EXPONENTIAL POMPEIU’S TYPE INEQUALITIES
WITH APPLICATIONS TO OSTROWSKI'S INEQUALITY

S. S. DRAGOMIR

ABSTRACT. In this paper, some exponential Pompeiu’s type inequalities for complex-valued absolutely
continuous functions are provided. They are applied to obtain some new Ostrowski type inequalities.

1. INTRODUCTION

In 1946, Pompeiu [6] derived a variant of Lagrange’s mean value theorem, now known as Pompeiu’s
mean value theorem (see also [8, p. 83]).

Lemma 1 (Pompeiu, 1946 [6]). For every real valued function f differentiable on an interval
[a,b] not containing 0 and for all pairs Ty # xo in [a,b], there exists a point £ between x1 and xo
such that

(1.1) 21 f (22) — 22 (21)

L1 — T2

=f()—¢&f (9.

Co back The following inequality is useful to derive some Ostrowski type inequalities.
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Corollary 1 (Pompeiu’s Inequality). With the assumptions of Lemma 1 and if ||f —£f'|| =
SUDie(ap) | (1) —tf' ()] < 0o where £(t) =t, t € [a,b], then

(1.2) tf () —af @O < |If = £f |l lz — ¢
for any t,x € [a, b)].

The inequality (1.2) was obtained by the author in [3].
In 1938, A. Ostrowski [4] proved the following result by the estimating the integral mean.

Theorem 1 (Ostrowski, 1938 [4]). Let f: [a,b] — R be continuous on [a,b] and differentiable
on (a,b) with |f'(t)] < M < oo for allt € (a,b). Then for any x € [a,b], we have the inequality

2
1 _ atb
< Z+<xb—;> M@®B-a).

The constant }1 is best possible in the sense that it cannot be replaced by a smaller quantity.

b
(1.3) ‘f(x)—ﬁ [ s

In order to provide another approximation of the integral mean, by making use of the Pompeiu’s
mean value theorem, the author proved the following result:

Theorem 2 (Dragomir, 2005 [3]). Let f: [a,b] — R be continuous on [a,b] and differentiable
on (a,b) with [a,b] not containing 0. Then for any x € [a,b], we have the inequality

a+b f(z) 1 b
5 —b_a/af(t)dt

T

2
b—a |1 x — atb

(1.4)

a



where £(t) =t, t € [a,b].
The constant %1 is sharp in the sense that it cannot be replaced by a smaller constant.

In [7], using a mean value theorem, E. C. Popa obtained a generalization of (1.4) as follows:

Theorem 3 (Popa, 2007 [7]). Let f: [a,b] — R be continuous on [a,b] and differentiable on
(a,b). Assume that a ¢ [a,b]. Then for any x € [a,b], we have the inequality

‘(“‘;b—a) s+ 4= [ o

1 x—%"—b 2 ,
< |7+ (5= |e-alf - taf I,

where £y (t) =t — a, t € [a,b].

In [5], J. Pecari¢ and S. Ungar proved a general estimate with the p-norm, 1 < p < oo which
for p = oo, gives Dragomir’s result.

Theorem 4 (Pecari¢ & Ungar, 2006 [5]). Let f: [a,b] — R be continuous on [a,b] and differ-
entiable on (a,b) with 0 < a <b. Then for 1 < p,q < oo with 1—17 < % =1, we have the inequality

(16) S e —bia/abf(t)dt

. & < PU(z,p) |If = ££'l,




for x € [a, b], where

1 a?~1 — g2 22— _ gltag1-2¢\ /4
Plep) = 0 K(l —29)(2—q) * (1-29)(1+q) )

p2—9 _ p2—4 229 _ pltayl—2q 1/q
<(1—2q><2—q)+ <1—2q><1+q>) ]

In the cases (p,q) = (1,00), (00,1) and (2,2), the quantity PU(z,p) has to be taken as the limit
as p — 1,00 and 2, respectively.

For other inequalities in terms of the p-norm of the quantity f — £, f’, where £, (t) = t — a,
t € [a,b] and « ¢ [a, b], see [1] and [2].

In this paper, some exponential Pompeiu’s type inequalities for complex-valued absolutely con-
tinuous functions are provided. They are applied to obtain some new Ostrowski type inequalities.

2. EXPONENTIAL INEQUALITIES

We can provide some similar results for complex-valued functions with the exponential instead of

L.




