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MATRICES *

Wen-Chyuan Yueh f

Received 4 September 2004

Abstract

Tridiagonal matrices appear frequently in mathematical models. In this note,
we derive the eigenvalues and the corresponding eigenvectors of several tridiagonal
matrices by the method of symbolic calculus in [1].

1 Introduction

There are many mathematical models which involves tridiagonal matrices of the form

2]

—a+b ¢ 0 0 0
a b ¢ 0 ... 0 0
A, = 0 e b ¢ .. O 0 . (1)
0O 0 0 0 .. a —B+b /) ..
In particular, when a =c=1, b = —2 and a = 3 = 0, the eigenvalues of A,, has been

proved [3,4] to be
km
/\k- (An) = —2+4 2cos n——‘,—]_7 k= 1, 2, ey N

whena=c=1,b=-2anda=0F=1,or,whena=c=1,b= -2, a=1and g =0,
the eigenvalues have been reported as

k
Ak (Ap) = =2+ 2cos %, k=1,2,..,n;

or

2km
k=12, ...
2n+1
respectively without proof. In this note, we intend to derive the eigenvalues and the
corresponding eigenvectors of several tridiagonal matrices of the form A,,.

Ak (A) = —2 4 2cos N
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2 The Eigenvalue Problem

Consider the eigenvalue problem A, u = Au, where a, b, ¢ and «, § are numbers in the
complex plane C. We will assume that ac # 0 since the contrary case is easy.

Let A be an eigenvalue (which may be complex) and (u1, ...,u,)! a corresponding
eigenvector. We may view the numbers w1, us, ..., u, respectively as the first, second,
..., and the n-th term of an infinite (complex) sequence u = {u;};-, . Since A,u = Au
can be written as

ug = 0
aug +buy +cuy = Auy + au,
auy +bus +cus = Aug +0,
Aly_o + by +cu, = Aup_1+0,
AUp—1 + by + Cipr1 = Auy + Bug,
Un+1 = 0,

we see that the sequence u = {uk}iozo satisfies ug = 0, u, 11 = 0 and
aUk_1+bUk+CUk+1 :/\uk+fk7 k:172a"'a (2)

where f; = au; and f,, = Bu,, while fi = 0 for & # 1, n. Note that u; cannot be 0, for
otherwise from (2), cus = 0 and inductively uz = uqg = --- = u,, = 0 which is contrary
to the definition of an eigenvector.

Let f = {fr}r—o be defined above. Then (2) can be expressed as

cAurratieo +0{urritieo +a{ur}izg = Murt} oo + {frer1} im0 -

We now recall that h = {0,1,0,...}, @ = {a, 0,0, ...} and the properties of convolution
product zy of two sequences x = {zy},., and y = {yr}72, (see [1] for details). Then
by taking convolution of the above equation with A% = hh, and noting that

if{uni1} = i{ug,ug, ...} ={0,u1,ue,..} =u—Tg

and
h? {unt2}t = h? {ua,us, ...} =90,0,us,us,...} =u—"0g — uih,

we have

¢(u—15 —uih) + (b— N h(u—15) + ahk’u="n(f —fo).
Solving for u, and substituting ug = fo = 0, we obtain
(ah® + (b= N h+72)u=(f + cux) h.
Since ¢ # 0, we can divide the above equation [1] by ah? 4+ (b — \) fi + € to obtain

ye  Sramhn
ah? +(b—Nh+e
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Let b4
o= = NEV
2a

be the two roots of az® + (b — A) z + ¢ = 0, where w = (b— A)* — 4ac. Since a,b, ¢ as
well as y4,w are in the complex domain, we first introduce the following Lemma.

LEMMA 1. Let z = z + iy where z € C and z,y € R. Then (i) sinz = 0 if and only
if z=ax = kn for some k € Z, and (ii) cosz = £1 if and only if z = x = jr for some
jEeZ.

