LIMIT OF APPROXIMATE INVERSE SYSTEM OF TOTALLY REGULAR CONTINUA IS
TOTALLY REGULAR

I. LONCAR

ABSTRACT. It is known that the limit of an inverse system of totally regular continua is a totally regular continuum.
In this paper we shall prove that this is true for approximate limit of an approximate inverse system in the sense of S.
Mardesi¢ (Theorem 14).

1. INTRODUCTION

In this paper we shall use the notion of inverse systems X = {X,, pay, A} and their limits in the usual sense [1,
p. 135].

The cardinality of a set X will be denoted by card(X). The cofinality of a cardinal number m will be denoted
by cf(m). Cov(X) is the set of all normal coverings of a topological space X. If #, V € Cov(X) and V refines
U, we write ¥V < Y. For two mappings f, g : ¥ — X which are U-near (for every y € Y there exists a U € U
with f(y), g(y) € U), we write (f, g) <U. A basis of (open) normal coverings of a space X is a collection C of
normal coverings such that every normal covering Y € Cov(X) admits a refinement V € C. We denote by cw(X)
(covering weight) the minimal cardinal of a basis of normal coverings of X [9, p. 181].

Lemma 1. [9, Example 2.2]. If X is a compact Hausdorff space, then cw(X) = w(X).

The notion of approxzimate inverse system X = {X,, pap, A} will be used in the sense of S. Mardesié¢ [11].
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Definition 1. An approzimate inverse system is a collection X = {X,, pap, A}, where (A, <) is a directed
preordered set, X,, a € A, is a topological space and pgp, : Xp — X,,a < b, are mappings such that p,, = id and
the following condition (A2) is satisfied:

(A2) For each a € A and each normal cover U € Cov(X,) there is an index
b > a such that (pacped, Pad) < U whenever a < b < ¢ < d.

An approximate map p = {p, : a € A} : X — X into an approximate system X = {X,, pap, A} is a collection of
maps p, : X — X, a € A, such that the following condition holds

(AS) For any a € A and any U € Cov(X,) there is b > a such that
(PacPe;Pa) < U for each ¢ > b. (See [10]).

Let X = {X,,pap, A} be an approximate system and let p ={p, : a € A} : X — X be an approximate map. We
say that p is a limit of X provided it has the following universal property:

(UL) For any approximate map q = {q, : a € A} : Y — X of a space ¥
there exists a unique map g : Y — X such that p,g = q,-

Let X = {X,,pap, A} be an approximate system. A point z = (z,) € [[{Xa : a € A} is called a thread of X
provided it satisfies the following condition:

(L) (Va € A)(VU € Cov(X,))(3b > a)(Ve > b)pac(ze) € st(xq, U).

If X, is a T3 5 space, then the sets st(z,,U), U € Cov(X,), form a basis of the topology at the point z,. Therefore,
for an approximate system of Tychonoff spaces condition (L) is equivalent to the following condition:

(L¥) (Va € A) lim{pac(e) : ¢ > a} = za.

Some other properties of approximate systems and their subsystems are given in Appendix.
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Let 7 be an infinite cardinal. We say that a partially ordered set A is 7-directed if for each B C A with
card(B) < 7 there is an a € A such that a > b for each b € B. If A is Rg-directed, then we will say that A is
o-directed. An inverse system X = {X,,pap, A} is said to be 7-directed if A is 7-directed. An inverse system
X = {X,, pab, A} is said to be o-directed if A is o-directed.

The proof of the following theorem is similar to the proof of Theorem 1.1 of [4].

Theorem 1. Let X = {X,, pap, A} be a o-directed approximate inverse system of compact spaces with surjective
bonding mappings and limit X. Let' Y be a metric compact space. For each surjective mapping f : X — Y there
exists an a € A such that for each b > a there exists a mapping gy : Xp — Y such that f = gypp.

Theorem 2. Let X be a compact spaces. There exists a o-directed inverse system X = {X,, pap, A} of compact
metric spaces X, and surjective bonding mappings pay such that X is homeomorphic to lim X.

Theorem 3. [8, p. 163, Theorem 2.]. If X is a locally connected compact space, then there exists an inverse
system X = { Xy, pap, A} such that each X, is a metric locally connected compact space, each pay is a monotone
surjection and X is homeomorphic to lim X. Conversely, the inverse limit of such system is always a locally
connected compact space.