Lemma 2. Let f: [a,b] — C be an absolutely continuous function on the interval [a,b] and
a € C with Re(a) # 0. Then for any t,z € [a,b], we have

fl) @)
exp (ax)  exp (at)
[ Re(@)|[If — afllo if f'—af € Lgla,b],
% 1 _ 1 ‘
exp(t Re(a)) exp(z Re(a))
(2.1)
<{ /7 [Re(a)7(|f" = af]l, / if f'=af € Lyfa, 0]
1/q
1 1,1
X |opEaRe@) ~ ol Re(a))’ p>1L 3+=1L

||f/ - af”l min{exp(t Re(a%),exp(:c Re(a))}?
or equivalently,
lexp (o) f(z) — f(t) exp ()|
Re(@)] 11" — afllo
X |exp (z Re(a)) — exp (¢ Re(a))| if f'—of € Ly [a,b],

(2.2) g9 [Re(a)| 7 || £ = o], if f'~af € L,[a,b]
x exp (zq Re(a)) — exp (tgRe(a))|/* p>1, 1+1=1,

I = afl,
max {exp (t Re(a)), exp (zRe (a))} .
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Proof. If f is absolutely continuous, then f/exp (a-) is absolutely continuous on the interval

[a, b] and
[(E Y 0- St
+ \exp (as) exp (ax)  exp (at)
for any t,z € [a,b] with = # t.
Since

(L) N g [7 L) explas) —af(s)explas) |
[ (Gsan) =

exp(as) exp (2as)
_ [ Lol
o exp(as) ’

then we get the following identity

) W [ - af)
<at>‘/t d

(2.3) exp (az)  exp exp(as)

for any t,z € [a,b] with = # t.
Taking the modulus in (2.3) we have

f(z) f@)

exp (axz)  exp (at)

I

exp(as

(2.4)
1) —af@) |
</t (e (@s)] d" !




and utilizing Holder’s integral inequality, we deduce

SUDsc(t ] (o) 1/ (5) — af ()| | [ Texp(ands

‘l/q

x 1/ T
IS |‘/;: |f’(8)—0{f(8)|pd8| i ft mds

7 177(5) = af ()| ds| 5P,y g ey { ey |

)

1" = flloo

ftz |exp%oc3)| dS‘ ’
‘1/q

IA

I = afll,

)

x 1
Ji eptammds

”fl _ af||1 Supse[t,z]([w,t]) {m} ’

Now, since o = Re(a) + iIm («) and s € [a, b], then

lexp(as)| = exp (s Re(a) +isIm(a)) = |exp (s Re(a)) exp (i s Im(e))|

lexp (s Re(@))| |exp (isIm(a))| = exp (s Re(w)).



‘We have

| e sty )| e eReaas

— ~Re(a) exp(—sRe (a))[}
— Re(a) exp (—z Re(a)) + Re(a) exp (—t Re(a))
= Re(a) [exp (—t Re (a)) — exp (—z Re(a))]

1 1
Baa pr (tRe(a)) ~ exp(x Re<a>>] |

By (2.4) and (2.5), we get
flz) —_f@®)
exp (ax)  exp (at)
and the first part of (2.1) is proved.

<If —afl |Re<a>|\ ! ! '

exp (tRe(a))  exp (z Re(a))

‘We have
x 1 * 1
——ds = / ————ds
/t lexp(as)| ¢ exp (sqRe())
1 1
=qR — .
Rle) | et~ 5 e )
Go back By (2.4) and (2.5), we get the second part of (2.1).
‘We have
Full Screen . { 1 } B 1
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By (2.4) and ((2.5), we get the last part of (2.1).
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The inequality (2.2) follows from (2.1) by multiplying by |exp (ax) exp (at)| and performing the
required calculation. O

The following particular case is of interest.

Corollary 2. Let f: [a,b] — C be an absolutely continuous function on the interval [a,b]. Then
for any t,x € [a,b], we have

flz) _ f@® ‘
exp(z)  exp(t)

1
exp(t)  exp(z)

<q @90 =1,

if f'—[ € Lola,b],

1/q
1 1 .
oxp(ta) W‘ if ' — f € Lyla, b,
pel, o2 =1,

=il ==

or equivalently,
lexp(t) f(x) — f(t) exp(x)]
I1f" = fllo lexp (z) — exp(?)] if f' = f € Lola, b,
<3 ¢4 Nf = £l lexp (@q) — exp (t9)] " if f — f € Lylat]

1 1 _
, p> 17 E + E — ]-7
1" = fll, max {exp(t), exp(x)} .



Remark 1. If Re(a) = 0, then the inequality (2.5) becomes

ds

)

SUDse(t.a] (o) |/ (5) — iTm(a) f ()] | [;7 ERem R

ds

)

1< U;x |f’(3) —iIm(a)f(S)lp ds|1/P ’1/(1

o 1
-/;5 lexp(iIm(a)s)|?

