HARDY’S AND RELATED INEQUALITIES IN QUOTIENTS

S. IQBAL, K. KRULIC HIMMELREICH anp J. PECARIC

ABSTRACT. The main purpose of this paper is to give the well-known Hardy, Pélya-Knopp, Hardy-
Hilbert, Hardy-Littlewood-Pdlya and Hilbert-Hardy-type inequalities in quotients. We apply our result
on multidimensional setting to obtain new results.

1. INTRODUCTION

We recall some well-known integral inequalities. First inequality is classical Hardy’s inequality

(1.1) /(i/f(t)dt)pdmg (#)p/fp(x)dx,
0 0 0

where 1 < p < 0o, Ry = (0,00), and f € LP(R,) is a non-negative function. By rewriting (1.1)
with the function f % instead of f and then by letting limit p — oo, we get the limiting case of
Hardy’s inequality known as Pélya-Knopp’s inequality, that is.

7exp (% /mln f(t)dt) dz < e]of(ac) dz
0 0 0
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which holds for all positive functions f € L*(R;). Two important inequalities related to (1.1) are
Hardy-Hilbert’s inequality

[(] 1@ T\ /
< P
/(/(m—i—y)dx) dy_(sin%) f* (@) de
0 0 0
and the Hardy-Littlewood-Pdélya inequality
[ty : 7
_ N < P
/(/max{x,y} dm) dy < (pp> fP(y) dy,
0 0 0

which holds for 1 < p < oo, p’ is the conjugate exponent of p, that is, p’ = I% and non-negative

P p
f € LP(R.). The constants (1%) ,€, (sm%) ,(pp')? in the above inequalities are the best
P

possible constants. For further details we refer [1]-[5], [11], [13] and the references therein.
Godunova in [7] (see also [14]) proved the following inequality

ol [ B [

which holds for all non-negative measurable functions I: R} — Ry such that [, [(¢)dz = 1,
+

convex function @: [0,00) — [0,00), and a non-negative function f on R", such that the function

T — fRi % is integrable on R”.



Let (21, %1, 1) and (2, Xo, p2) be measure spaces with positive o-finite measures, k: Q1 xQo —
R be a measurable and non-negative kernel, and

(1.3) 0< K(z) = /k‘(:r,y) dpa(y) < oo, z € Q.
Qo
Let U(k) denote the class of measurable functions g: Q7 — R with the representation
(1.4 9@) = [ o) f)d), @€,
Qo

where f: Q5 — R is a measurable function.

In [12] (see also [6]) K. Kruli¢ et al. studied some new weighted Hardy-type inequalities on
(Q1,%1, 11), (22,39, u2), measure spaces with o-finite measures by taking an integral operator Ay
defined by

1
1. A =
(15) @) = 5 [ Hen @) duw).
Qo
where f: Q5 — R is a measurable function, K is defined by (1.3). They proved the following
theorem.

Theorem 1.1. Let (1, %1, p1) and (Qa, 3o, o) be measure spaces with o-finite measures, u be
a weight function on 4, k be a non-negative measurable function on Q1 X Qs and K be defined on
O by (1.3). Suppose that the function x — u(ac)kl({%)) is integrable on Qy for each fixed y € Qa,
and v is defined on Qo by

o(y) = / —“(x[)f(f) Y dpn () < co.

Q



If ® is convex on the interval I C R, then the inequality
Ju@e(aur@)am@) < [ vme(r0)du)
Ql QZ
holds for all measurable functions f: Qs — R such that Im f C I, where Ay, is defined by (1.5).

From Theorem 1.1, we can easily obtain Hardy’s inequality, Hardy-Hilbert’s inequality and
Godunova’s inequality and it also covers general situation that is a multidimensional case.
Before presenting the results for multidimensional setting, it is necessary to introduce some

further notations. For w,v € R, u = (u1,uz, ..., upn), v = (v1,02,...,0y,), let
u Uy U2 Unp,
—=<—,—,...,— and u¥ = ui'uy? ... upn.
v V1 V2 Un

2 —il

In particular, u* =[], u;, u? = (H?zl ul) andu~! = (H?zl ul) , wheren = (n,n,...,n).
We write v < v if componentwise u; < v;, i = 1,...,n. Relations <, >, and > are defined analo-
gously.