Remark 1. We may assume that X = {X,, pap, A} in Theorem 3 is o-directed [12, Theorem 9.5].

Theorem 4. [13, Corollary 2.9]. If X is a hereditarily locally connected continuum, then there exists a
o-directed inverse system X = {Xgu,pap, A} such that each X, is a metrizable hereditarily locally connected
continuum, each pgp 1S a monotone surjection and X is homeomorphic to lim X.

Theorem 5. [3, Corollary 3|. Let X = {X,, pap, A} be a o-directed inverse system of hereditarily locally
connected continua X,. Then X = limX is hereditarily locally connected.

The following theorem is Theorem 1.7 from [5].
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Theorem 6. Let X = {X,, pay, A} be a o-directed inverse system of compact metrizable spaces and surjective
bonding mappings. Then X = lim X is metrizable if and only if there exists an a € A such that p, : X — X3 is a
homeomorphism for each b > a.

2. LIMIT OF APPROXIMATE INVERSE SYSTEM OF TOTALLY REGULAR CONTINUA

We shall say that a non-empty compact space is perfect if it has no isolated point.

A continuum is said to be totally regular [12, p. 47] if for each x # y in X there is a positive integer n and
perfect subsets Aq,..., A,, ...of X such that z; € A; for i = 1,...,n implies that {z1,...,z,} separates z from
yin X.

Lemma 2. [12, Proposition 7.4]. Each totally regular continuum is hereditarily locally connected and rim-
finite.
The following theorem is a part of [12, Theorem 7.15].

Theorem 7. If X is a continuum then the following conditions are equivalent:

(1) X is totally regular,
(2) X is homeomorphic to im{X,, fup,I'} such that each X, is a totally regular continuum and each fqup is a
monotone surjection.

Theorem 8. [12, Theorem 7.7]. Let X = {X,,pap, A} be an inverse system of totally regular continua X,
and monotone surjective mappings pap- Then X =lim X is totally reqular.

Theorem 9. Let X be a mon-metric totally reqular continuum. There exists a o-directed inverse system
X = { X4, pab, A} such that each X, is totally reqular, each fup is a monotone surjection and X is homeomorphic
to lim X.

Proof. Apply [12, Theorem 9.4], Theorem 8 and Lemma 3.5 of [14]. |
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Now we consider approximate inverse systems of totally regular continua. We start with the following theorem.

Theorem 10. Let X = {X,,, pnm, N} be an approzimate inverse sequence of totally reqular metric continua.
If the bonding mappings are monotone and surjective, then X = lim X is totally regular.

Proof. There exists a usual inverse sequence Y = {Yj,q;;, M} such that Y; = Xy, Gij = PriniiriPriiiniss
-Pn;_n; for each i, j € N and a homeomorphism H : limX — limY [2, Proposition 8]. Each mapping ¢;; as
a composition of the monotone mappings is monotone. This means that Y is a usual inverse sequence of totally
regular continua with monotone bonding mappings ¢;;. By virtue of Theorem 8 lim Y is totally regular. We infer
that X = lim X is totally regular since there exists a homeomorphism H : lim X — lim Y. O

Theorem 11. Let X = {X,,pap, A} be an approzimate inverse system of totally regular continua such that
card(A) = Ng. Then X =1lim X is totally regular.

Proof. By virtue of Lemma 6 of Appendix there exists a countable well-ordered subset B of A such that the
collection { Xy, ppe, B} is an approximate inverse sequence and lim X is homeomorphic to lim{ Xy, py., B}. From
Theorem 10 it follows that lim{ Xy, pp., B} is totally regular. Hence X = lim X is totally regular. O

Theorem 12. Let X = {X,, pay, A} be an approximate inverse system of totally reqular continua and monotone
bonding mappings. If w(X,) < 7 < card(A) for each a € A, then X =1lim X is totally regular continuum.

Proof. By virtue of Theorem 15 (for A = Rg) of Appendix there exists a o-directed inverse system {X,, ¢os, T},
where each X, is a limit of an approximate inverse subsystem {X.,, pag, ®}, card(®) = Ng. From Theorem11 it
follows that every X,, is totally regular. Theorem 8 completes the proof. ]

Theorem 13. Let X = {X,,pap, A} be an approzimate inverse system of totally regular metric continua and
monotone bonding mappings. Then X = 1lim X is totally regular continuum.