\ |ftz |f/(8) = 1Im(a)f(s)| d8| Sllpse[t’x]([x’t]) {m} y

If" — iIm(a) fll | ;" ds|, If" —iTm(a) fl| |z — ¢
< S If —iTma) Il |7 dsV, =4 I —ilm(@)f], e — ¢/,
L [If —iTm(a) ], , If" = iTm(a) ] -

Therefore, we have

[f* = ilm(a) fll |z — ¢,
I = iTm(a) ], | — ¢/,
[[f* = iTm(a)fll; ,

flz) f®)
exp (iIm(a)z) exp(ilm(a)t)| —

(2.8)

or equivalently,
If" —ilm(a) fllc [z — ¢,
(29)  |exp(ilm()t)f(x) — f(t) exp (ilm()a) | < § || f" = iTm(a)f|, [« —¢]*/,
If" —ilm(a) f,



for any ¢,z € [a, b].
In particular, we have

If =iflle lz—1tl,
f(z) f@) p /
(2.10) exp (iz) - exp (it) < Il f _1f||p|x_t|1 ‘
I =ifly
or equivalently,
1f" = iflloo |z —tl,
(2.11) lexp (it) f(z) — f(t) exp (iw)| < q [If =i fll, |z — "/,
If =ifll

for any ¢,z € [a, b].

3. INEQUALITIES OF OSTROWSKI TYPE

The following result holds.



Theorem 5. Let f: [a,b] — C be an absolutely continuous function on the interval [a,b] and
a € C with Re(a) > 0. Then for any z € [a,b] we have

exp (ab) — exp(aa)

f()

b
— exp (ax)/ f(®)de

[Re()[ If" — afllo Bila,b,x,a) if f'—af € L[a,b],

(3.1)
<] dlRe@I G-t if feaf € Lad)
) < —afl,|Bya b)Y p>1, Iylat
”f/ - af”l BOO(aa ba T, a)a
where
a+b
By(a,b,z, o) :==2 |exp (zqRe(a)) [z — 5
1
N exp (bgRe(a)) + exp (agRe (o)) exp (zq Re(a)
qRe(a) 2
Go back
Full Screen fOT‘ q= 1 and
Close exp (bRe(a)) — exp (z Re(a))
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Proof. Utilising the first inequality in (2.2), we have

b b
f(z) / exp (at) dt — exp (ax) / ft)de

b
(3.2) < [ lexp at) £(2) ~ £(0) xp (o)

b
< [Re(a)] 1/ = aflloo/ |exp (2 Re(a)) — exp (t Re (a))| dt

for any x € [a, b].




Observe that since Re(a) > 0, then
b
/ lexp (z Re(a)) — exp (t Re(ax))| dt

= /w (exp (x Re(a)) — exp (t Re(a))) dt
S
+/ (exp (tRe(a)) — exp (x Re(w))) dt

= exp (zRe(a)) (z — a) — exp (tRe(a)) :

Re(a) o
b
eXp(tRW(a) — (b— ) exp (z Re(e))
= exp (zRe(a)) (22 —a—b) — Re;(a) (exp (zRe () — exp (a Re(a)))
+ ﬁ (exp (bRe(a)) — exp (2 Re(a)))

= exp (zRe(®)) (22 —a —b)

+

Re(a) (exp (bRe()) + exp (aRe()) — 2 exp (z Re(a)))

_9 [exp (x Re()) (w = —2|_ b)

N Re1(a) (exp (bRe(w)) —;exp (aRe(a)) exp (2 Re(a)))]
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for any x € [a, b].
Also

b b
f(z) / exp (0et) df — exp (a2) / f(t)dt = f(z)

for any x € [a,b] and by (3.2), we get the first inequality in (3.1).
Using the second inequality in (2.2), we have

exp (ab) — exp (aa)

b
—exp(ax)/ fe)de

(07

b b
|f(z) / exp (at) dt — exp (ax) / f(@)de

b
(3.3) < [ lexp (@) () = £(t) exp o)

b
< 1 Re(@)] /7 = o, [ lexp (g Re()) — exp (tqRe(a))|" " d

for any z € [a, b].
By Holder’s integral inequality, we also have

b
/ lexp (2 Re(a)) — exp (tg Re())| 7 i

1/p 1/q
< ( /a : dt) l /a b (lexp (zgRe(a)) — exp (the(a))|1/q>th]

b 1/q
= (b—a)'/® V lexp (zq Re(a)) — exp (tq Re ()] dt] ;




for any x € [a, b].
Observe that as above we have

b
/ lexp (zg Re(ar)) — exp (tgRe(a))| dt = 2 [exp (zqRe(a)) (m _at b)

2
N qRi(a) (exp (bqRe(a))—;exp (agRe(a)) exp (que(a)))] — By(a,b3,0)

for any x € [a,b] and by (3.3), we get the second part of (3.1).
Using the third inequality in (2.2), we have

b b b
‘f(fv) / exp (o) dt — exp (o) / f(t)dt] < / jexp (o) £(@) — £(8) exp (o)