PROOF. If z = x = km, k € Z, then sin z = 0, which gives the sufficient condition
of (i). If

sin z = sin (x + 4y) = sinz coshy + i (cos sinhy) = 0,

then sinz coshy = 0 and cosxsinhy = 0. Since coshy # 0, hence sinz = 0 so that
x = km, k € Z. Consequently cosz # 0 and sinhy = 0, which yields y = 0. Hence
z=x =km, k € Z. This gives the necessary condition of (i). To prove (ii), in a similar
manner we see that if z = kw, k € Z, than cosz = 1. On the other hand, if

cos z = cos (x + iy) = cosx coshy — i (sinz sinhy) = £1,

then cosz coshy = +1 and sinz sinhy = 0. If sinx # 0, then sinhy = 0 so that y = 0,
consequently cosz = £1 and « = kw, k € Z. But then sinz = 0 which contradicts
the assumption sinx # 0. Hence sinz = 0 and ¢ = km, k € Z. Then cosz = £+1 and
coshy = 1, which demands y = 0. This completes the proof.

COROLLARY 1. If z # km where k € Z, then sinz # 0, cos z # 1 and sin § # 0,
cos 5 # 0.

PROOF. If z # km, sinz # 0 and cos z # +1 follows readily from Lemma 1. Since
sin z = 2sin 5 cos £ # 0, so we have sin £ # 0 and cos 5 # 0. This completes the proof.

According to v+ being two different complex numbers or two equal numbers, there
are two cases to be considered.

Case I. Suppose 74 and y_ are two different complex numbers. Let v+ = p + iq
where p,q € C and ¢ # 0. Since v, v_ =p* +¢* =c/aand v, +v_ =2p = (A—1) /a,

we may write
1 ..
Y+ = VP2 + % (cosf +isinf) = —e*¥,
p

where

a P A—b
P \/:a COS p2+q2 2\/%7 pU e ( )

By the method of partial fractions,

1 1 __
(7——h_7+—h) (o cmn

{,y:(j+1) _ ’Y;(j+1)} (f + cu_l) i

{ (%)j+1 (Wi“ - 71“) } (f + cup) b,

al= -5l
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where the last two equalities are due to —= = {a=("*+1) }ZO:O and v4v_ = c¢/a. Apply-

ing De Moivre’s Theorem, this may further be written as
21 4
u= \/_’5 {7 sin (j +1) 0} (f + can) h.
Setting f1 = aui, f, = Bu, and f; = 0 for j # 1,n, we may evaluate u; and obtain

uj = % (culpj sin j + auyp’ tsin (5 — )0+ H (j —n — 1) Bunp’ "sin (j — n) 9)
(5)

for j > 1, where H (z) is the unit step function defined by H(z) = 1 if z > 0 and
H(z) =0if x < 0. In particular,

Vw

oy Un+l = cup" ™t sin (n + 1) 0 + auip" sinnb + Bu,, psin 6
)
= cup"tsin (n+ 1) 0 + auip” sinnb
2isin 6 "
sin nf L -1)0
+8p TG (curp™sinnf + auip™ " sin (n — 1) 6)

1
= cup"tsin(n+1)0 + (a+ B)uip"sinnd + afu;—p" tsin(n —1)0,
c

where we have substituted 2iy/acsin = \/w. Since p,u; # 0 and u, 1 = 0, we finally
obtain the necessary condition

acsin (n + 1) 0 + (a + B) Vacsinnf + afsin (n — 1) = 0. (6)

Since vy # v—, Y4 — V- = Qi\/gsinﬂ # 0. By Lemma 1, 0 # mm for m € Z. Then by
(4), we have

A=b+2accos 0 #mm, me Z. (7)
Note that we may also obtain from (5) that
21 - ,
uj = \/_fj (curp’ sin jO + aup’ tsin (j — 1) 9)
Ur 51 . o
— . . -1
il (bln]& + T sin (j — 1) 9) (8)

forj=1,2,...,n.

Case II. vy are two equal roots. In this case, ¢ =0, or w = (b — )\)2 —4ac = 0. So

we have
A= b+ 2V/ac. (9)

Furthermore, from (3), we have

(f +cm)h (f +cam)h

u = -
(B2 +21%) ¢ (15 2,/Zh+ (/21)%)
1

_o Lo o L PEE -
e v G A
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The j-th term now becomes

u; = \/% ((il)j+1 curjp’ + (£1) auy (j — 1)pj_1)
b 1T HG = 0= 1) (G- m) (10)

Jac

By letting u,,+1 = 0, we obtain

(ac F (a+ B) Vac+ af) n+ (ac — o) = 0.