Proof. If card(A) = Ny, then we apply Theorem 11. If card(A) > 8y, then from Theorem 12 it follows that X
is totally regular. O

oFirst ®Prev ®Next ®last ®Go Back ®Full Screen ®Close ®Quit



A directed preordered set (A, <) is said to be cofinite provided each a € A has only finitely many predecessors.
If a € A has exactly n predecessors, we shall write p(a) = n + 1. Hence, a € A is the first element of (A4, <) if
and only if p(a) = 1.

Lemma 3. If (4, <) is cofinite, then it satisfies the following principle of induction:

Let B C A be a set such that:

(i) B contains all the first elements of A,
(ii) if B contains all the predecessors of a € A, then a € B.

Then B = A.
Lemma 4. [15, Lemma 1]. Let ¢ = (q,) : Y — Y = {Ys, Vb, 4,7, B} be an approzimate map (approzimate
resolution) of a space Y. Then there exists an approximate map (approzimate resolution) q = (¢.) : Y —

Y= {YC,, V;, q...,C} of the space Y and an increasing surjection t : C — B satisfying the following conditions:

(i) C is directed, unbounded, antisymmetric and cofinite set,
(ii) (Vee C)(Vbe B)(3d > ¢) t(d) > b;
(iii) (Vee€ C) Y. =Yy, Ve = Vi(e)> 4o = Q(c) ad Qo = Qe(c)t(cr)> Whenever ¢ < .

Corollary 1. Let X = {X,, pay, A} be an approximate inverse system of compact spaces. Then there exists
an approzimate inverse system Y = {Y., per, C} such that: a) each Y. is some X, b) each peo is some pap, €)
C' s directed, unbounded, antisymmetric and cofinite set and lim X is homeomorphic to limY .

Proof. By virtue of Theorem 4.2 of [10] an approximate map p : X — X is an approximate resolution if and
only if it is a limit of X = {X,, pap, A}. Apply Lemma 4. O

Now we shall prove the main theorem of this paper.

Theorem 14. Let X = {X,,pab, A} be an approzimate inverse system of totally regular continua with
monotone surjective bonding mappings pap- Then X = lim X s totally regular.
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Proof. If every X, is a metric totally regular continuum, then we apply Theorem 13. Now, suppose that each
X, is a non-metric totally regular continuum. The proof consists of several steps. In the Steps 0 — 11 we shall
define a usual inverse system Xp = {X4, Fye, D} whose inverse limit Xp is homeomorphic to X = limX. In
Step 12 we shall use Theorem 8 which completes the proof.

Step 0.
From Corollary 1 it follows that we may assume that A is cofinite.

Step 1.
By virtue of Theorem 9 for each X, there exists a o directed inverse system
(2.1) X(a) = {X(@y)» flam(as) Ta}

such that each X, ) is a totally regular metric continuum, each f(, ,)(a,5) is monotone and surjective and X, is
homeomorphic to lim X (a). Now we have the following diagram

x, & x, &£ x, £ X
lﬂma) lfw,m lf(mc)
22) X(aya) Xo,m) Xene)
’ J/f(av"m)('laéa) lfwm,)(b,éb) lf@,m(c,sc)
X(a,60) X(b,60) X(e,50)
Step 2.
PuuB={(a,v ):a€A, v, €.} and put C to be the set of all subsets ¢ of B of the form
(2.3) c={(a,7) 0 € A},

where every 7, is the fixed element of T',.
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Step 3.
Let D be a subset of C' containing all ¢ € C' for which there exist the mappings

(2.4) Iara)bm) * X o) = X(aa),0 2 @,
such that
(2.5) {X@ra)r 9@ra))s AL

is an approximate inverse system and each diagram
X, & Xy
(26) Jrf(a,'m) J/f(b«’Yb)

9(a,va) (b,7p)
—

commutes, where f(,.) 1 Xa — X(q4,4,) is the canonical projection.

Step 4.