Applying Theorem 1.1 with £, = Q = R}, the Lebesgue measure dyu; () = dz and dus(y) =

dy, and the kernel k: R? xR} — R of the form k(z,y) = l(%), where [: R} — R is a non-negative
measurable function, the following corollary is obtained in [12].

Corollary 1.2. Let [ and u be non-negative measurable functions on R} such that 0 < L(z) =

2l fRi l(y)dy < oo for all x € R, and the function x — u(x) lL(a is integrable on R’} for each



fized y € R’ . Let the function v be defined on R by

Ry

If ® is a convex function on an interval I C R, then the inequality

1
(16) [u@e(55 [1(L)rwiw)iz < [vweue)
& g L
holds for all measurable functions f: R} — R such that Im f C I.

Example 1.3. Especially, for [, ((t)dt = 1 and u(z) = z~!, Corollary 1.2 reduces to Go-
+
dunova’s inequality (1.2). This shows that Corollary 1.2 is a genuine generalization of the Go-
dunova inequality (1.2).

Next theorem is the generalized form of the Theorem 1.1 given in [12].

Theorem 1.4. Let (Q1,%1, p1) and (Qa, 3o, ua) be measure spaces with o-finite measures, u be
a weight function on 1, k be a non-negative measurable function on 1 X Qs and K be defined
a
on Q1 by (1.3). Let 0 < p < g < o0, the function x — u(@(’“}{&(;’)l) " be integrable on Qy for each
fized y € Qo and v be defined on o by

P

(1.7) v(y) = (/u(x)(k(gc’y))%dul(x)) ! < oo




If @ is a positive convex function on the interval I C R, then the inequality

18) ([u@ie(ac@)itan@)” < ( [ vwe(s6)duw)’

Ql 92
holds for all measurable functions f: Qs — R such that Im f C I, where Ay, is defined by (1.5).

For the case p = ¢, we obtain Theorem 1.1 and as expected by applying Theorem 1.4 we obtain
the following further generalization of the Godunova result.

Corollary 1.5. Let 0 < p < g < oo and the assumptions in the Corollary 1.2 be satisfied with

v defined by
o) = | [utz (;((ig) L

N

b

If @ is a positive convex function on an interval I C R, then the inequality

(19) ([u@[e(r [1(E) )] a)’ < ( [oweuwim)’

R™ R™ R™

P holds for all measurable functions f: R} — R such that Im f C I.

S. Igbal et al. in their recent paper [9] proved an inequality for an arbitrary convex and increasing
vt Szan function with some applications for different kinds of fractional integrals and fractional derivatives.
The main purpose of this paper is to give the Hardy’s and related inequalities in quotients.
Throughout this paper, all measures are assumed to be positive, all functions are assumed to
be positive and measurable, and expressions of the form 0 - oo, 22 and % are taken to be equal to
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zero. By a weight function (shortly: a weight) we mean a non-negative measurable function on
the actual set. B( -, -) denotes the standard Beta function defined by

1
B(a,b):/ta_l(l—t)b_ldt, a,b >0,
0

The rest of the paper is organized in the following way. In Section 2, we give the well-known
Hardy, Pdélya-Knopp, Hardy-Hilbert, Hardy-Littlewood-Pélya and Hilbert-Hardy-type inequalities
in quotients. We consider some particular weight functions to give the related examples. We
conclude this paper by providing the new results for multidimensional setting.

2. RESULTS

First we obtain our central result using a particular substitution, that is, if we substitute k(z,y) by
k(z,y)f2(y) and f by f1/f2, where f;: Qo — R, (i = 1,2) are measurable functions in Theorem 1.4,
we obtain the following result.

Theorem 2.1. Let (21,31, p1) and (Q2, X, 1o) be measure spaces with o-finite measures, u be a
weight function on Q1 and k be a non-negative measurable function on Q1 xQs. Let 0 < p < g < oo,

g
the function x — u(zx) (%) " be integrable on Q0 for each fized y € Qo and v be defined on
Qg by

(21) o) :=f2(y)< / U(w)<k(x’y))%du1(x)> <o, @) #0.