Since this formula must be valid for all n > 2, thus ac + (a + 3) Jac + af = 0 and
ac—af = 0. This yields the necessary condition a = § = F+/ac (where « = 3 = —\/ac
corresponds to the eigenvalue A = b + 2y/ac, and o = 8 = \/ac corresponds to the
eigenvalue A = b — 2+/ac). The corresponding eigenvectors may be obtained from (10).
Since j < n, we have, if we set u; = 1, u; = (—p)’ ' when a = /ac and u; = p/~*
when a = —/ac.

3 Special Tridiagonal Matrices

Now we can apply the results of the last section to find the eigenvalues of several
tridiagonal matrices of the form (1). We will assume ac # 0 and set p = m as
before.

Suppose a« = =0 in A,. Suppose A is an eigenvalue. In Case I, (6) reduces to

sin(n+1)6 =0.

Hence by Lemma 1,
k
0= " k=0+1,42, ...
n+1
Case II does not hold since 0 = a = 8 = +/ac is not allowed.
In other words, if A is an eigenvalue of A,, and (u1,usz, ..., u,)! is a corresponding

eigenvector, then according to (7),
km
n+1
(k)

J

A = b+ 2y/accos

for some k € {1,...,n}, and the corresponding u; ’, according to (8), is given by

. ki
ul) = p~1sin - J+7T1’ j=1,2,.,n. (11)
k - ke
where we have assumed ug ) = sin nk_-l—l

Conversely, we may check by reversing the arguments in Section 2 that for each
k e {1,...,n}, the number

k
Ap = b+ 2y/accos 11’ k=1,2,..n, (12)

n
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is an eigenvalue and the vector u*) = (ugk), uék), ey u%k))Jf a corresponding eigenvector

of A,,.
Before proceeding further, we introduce the following Lemma.
LEMMA 2. Let
—-B+b ¢ 0 0 0 0
a b ¢ O 0 0
B, = 0 a b ¢ 0 0 ,
0 0O 0 0 .. a —a+b

nxn

which is obtained from A,, by interchanging the numbers o and 3. Then the eigenvalues
T
of B,, are the same as A, and the corresponding eigenvectors v(¥) = (vgk), e vék) ) ,

k=1,...,n, are given by

vj(k) _ p2jUka_)j+1a k=1,2,...n (13)

i
where u(%) = (ugk), vy u%k)) , k=1,...,n, are the eigenvectors of A,,.

PROOF. Let A be an eigenvalue and v = (uq, ..., un)T a corresponding eigenvector
of A,,. Let

0 0 v 0 p?
0 0 wopt 0
0 p»2 .. 0 0
p*n 0 0 0

nxn
Then since A,u = \u, we have R,A,R,'R,u = AR,u or AXu* = \u*, where u* =
R,u = (p2un,p4un,1, ...,p2"u1)T and A = R,A,R;'. By noting that p?c = a and
p~2a = ¢, it is not difficult to see that A* = B,,. Let v = u*, then we have B, v = \v.
Thus B,, has the same eigenvalues A as A,,, and the corresponding eigenvectors v =
(v1,...,vn)" are given by v; = p*u,_;41. This completes the proof.

Now suppose a = 0 and 3 = y/ac # 0. This yields af =0 and o + 8 = y/ac. In
Case I, (6) becomes

sin (n + 1) 6 + sinnb = 0.

or

2 1)0 0
QSiDMCOS— =0.

Since 0 # mm, m € Z, by Corollary of Lemma 1, cosg # 0, we have sin w =0.

Thus
2km

T o+ 1

Case II does not hold since @« = 0 # +/ac. By reasons similar to the case where
a = 3 =0 above, we may now see the following.