The set D is non empty. Moreover, for each countable subset S, C I'y, a € A, there exists a d € D such
that d = {(a,7.) : @ € A}, 74 > ~ for every v € S,. Let a € A be some first element of A and let v, € T,
such that v, > v for every v € S,. The space X, ,) is a metric compact space and there exist the mappings
Jara)Pab © Xo = X(a,y,),0 = a. By virtue of Theorem 1 for each b > a there exist a vt € T such that for
each v, > ’yl},fy, where v € Sp, there exists a monotone surjective mapping g(a,~,)(b,s) @ X(byy) — X(ayye) With
fava)Pab = (ava)m) F(b,3)s 1-€:, the diagram

X, &et X,
(2.7) fama) lfw,m

9(a,va)(b,vp)

X(a7a) — X(b,7)
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n—1

commutes. Suppose that (a,7}),(a,72),...,(a,7] ') are defined for each a € A with p(a) < n — 1 such
that the each diagram (2.6) commutes. Let a € A be a member of A with p(a) = n. This means that
(a,7), (@,72), ..., (a,7 ") are defined. From the cofinitness of A it follows that the set of 47 which are defined
in [', is finite. Hence there exists 47 > 47~1 ... 4l We define 4" € T, considering the space X(a,yn) and the
mappings f(a,yn)Pab : Xo — X(ayn)- Agam, by Theorem 1 for each b > a there exists an ;' € I';, such that for each

W =A% W -, v and there is a mapping gea ) (b.y) * X(bs) = X(anz) With fiaqm)Pab = (ais) ) Fb.m)s

i.e., the diagram
X, Leb X,
(2.8) lﬂa,w;}) lfmb)

9(a,v)(bsvp)
X(aqm) — (b)

commutes. By induction on A (Lemma 3) the set D is defined. It remains to prove that {X(a7a)> 9(ava)(bys)s At
is an approximate inverse system. Let U/ be a normal cover of X(, ). Then V = f (@7 )( U) is a normal cover of
X,. By virtue of (A2) there exists a b > a such that for each ¢ > d > b we have (pad, PeaPed) < V. By virtue of

the commutativity of the diagrams of the form (2.8) it follows that

(2.9) (9(ara)@ra)r 9@ (ere)Iiene)dra) < V-
Thus, {X(a,v.)s 9(a,7a)(b,7s)> A} 18 an approximate inverse system.

Step 5.

We define a partial order on D as follows. Let dj,ds be a pair of members of D such that d; = {(a,7,) : a €
A, v, €T.} and do = {(a,0,) : a € A, §, € T,}. We write dy < d; if and only if §, < ~, for each a € A. From
Step 4 it follows that (D, <) is o-directed.

Step 6.

For each d € D a limit space X4 of the inverse system (2.5) is a totally regular continuum (Theorem 13).

Moreover, there exists a mapping Fq : X — X4. The existence of Fy follows from the commutativity of the
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diagram (2.6). The following diagram illustrates the construction of d € D and the space X.

X, D X, 2ee X, e x
lf«z,aa) Jfav,sc) lfmsc)
(2.10) X(a,64) X(b.60) X(es0)
ftava)(a,6a) Fo. ) (0,55) feve)e,se)
X EE Ky B Xy 0 Xy
| | I
Step 7.

If dy,ds is a pair of members of D such that di = {(a,7,) : a € 4, v, €Ty}, da = {(a,04) : a € A, §, €Ty}
and dy > dy, then for each a € A the following diagram commutes

9(a,8a)(b,5p)
Phidy

X(a,64) Xb,5)
(2.11) lf(a,'ya)(a,éa) lf(b,a,b)(b.sb)
9(a,va)(b,7vp)
X(a7a) —" X(b,7)

This follows from the commutativity of the diagrams of the form (2.6) for dy and ds, i.e., from the commutativity
of the diagrams

X, &et X,
(212) flava) lf(b,“fb)

9(a,va)(b,vp)

X(a7a) — X(bv)
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and

X, D O
(2.13) J/f(a,,éa) lf(h,éb)
9(a,84)(b,6p)
Xassy  —  Xwoa

Step 8.

From Step 7 it follows that for dy,ds € D with dy > d; there exists a mapping Fy, 4, : Xg, — Xg, (see [1, p.
138]) such that Fq, = Fy,a,Fa,.
Proof of Step 8. Let di,ds,ds € D and let dy < dy < d3. Then Fy,q, = Fyg,d,Fi,d,- This follows from Step 7 and
the commutativity condition in each inverse system X(a) = {X(a,7), f(a,y)(a,6)> La} (see (2.1) of Step 1).

Step 9.
The collection {Xg, Fye, D} is a usual inverse system of totally regular metric continua.
Apply Steps 1 — 8.

Step 10.

There is a mapping F : X — Xp which is 1 — 1.