If @ is a positive convex function on the interval I C R, then the following inequality

@V o) £
(2:2) ( Q/ u@)[2(05)] dm(ﬂﬂ)) < ( Q/ v()®( fz(z))dm(y))

holds for all measurable functions f;: Q2 — R, (i = 1,2), such that ﬁgg eI and

p

(23) 5@) = [Kehd, (=12,
Qo
As a special case of Theorem 2.1 for p = ¢, we obtain the upcoming corollary. Also note that
the function ® need not to be positive.
Corollary 2.2. Let (Q1,31,u1) and (Q2,Xa, 12) be measure spaces with o-finite measures, u
be a weight function on 1 and k be a non-negative measurable function on 2 x Qs. Suppose that
the function x — u(a:)M is integrable on 0y for each fired y € Qo and v is defined on

g2(x)
by
2.4) o(y) = Faly) Q/ ) (@) <o, (o) 20
If ® is a convex function on the interval I C R, then the inequality
91 () fi(y)
(25) Ju@e (2 ) din (@) < Q/ o) () din(o)

holds for all measurable functions f;: Qo — R, (i = 1,2), such that Q—EZ; € I and g; is defined by
(2.3)



Remark 2.3. If we take p = ¢, Q1 = Q2 = (a,b), du1(x) = dz and dus(y) = dy in Theorem 2.1,
we obtain the result given in [8, Theorem 2.1]. So Theorem 2.1 is the generalized version of [8,
Theorem 2.1].

Although the inequality (2.2) holds for all positive convex functions, some choices of ® are of
our particular interest. Let the function ®: Ry — R be defined by ®(x) = 2P, so ® is convex for
p € R~ [0,1), concave for p € (0,1], and affine, that is, both convex and concave for p = 1. In
upcoming results we apply our results to power functions.

In next theorem, we give a general result for Hardy’s inequality in quotient.

Theorem 2.4. Let 0 < p < ¢ < 0o and u be a weight function defined on (0,00). Define v on
(0,00) by

x

(26) o) = ([ ([ )
] 0

If ® is a positive convex function on the interval I C R, then the following inequality

= ¢ fRA@dAnTE \E :
(2.7) /u(x) olL— dz | < /v(y)@ h) dy
0 Off2(y) dy 0 f2(9)

holds for all measurable functions f;: (0,00) = R, (i = 1,2), such that }”;_Eyyg el

a

"u(x) dx)g < 00.




Proof. Rewrite the inequality (2.2) with Q; = Qo = Ry, duy(z) = dz, dpe(y) = dy. Let us
define the kernel k: R2 — R by

_J L 0<y<um
28) wen={ g 95Y
then g; defined in (2.3) takes the form
29 5@0) = [ ).
0

Substituting g;(z), (¢ = 1,2), in (2.2), we get (2.7). O

Example 2.5. If we take ®(z) = 2P, p > 1 and a particular weight function

q

u(z) = %;(ffg(y) dy)p, x € (0,00) in (2.6), we obtain v(y) = y_gfg(y) and the inequality
0
(2.7) becomes

x x

(7(/fl(y)dy>q(/f2(y)dy)q(%_l)%>%
0

(2.10) 0 0




For g = p, the inequality (2.10) reduces to

(211) / ( / Ay ( / ) o < / HOT RIS

If we take fa(y) =1 in (2.11), we obtain the following inequality (for details see [10] and [12])
7 1 [ rdx T dy

(212) / € / ) Y < / .

On the other hand, for the convex function ®: R — R defined by ®(x) = €%, we can give the
general form of Pélya-Knopp’s inequality in quotients.

Corollary 2.6. Let 0 < p < g < oo and u be a weight function defined on (0,00). Defining v
on (0,00) by

o) = o) ([ ([ 20) ) Tl az)” < v,

the following inequality

- fInfidy1s N3 g v
o (2 T N o) ex In f1(y)
) (Ju()l p(flnfz(y)dyﬂ d) S<O/ v p<1nf2(y)>dy>

holds for all positive measurable functions f;: (0,00) = R, (i =1,2).




Proof. Rewrite the inequality (2.2) with Oy = Qo = Ry, duy(z) = dz, dus(y) = dy and
®: Ry — R defined by ®(z) = e®. We obtain

(2.14) (O/u(:c) [exp (‘Z;Eg)] : dx) "< (O/v(y) exp (28;) dy);.

