due to de Brujin [3]. On the other hand, for
a =0 and A\ = Ay = 0, we have the following;:

If P € P, be such that P(z) # 0 in |z| < 1, then for every R > 1, ¢ > 1 and
2| =1,

R"+1
I1P(R-)[lq < T n”qll lg-

An inequality proved by Ankeny and Rivlin [1] is a special case of this
inequality when we let ¢ — oo.

Also for ¢ — 0o, Theorem 2.12 yields the following:

Corollary 2.14. If P € P, and P(z) # 0 in |z| < 1, then for every real or
complex number o with |a] <1, R>r >1 and |z| =1

|BIP(R )] -aBP(r )|, < (2L Z aBE I+ 1= alloly py

where B € B,,. The result is sharp and equality holds for a polynomial P(z) =
az" +b,lal = |b|.

If we choose 7 = 1,\; = 0 = Ag in (21), we get the following:
Corollary 2.15. If P € P, and P(z) # 0 in |z| < 1, then for every real or

complex number o with |a] <1, R > 1 and |z| = 1,
R" —a|+ |1 — «f
11+ 2"l

This is a compact generalization of a result of Shah and Liman [10, Corol-
lary 1].

(24) I1P(R ) —aPl|, < 1],

A polynomial P(z) is said to be self-inversive if P(z) = u@Q(z), |u| = 1,
where Q(z) = 2"P(1/z). It is known [4] that, if P € P, is a self inversive
polynomial, then for every g > 1,

1P1lg < 1P1lg-
T, "Hq

We next present the following result for the class of self inversive polynomi-

als:

Theorem 2.16. If P € P, is self inversive, then for every q > 1, R >r >1
and |z| =1,
(25) |IB[P(R -)] = aB[P(r -)]llq

< IBIEW(R ) — aB[E,(r ]| +[1 — af|Ao

!
< 1Pl
11+ E,llq !
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The result is sharp and equality holds for P(z) = 2™ + 1.

Proof. Since P(z) is a self inversive polynomial, therefore for all z € C, |z| > 1,
we have

|B[P(Rz)] — aB[P(rz)]| = |B[Q(Rz)] — aB[Q(r2)]| .
This in particular gives, for 0 < 6 < 2,
(26) |B[P(Re™)] — aB[P(re?)]| = | BIQ(Re")] — aB[Q(re”)]| .

Proceeding similarly as in the case of Theorem 2.12, we get
2
/ BP(R)] — aB[P(re")]|" b
0

27 [|R” —ar’|

_ q
No+ x4 20 1 —all] e
o : / |P(e)|" do.
fO |1 + 61n,8|q dﬁ
Or, equivalently,
11+ Ellg !

Hence the result is proved. 0

IBIP(R )] = aB[P(r )lly <

The above inequality of Dewan and Govil [4] and many such results follow
as special cases from Theorem 2.16.
Further, if we make ¢ — oo in inequality (25), we get the following:

Corollary 2.17. If P € P, is self inversive, then for every R > r > 1, and

2] =1,

|B[En(R ) —aB[E(r )]+ |1 — 04H>\o|]||P||
2 [o.op]

where B € B,,. The result is sharp and equality holds for a polynomial P(z) =
2"+ 1.

|BIP(R )] =aB[P(r -)]lls < |
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