By Step 6 and Step 8 for each d € D there is a mapping Fy : X — X4 such that Fy, = Fy,q4,Fq, for do > d;.
This means that there exists a mapping F': X — Xp [1, p. 138]. Let us prove that F is 1 — 1. Take a pair z,y of
distinct points of X. There exists an a € A such that x, = p,(z) and y, = p,(y) are distinct points of X,. Now,
there exists an (a,7,) such that f(q~,)(7a) and f(q,+,)(va) are distinct points of X, ,.). From Step 4 it follows
that there is a d € D such that F;(z) and F,4(y) are distinct points of X4. Thus, F is 1 — 1.

Step 11.
The mapping F' is a homeomorphism onto Xp. Let y be a point of Xp. Let us prove that there exists a point
r € X such that F(z) = y. For each d € D we have a point yq = Fy(y). Now, we have the points g, -,)Fa(y)

in X(4,,,) and the subsets Y, = f(jll%)(g(a’%)Fd(y)) of X,. Let U be an open neighborhood Y. There exists an
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open neighborhood V' of g(, ,)Fa(y) such that f(;,l,ya)(V) C U. We infer that Ls{g,,)(Ys) : b > a} C Y, since
9(ava) Fa(y) = Bm{g(a,~v.)(b,76)9(6,75) Fa(y) : > a} and the diagrams (2.6) commute. By virtue of [6, Lemma 2.1]
it follows that there exists a non-empty closed subset Cy of lim X such that p,(Cy) € Yy. The family {Cy : d € D}
has the finite intersection property. This means that X' = (|{Cy : d € D} is non-empty. For each x € X’ we
have Fy(x) = F4(y),d € D. Thus, F(y) = 2. The proof of this Step is completed.

Step 12.
By virtue of Theorem 8 it follows that Xp = lim{ X, Fy, D} is totally regular. We infer that X is totally
regular since the mapping F' is a homeomorphism of X onto Xp (Step 11). ]

3. APPENDIX

In this Appendix we investigate the approximate subsystem of an approximate system X = {X,,pu, A}. We
start with the following definition.

Definition 2. Let X = {X,,pu», A} be an approximate inverse system and let B be a directed subset of A
such that {Xp, ppe, B} is an approximate inverse system. We say that {Xp, ppe, B} is an approximate subsystem
of X = { X, pap, A} if there exists a mapping ¢ : lim X — lim{Xp, ppc, B} such that

bvq = Pb7 be B7
where pp, : im{ Xy, ppe, B} — X and Py : lim X — X3, b € B, are natural projections.

We say that an approximate system X = {X,, pap, A} is irreducible if for each B C A with card(B) < card(A)
it follows that B is not cofinal in A.

Lemma 5. Let X = {X,, pap, A} be an approzimate inverse system. There exists a cofinal subset B of A such
that X = { X4, pab, B} is irreducible.
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Proof. Consider the family B of all cofinal subset of B of A. The set {card(B) : B € B} has a minimal
element b since each card(B) is some initial ordinal number. Let B € B be such that card(B) = b. It is clear that
{Xa4,Pab, B} is irreducible. O

In the sequel we will assume that X = {X,, pap, A} is irreducible.

Lemma 6. Let X = {X,,pap, A} be an approzimate inverse system of compact spaces such that card(A) = V.
Then there exists a countable well-ordered subset B of A such that the collection { Xy, ppe, B} s an approzimate
inverse sequence and lim X is homeomorphic to lim{ Xy, pyc, B}

Proof. Let v be any finite subset of A. There exists a d(v) € A such that § < §(v) for each § € v. Since A is
infinite, there exists a sequence {v,, : n € N} such that 1 C ...y, C ...and A = |J{v, : n € N}. Recursively, we
define the sets Aq,...,A,,... by

A = [ J50m)},
and
A1 = An | v [ J{6(An | i)}
It follows that there exists a sequence
A CAC...CA,...

of finite sets A,, such that A = (J{4,, : n € N}. Using a §(A4,,) for each A,,, we obtain a sequence B = {b,, : n € N}
such that B is cofinal in A. Let us prove that {Xp, ppe, B} is an approximate inverse system, i.e., that (A2) is
satisfied for {Xy, ppe, B}. For each X, and each normal cover of Xj there exists an a’ € A such that (A2) is
satisfied for b < a’ < ¢ < d since (A2) is satisfied for X = {X,, pap, A}. There exists a b’ such that b’ € B, b > d/,
since B is cofinal in A. Tt is obvious that (A2) is satisfied for each ¢,d € B such that b < b’ < ¢ < d. By virtue
of [10, Theorem 1.19] it follows that lim X is homeomorphic to lim{ Xy, ps., B} |

Now we consider irreducible approximate inverse systems X = {X,, pap, A} with card(A4) > N;.
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Lemma 7. Let A be a directed set. For each subset B of A there exists a directed set Foo(B) such that
card(F (B)) = card(B).