Define k(z,y) as in the proof of Theorem 2.4. Substituting g;(x), (i = 1,2), defined by (2.9) in
(2.14), we get

o ffl(y) dyn1%  \ % ® ;
(2.15) </u(w) [exp (g—)] dx) < (/v(y) exp <§lgy;) dy>
J ) ay ; v

Replacing f; by In f;, (i = 1,2) in (2.15), we get (2.13). O

Remark 2.7. In particular, for the weight function u(z) = ;1;( JIn fao(y ) , z € (0,00) in

Corollary 2.6, we obtain v(y) =y~ ¢ In fo(y) and the inequality (2.13 ) becomes

) 7 5 fln fi(y)dy\ 2 i
Go back </ % (/ln f2 (y) dy) [exp (056—)‘| d.’L’)
J o Oflnfz(y) dy

Full Screen (2 1 6)
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If we put p = q and f3(y) = e in (2.16), we obtain the following inequality (for details see [10] and
[12])

T 1 i dz T dy

Jeo (5 [nawaw) T < [aw-L
x R Y

0 0 0

Our next general result is for Hardy-Hilbert’s inequality.

Theorem 2.8. Let 0 < p < ¢ < o0, s € R and u be a weight function defined on (0,00). Define
v on (0,00) by

[ @) ([ &) N FoNE
2.17 v(y) = fa(y / = / dy dz) < oo.
e ([ ([ ) e
If ® is a positive convex function on the interval I C R, then the following inequality
s T f1(y) a 1 o0 1
[t ang: \: s}
(2.18) /u(:r) O ——— dz | < /v(y)@ dy
[ 2w q f2(y)
0 i (z_;’_y)s y 0

holds for all measurable functions f;: (0,00) = R, (i = 1,2), such that ’f;l—gg el.

Proof. Rewrite the inequality (2.2) with Q1 = Qo = Ry, dus(z) = da, dus(y) = dy. Let us
define the kernel k: Ri — R by

s—2

k(z,y) = (%) "z ty)TS, p>1.




Then g; defined in (2.3) becomes

; = i g & S s i %M
@ = [(H) 7 @ sy =27 [vF L0y
0 0
Substituting g;(z), (i = 1,2), in (2.2), we get
T a2 f1(y) 1 - 1
P N
(2.19) /u(m) O\ o dz | < /v(y)@ ) dy
0 ({yT (ﬁr(g)) dy 0 2
Writing f;(y) instead of fz(y)y¥ in (2.19), we obtain (2.18). O

a—1

Example 2.9. For 0 < a < 2% taking the particular weight function u(z) = =z
2

oo g o P
(J@+nnw)dy)", @ € (0,0), in (2.17), we obtain v(y) = y+ " fao(y)(B(a, 2 —a))",
0
where B is the usual beta function. Let p > 1 and the function ®: Ry — R be defined by

®(x) = aP, then the inequality (2.18) becomes

oo o0 oo

a—1 1 q 2 q(%_l) %
([ ([ ([ )

< (B ‘0‘))%(0/ VE WA ) )

In the upcoming theorem, we give the Hardy-Littlewood-Pdélya inequality in quotient.

(2.20)



Theorem 2.10. Let 0 < p < ¢ < o0, s € R and u be a weight function defined on (0, 00).
Define v on (0,00) by

max{z,y}*

(221) o) = 2w [ ma;zf;}%( ) _ 4\ a0)¥ < on.
0 ’ 0

If @ is a positive convex function on the interval I C R, then the following inequality

(2.22) </Oou(m)

0

a

T%dy 5o\ e v
()| ) = ([ (55) )
f f2(y) dy 4 f2(y)

0

max{z,y}*

holds for all measurable functions f;: (0,00) — R, (i = 1,2), such that gg; el.

Proof. Rewrite the inequality (2.2) with Q1 = Qo = Ry, dui(z) = da, dus(y) = dy. Let us
define the kernel k: Ri — R by

s—2

k(z,y) = <%) " max{z,y}*.

Then g; defined in (2.3) takes the form

o0
5—2

ww= [ (L)

0

dy.




Substituting g;(x), (i =1,2) in (2.2), we get

= J y%2—ma{(1{(a§l?y} dy\ 1%
(2.23) ( / o) lcp(o - )] dm)
0 fysT f2(y) dy

max{z,y}*

Q=
3 |

8

T fl(y)
< (0/ ”(y)‘b<f2(y>> dy)

Writing f;(y) instead of fz(y)y% in (2.23), we obtain (2.22). O

o

Example 2.11. For 0 < a < %‘1, taking the particular weight function

[ee] a op
u(z) = xa_1<f&dy)p, x € (0,00) in (2.21), we obtain v(y) = y °fa(y)
0

max{z,y}*

a(sq—ap)
inequality (2.22) becomes

)
X (L> ‘. Let p > 1 and the function ®: R, — R be defined by ®(x) = zP. Then the

S )

( O/x( AW g y7( [ _£0) dy)q( 1) )’

max{z,y}° ) max{x,y}*
(2:24) < (so2=) ([v s wa)’.
0

Now we give the result for Hardy-Hilbert-type inequality.