IN

b
||f’—af||1/ max {exp (¢ Re(a)) , exp (z Re(a))} dt

for any z € [a, b].
Observe that

b
/ max {exp (t Re()) , exp (2 Re(a))} dt

@ b
= / max {exp (t Re(a)) , exp (zRe(a))} dt + / max {exp (t Re(@)) , exp (z Re(a))} dt

b

= /ac exp (z Re(a)) dt + / exp (t Re(a)) dt

ZXp (bRe()) — exp (z Re(a))

= exp (zRe(a)) (x — a) + Re(a)




and by (3.4), we get the third part of (3.1). O

Remark 2. If Re(a) < 0, then a similar result may be stated. However, the details are left to
the interested reader.

Corollary 3. Let f: [a,b] — C be an absolutely continuous function on the interval [a,b]. Then
for any x € [a,b], we have

b
1F(@)[exp (8) — exp ()] —exp(e) / f(t)at

(35) ”f/ - f”ooBl(a'v b,.’)]) Zf f/_f € Loo[aa b]»

ql/q(b_a)l/p ||f,_f||p ’Lff,_f € Lp[a7b]7
x | By(a, b, z)] "/ p>1, L+i=1,

VAN

1" = flly Boo(a; b, 2),
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where
By(a,b, )

=2 [(:c - GTH’) exp (zq) + % (eXp (bq) ereXp (aq) _ exp (xq))]

forq>1 and
By (a,b,2) := (z — a) exp(z) + exp (b) — exp(x).

Remark 3. The midpoint case is as follows:

‘f (“52) o0 ) —exp @) - oxw (“52) /abf(t)dt

' = fllo Bi(a, b if f'—f € Lla,b],
(36) I I B1(a, b) [a, ]
_ ) - P = S, i - € Lo,
T xIBq(a,b)" p>1, t+i=1,
Ilf" = fll; Boo(a,b),
where
2
By(a,b,z) := — (exp bzl i o ) — exp (a+bq)>
q 2 2
for ¢ > 1 and

b— b b
By (a,b) := 5 a exp (a;— ) + exp (b) — exp (%) .



The case Re(a) = 0 is different and may be stated as follows.

Theorem 6. Let f: [a,b] — C be an absolutely continuous function on the interval [a,b] and
a € C with Re(a) = 0 and Im(«v) # 0. Then for any = € [a,b], we have

exp (iIm (a) b) — exp (1Im(a)a)
iIm(a)

b
| f(@) — exp (iIm(e)z) / F(t)dt

1/ = iIm(e) fl o

atb\ 2
(3.7) X [% + <x%__:_—> ] (b—a)? if f'—ilm(a)f € L_ [a,b],
<{ sl —iml, i = itm(@)] € Lo, b
JE)T (=) om0 s deien,

Ll = 1TIm(a) fly (b—a).




Proof. Utilizing the inequality (2.9), we have
‘f(x) exp (ilm (a)b) — exp (ilm(a)a) exp (i Tm(a)z) /b f(t)dt‘

ilm(e)

b
S/ lexp (iIm(a)t) f(x) — f(t) exp (iIm (a) z)| dt

(3.8)
. b
I = iEm(a) . 7 o — tldt,
< QI = ilm(a)fl, [ |z — ¢ dt,
. b
If = iIm(e) f]l, [, dt.
Since
2
b a+b
| (x5 2
/a | —t|dt = il ( - > (b—a)
and
Go back /b|x—t|1/th_—q boz QT1+ —— qu (b_a) -;1
a g+1(\b-0a b—a ’
Full Screen .
then from (3.8), we get the desired result (3.7). O
Close Corollary 4. Let f: [a,b] — C be an absolutely continuous function on the interval [a,b]. Then

for any x € [a,b], we have
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. , ,
|f(at) exp (ib) —iexp (ia) — exp (1x)/ f(t)dt
(N —iflls
(3.9) X [i + (%?—) ] (b—a)? if f'—if € L [a,b],
<q wrlf =ifl, » if f'~1f € L,la,b),
X [(zl:—i) ’ +(’£IZ) ' ](b—a) T op>1, I4i=1,
If" = ifll, (b—a).

Remark 4. The midpoint case is as follows

Go back a+0b)\ exp(ib) —exp (ia) a+b L
P —————
Full Screen (310) % ”f/ - lf”oo (b - a‘)2’ if fl_if € Loo [a, b] ’

<

at1

@z I —ifl, (b—a)«, if f'—if € L,[a,b].

Similar inequalities may be stated if one uses (2.1) and integrates over ¢ on [a, b]. The details
are left to the interested reader.
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