Proof. For each B C A there exists a set F;(B) = B|J{d(v) : v € B}, where v is a finite subset of B and d(v)
is defined as in the proof of Lemma 6. Put

Fop1 = Fi(Fu(B),
and
Foo(B) = J{F0(B) : n e N}.
It is clear that
Fi(B) C F(B)C...C Fu(B) C....

The set Foo(B) is directed since each finite subset v of F,(B) is contained in some F,,(B) and, consequently,
d(v) is contained in Fi(B).
If B is finite, then card(F (B)) = Ng. If card(B) > Ry, then we have

card({d(v) : v € B}) < card(B)No.

We infer that card(Fy(B)) < card(B)Rg. Similarly, card(F,,(B)) < card(B)RXg. This means that card(F(B)) <
card(B)Rg. Thus
card(Fuo(B)) < card(B)Ny, if card(B) < card(A).

The proof is completed. O

Lemma 8. Let {X,,pa A} be an approximate inverse system such that cw(X,) < card(A), a € A. For
each subset B of A with card(B) < card(A), there exists a directed set Goo(B) 2 B such that the collection
{Xa,Pab ,Goo(B)} is an approzimate system and card(Go (B)) = card(B).
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Proof. Let B, be a base of normal coverings of X,. Let U, be a normal covering of B,. By virtue of (A2) there
exists an a(U,) € A such that (pad, PacPed) < Ua, a < a(ld,) < ¢ < d. For each subset B of A we define G (B)
by induction as follows:

a) Let G1(B) = Fx(B). From Lemma 7 it follows that card(G(B)) = card(F(B)) = card(B).
b) For each n > 1 we define G,,(B) as follows:
1) If n is odd then G, (B) = Foo(Gpn-1(B)),
2) If n is even, then G, (B) = G,,—1(B) U{a(U,) : U, € By,a € G,—1(B)}.
Since card(B,) < card(A) the set G,,(B) has the cardinality < card(A).
Now we define Goo(B) = U{G,(B):n € N}. It is obvious that
card(Geo(B)) < card(A).

The set Goo(B) is directed. Let a, b be a pair of the elements of Go(B). There exists a n € N such that
a,b € G, (B). We may assume that n is odd. Then a,b € Foo (G,,—1(B)). Thus there exists a ¢ € Foo (Gp—1(B))
such that ¢ > a,b. It is clear that ¢ € G (B). The proof of directedness of G (B) is completed.

The collection {Xa,pab , Goo(B)} is an approzimate system. It suffices to prove that the condition (A2) is
satisfied. Let a be any member of G (B). There exists a n € N such that a € G,,(B). We have two cases.

1) If nisoddthen G,,(B)=Fu(G,—1(B)). Thismeansthat a € Foo (Gp—1(B)). By definition of Firo (Gr—1(B))
we infer that a(U,) € Foo(Gn—1(B)). Thus (A2) is satisfied.

2) If n is even, then G, (B) = G,—1(B)U{a(ld,) : U, € Cov(X,), a € G,—1(B)}. In this case a € G, +1(B) C
Goo(B). Arguing as in the case 1, we infer that (A2) is satisfied.

O

Theorem 15. Let X = {X,,pap, A} be an approzimate inverse system of compact spaces. If X < w(X,)
< 7 <card(A) for each a € A, then limX is homeomorphic to a limit of a A-directed usual inverse system
{Xa,qap, T}, where each X, is a limit of an approzimate inverse subsystem {X, pag, @}, card(®) = A.

Proof. The proof consists of several steps.
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Step 1.
Let B={B, : p € M} be a family of all subsets B, of A with card(B,) = A. Put A, = G(B,,) (Lemma 8)
and let A = {A, : p € M} be ordered by inclusion C.