Theorem 2.12. Let 0 < p < q < 00 and u be a weight function defined on (0,00). Define v on

(0,00) by

o0

(225) —120)(fute) ("= 1“')%(/Oolny_l”fz»(y)dy)_%dx) < co.
0

Yy—x
0

Qs

If @ is a positive convex function on the interval I C R, then the following inequality

0 i BUREF (y)dy\ 18 . /o ;
(2.26) /u(x) @ go dx) ‘< /v(y)@ h) dy
J —Lny:?mﬁ(y) dy 0 f2(y)

0
holds for all measurable functions f;: (0,00) = R, (i = 1,2), such that ;18; el

Proof. Rewrite the inequality (2.2) with Q1 = Qs = Ry, dug(z) = dz, du(y) =

€ (0,1), we define the kernel k: R2 — R by

Iny —Inz (.’L’)O‘

Yy—==x y

k(z,y) = "

Then g; defined in (2.3) takes the form

Ool ln:L' Ooln —Inz _,
0= [ () hwdy=a [ BT dy,
0 v 0 vy

dy.

For



Substituting g;(z), (i = 1,2) in (2.2), we get

- f Z! lnwy afl( ) 4 % 0 %
f1(y)
0

Writing f;(y) instead of y~® fi(y) in (2.27), we obtain (2.26). O

Example 2.13. For « € (0,1) and for the particular weight function
a
u(z) = x_o‘(f lwf (y) y) " x€(0,00), in (2.25), we obtain v(y)zy(l_a)g_lfg(y)c, where

P

C = (fz“"(%) dz) . Let p > 1 and the function ®: R; — R be defined by ®(x) = zP.
0
Then the inequality (2.26) becomes

(7:1: 71 lnx 7lnz )dy) (%—1> dx)%
(2:28) (07y<1 VLR d)

In the upcoming theorem we give the result for a multidimensional case.



Theorem 2.14. Let 0 < p < q < 00, | and u be non-negative measurable functions on R}.
Suppose that the function

o= u(@)(WI(2)( [1(2)nway) )

Ry

a

=

is integrable on R’} for each fized y € R Let v be defined on R’} by

D

(2.29) o) = ([ u@(n@i(L)( [1(2)rwa) ") )"

E? RY

If @ is a positive convex function on the interval I C R, then the following inequality

J (%) nwdy 4 s Aw) .\
R7 1\Y
o (foalo ([

holds for all measurable functions f;: R — R, (i = 1,2), such that % el

Proof. Apply Theorem 2.1 with ©; = Q3 = R}, the Lebesgue measure du; (z) = dz, du(y) =
dy, and the kernel k: R} xR} — R of the form k(x,y) = l(”;), where [: R — R is a non-negative

measurable function. So g;(z) takes the form

a@= (1Y) s (=12,

Close R

and inequality (2.30) follows. O

Go back

Full Screen

Quit




Go back

Full Screen

Applying Theorem 2.14 to the power function, we get the following corollary.

Corollary 2.15. Let p > 1 and suppose that the assumptions in Theorem 2.1/ are satisfied.
Let v be defined by (2.29). Then the following inequality

4t (%) n(way

Y WY, )
2 (R/ u(w)(fz(%) fz(y)dy> dw) - <R/ 0 (5) dy>
T R? *

holds for all measurable functions f;: R — R, (i =1,2).

Remark 2.16. If we take fo = 1 in Theorem 2.14, we obtain inequality (1.9) given in Corollary
1.5. So Theorem 2.14 is the quotient form of Corollary 1.5.

Remark 2.17. Particularly, if we take p = ¢ in Theorem 2.4, Corollary 2.6, Theorem 2.8, The-
orem 2.10 and Theorem 2.12, we can obtain the corresponding results of Corollary 2.2 in quotients
for Hardy’s inequality, Pélya-Knopp’s inequality, Hardy-Hilbert’s inequality, Hardy-Littlewood-
Pélya inequality and Hardy-Hilbert-type inequality, respectively, but here we omit the details.
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