9 k=0,+1,%2, ...
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THEOREM 1. Suppose a = 0 and 3 = y/ac # 0. Then the eigenvalues A1, ..., A,
of A, are given by

2km
= v/ — k=1,2,...,n. 14
Ae=b+2 accosszrl, y2,..,m (14)

t
The corresponding eigenvectors u(f) = u(k), ey uSZ“) , k=1,...,n are given by
g C1g 1

L 2k
uf) = /L sin =T

=12,..,n
S1n2n+17j » < 1

We remark that in case § = 0 and o = v/ac # 0, Lemma 2 says that the eigenvalues
T
are the same as given by (14). The corresponding eigenvector vk = (vgk), . vﬁf)) ,

k=1,..,n,in view of (13), are

: kE(2j—1
v](-k) = p'lsin %, i=12..n. (15)

The eigenvalues and the corresponding eigenvectors of the other case a8 = 0 and a+

3 = —y/ac can be obtained in a similar way. In Case I, now (6) becomes sin (n + 1) 0 —

sinnf = 0 or 5 Ne o
QCOSMSiD— = 0.
2
Since 0 # mm, m € Z, by Corollary of Lemma 1, sin% = 0, we have cos

Thus

@n+1)6 _
g g,

% — 1
g GE-Dm k=+1,42, 43, ...
2n+1

THEOREM 2. Suppose a = 0 and 3 = —/ac # 0. Then the eigenvalues A1, ..., A,
of A, are given by

2k—1)
= - =1,2,3,...,n. 1
A = b+ 2y/accos 1 k ,2,3,..,m (16)

t
The corresponding eigenvectors u*) = (ugk), . u&k)) , k=1,...,n, are given by

(2k — 1) jm

(k) _ =1
u; = p’" sin 1

, J=1,2,...,n.
In case 0 = 0 and @ = —+/ac # 0, the eigenvalues are given by (16) and the
corresponding eigenvectors by

(2k —1)(2j — )
202n+1)

vlgk) = pj*1 cos 1=12,...,n.

Next, suppose o = —3 = y/ac # 0, then (6) reduces to

sin(n+1)f —sin(n—1)0=0
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or
2cosnfsind = 0.

Since sin @ # 0, thus cosnf = 0, so that

k-1

0= 2n

,k=41,42 43, ...

Cases II does not hold as before.

THEOREM 3. Suppose a = —3 = y/ac # 0. Then the eigenvalues Ay, ..., A, of A,
are given by

2k —1
)\kzb—l—?\/@cos%, k=1,2,3,...,n. (17)

T
The corresponding eigenvectors u*) = (ugk), ...,ug{”‘)) , k =1,...,n, according to (8),
are given by
2k-1)2j—-1)m .
n , 1 =1,2,..

k i1
ug-):p] sin oM.

In case a = — = —\/ac # 0, the eigenvalues are given by (17) and the correspond-
ing eigenvectors by

(2k —1)(2j — ) i1

(k) _ j-1
v, =p’" " cos ™ , 2,

5T

Next, suppose @ = 3 = v/ac # 0, or « = 8 = —y/ac # 0. If X is an eigenvalue of
A,,, then in Case I, (6) reduces to

2sinnf (cosf + 1) = 0.

or
2sinnf (cosf —1) =0

respectively. Since 6 # mm, m € Z, by Corollary of Lemma 1, cosf £ 1 # 0, we have
sinnf = 0. Thus L
7r

- ’
n

0 k=0,+1,4+2 43, ...

Since 0 # mm for m € Z and since cos is even and periodic, we obtain
km
A=b+2vaccos—, k=1,2,3,....,.n— 1.
n

In Case II, by (9), we have A = b+ 2y/ac = b+ 2\/accos0 if @« = 3 = —y/ac, and
A=b—2yac=>b+2\/accosT if a = § = +/ac.

THEOREM 4. Suppose a = 3 = y/ac # 0. Then the eigenvalues Aq, ..., A, of A,
are given by

k
py= b+2\/ﬁcos%, kE=1,2,3,..,n,
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t
and the corresponding eigenvectors u*¥) = (ugk), e u%k)) are given by

. k(25 —1
() _ -1y R — DT j=1,2,..,n,
2n

for k = n.

THEOREM 5. Suppose o« = 3 = —y/ac # 0. Then the eigenvalues A1, ..., A, of A,
are given by

k—1
A\ = b+ 2v/accos %, k=1,2,3,..,n,

t
and the corresponding eigenvectors u*) = (ugk), e u%k)) are given by

for k =1 and

for k=2,3,...,n.
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