Step 2.
If & and ¥ are in A such that & C U, then there exists a mapping gow : Im{X,, pag, ¥} — Im{X,, pas, @}
Namely, if z = (24, € ) € im{X,,pas, ¥}, then by definition of the threads of {X,,pas, ¥} the condition
(L) is satisfied. If (L) is satisfied for = (24, € V) € lim{X,, pag, ¥}, then it is satisfied for (z-,vy € @) since
the required @’ in (L) lies — by definition of the set ® — in the set ®. This means that (z,,v € ®) € im{X, pa3, P}.
Now we define gy (z) = (2,7 € D).

Step 3.
The collection { X, qow, A} is a usual inverse system. It suffices to prove the transitivity, i.e., if ® C ¥ C Q ,
then gawquo = gaq. This easily follows from the definition of gey.

Step 4.

The space imX is homeomorphic to im{ Xy, gow, A}, where Xo = im{X,,, pog, }. We shall define a home-
omorphism H : limX — lim{Xy,qev,A}. Let © = (z, : a € A) be any point of imX. Each collection
{z,:a € ® € A} is a point 2 of Xg since Xg = lim{X,, pap, @}. Moreover, from the definition of ggy (Step 2)
it follows that ¢py(2y) = zg, ¥ D ®. Thus, the collection {zg : ® € A} is a point of lim{Xs, gpw, A}. Let
H(z) = {z3,® €€ A}. Thus, H is a continuous mapping of limX to lim{Xy, gav,A}. In order to complete
the proof it suffices to prove that H is 1 — 1 and onto. Let us prove that H is 1 — 1. Let x = (2, : a € A) and
y = (Yo : a € A) be a pair of points of lim X. This means that there exists an a € A such that y, # x,. There
exists a ® € A such that a € ®. Thus, the collections {z, : a € ®} and {z, : a € ®} are different. From this
we conclude that x¢ # ys, Ze,ys € Xo = Uim{X,, pap, P}. Hence H is 1 — 1. Let us prove that H is onto. Let
y = (yo : © € A) be any point of lim{Xy, gow, A}. Each yg is a collection {z, : a € ®} and if ¥ D @, then the
collection {z, : a € ®} is the restriction of the collection {z, : a € U} on ®. Let 2 be the collection which is the
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union of all collections {z, : a € @}, & € A. Hence z is a collection (z, : a € A) which is a point of lim X and
H(z) =y.

Step 5.

Inverse system {Xo,qaow, A} is a A-directed inverse system.Let {{X,,pas, @} : £ < A} be a collection of
approximate subsystems {X.,pa3, @, }. The set & = U{®,, : £ < A} has the cardinality < A since card(®,) < .
By virtue of Steps 1-4 there exists an approximate subsystem {X., pag, ®}, card(®) = X. This means that
{Xs,qow, A} is a A-directed inverse system. O

If X = {X,,pap, A} is an approximate inverse system of compact metric spaces, then w(X,) = N, for each
a € A. It follows that A = Xy if card(A) > R;. Hence we have the following theorem.

Corollary 2. Let X = {X,,pab, A} be an approzimate inverse system of compact metric spaces such that
card(A4) > Ry. Then lim X is homeomorphic to the limit of a o-directed usual inverse system { X, qag, A}, where
each X is a limit of an approzimate inverse subsystem {X,, pag, @}, card(®) = No.

Lemma 9. Let X = {X,, pap, A} be an approzimate system such that X,,a € A, are compact locally connected
spaces and pqp are monotone surjections. If Y = { Xy, pea, B} is an approzimate subsystem of X, then the mapping
gap :im X — limY (defined in Step 2 of the proof of Theorem 15) is a monotone surjection.

Proof. Let P, : limX — X,,a € A, be the natural projection. Similarly, let p, : imY — X,,a € B, be the
natural projection. From the definition of gap (Step 2 of the proof of Theorem 15) it follows that p,gap = P,
for each a € B. By virtue of [10, Corollary 4.5] and [7, Corollary 5.6] it follows that P, and p, are monotone
surjections. Let us prove that gap is a surjection. Let y = (y, : @ € B) € limY. The sets P, '(y.),a € B, are
non-empty since P, is surjective for each a € A. From the compactness of lim X it follows that a limit superior
Z =Ls{P;*(ya),a € B} is a non-empty subset of limX. We shall prove that for each 2 = (2, : a € A) € Z we
have P,(z) = y,. Suppose that P,(z) # y,. There exists a pair U,V of open disjoint subsets of X, such that
Yo € U and P,(z) € V. For a sufficiently large b € B the set P,(P; *(5)) is in U because (AS). This means that

oFirst ®Prev ®Next ®last ®Go Back ®Full Screen ®Close ®Quit



P7Y V)N Py ' (y) = 0 for a sufficiently large b € B. This contradicts the assumption z €Ls{P;(y,),a € B}.
Hence g p is a surjection. In order to complete the proof it suffices to prove that g4 p is monotone. Take a point
y € limY and suppose that q;‘é(y) is disconnected. There exists a pair U,V of disjoint open sets in lim X such
that ng (y) CUV. From the compactness of lim X it follows that g4 is closed. This means that there exists
an open neighborhood W of y such that ¢;5(y) € ¢45(W) C U V. From the definition of the basis in lim Y
it follows that there exists an open set W, in some X,,a € B, such that y € p,*(W,) C W. Moreover, we may
assume that W, is connected since X, is locally connected. Then P, !(W,) is connected since P, is monotone
[7, Corollary 5.6]. Moreover, ¢, 5(y) € P;*(W,) and P;*(W,) C U|JV since P, = p,gap. This is impossible
since U and V are disjoint open sets and P, '(W,) is connected. O

Theorem 16. Let X = {X,, pay, A} be an approzimate inverse system of compact spaces such that A < w(X,)
< card(A) for each a € A. If c¢f(card(A)) # A, then X = lim X is homeomorphic to a limit of a \-directed
usual inverse system {Xa, gap, T}, where each X, is a limit of an approximate inverse subsystem {X-, pag, P},
card(®) = A. Moreover, if card(A) is a reqular cardinal, then X = lim X is homeomorphic to a limit of a \-directed

usual inverse system {Xq,qap, T}, where each X, is a limit of an approzimate inverse subsystem {X, pag, P},
card(®) = A.

1. Engelking R., General Topology, PWN, Warszawa, 1977.

2. Charalambous M.G., Approzimate inverse systems of uniform spaces and an application of inverse systems, Comment. Math.
Univ. Carolinae, 32(33) (1991), 551-565.

3. Gordh G. R., Jr. and Mardesi¢ S., Characterizing local connectedness in inverse limits, Pacific Journal of Mathematics 58 (1975),
411-417.

4. Loncar 1., A note on hereditarily locally connected continua, Zbornik radova Fakulteta organizacije i informatike Varazdin 1
(1998), 29-40.

, Inverse limit of continuous images of arcs, Zbornik radova Fakulteta organizacije i informatike Varazdin 2 (23) (1997),

47-60.

eoFirst ePrev eNext elast eGo Back eFull Screen eClose eQuit



, A note on approximate limits, Zbornik radova Fakulteta organizacije i informatike Varazdin 19 (1995), 1-21.

, Set convergence and local connectedness of approzimate limits, Acta Math. Hungar. 77 (3) (1997), 193-213.

. Mardesi¢ S., Locally connected, ordered and chainable continua, Rad JAZU Zagreb 33(4) (1960), 147-166.

. Mardesi¢ S. and Uglesi¢ N., Approzimate inverse systems which admit meshes, Topology and its Applications 59 (1994), 179-188.

10. Mardesi¢ S. and Watanabe T., Approzimate resolutions of spaces and mappings, Glasnik Matematicki 24(3) (1989), 587-637.

11. Mardesi¢ S., On approzimate inverse systems and resolutions, Fund. Math. 142 (1993), 241-255.

12. Nikiel J., Tuncali H. M. and Tymchatyn E. D., Continuous images of arcs and inverse limit methods, Mem. Amer. Math. Soc.
104 (1993).

13. Nikiel J., The Hahn-Mazurkiewicz theorem for hereditarily locally connected continua, Topology and Appl. 32 (1989), 307-323.

14. Nikiel J., A general theorem on inverse systems and their limits, Bulletin of the Polish Academy of Sciences, Mathematics, 32
(1989), 127-136.

15. Uglesi¢ N., Stability of gauged approzimate resolutions, Rad Hravatske akad. znan. umj. mat. 12 (1995), 69-85.

16. Whyburn G. T., Analytic Topology, Amer. Math. Soc. 28 (1971).

17. Wilder R. L., Topology of manifolds, Amer. Math. Soc. 32 (1979).

ewe

I. Loncar, Faculty of Organization and Informatics Varazdin, Croatia,

e-mail: ivan.loncar1@vz.htnet.hr

oFirst ®Prev ®Next ®last ®Go Back ®Full Screen ®Close ®Quit



