HYPERGEOMETRIC SERIES ASSOCIATED
WITH THE HURWITZ-LERCH ZETA FUNCTION

MAGED G. BIN-SAAD

ABSTRACT. The present work is a sequel to the papers [3] and [4], and it aims at introducing and
investigating a new generalized double zeta function involving the Riemann, Hurwitz, Hurwitz-Lerch
and Barnes double zeta functions as particular cases. We study its properties, integral representations,
differential relations, series expansion and discuss the link with known results.

1. INTRODUCTION

The double zeta function of Barnes [1] is defined by

oo o0

(11) CQ(Z;CL,’U)) = Z Z (a'+n +wm)_2’

m=0n=0

where a > 0 and w is a non-zero complex number with |arg(w)| < =.
The series (1.1) is absolutely convergent for Re z > 2 and its continuation is holomorphic with
respect to z except for the poles at z =1 and z = 2.
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For m = 0, equation (1.1) reduces to Hurwitz zeta function
(12) {(z,a) = Z(a—i—n)_z, (a;é{()’_]_,_2’ _3)"'}; Rez> 1)7
n=0

which is a generalization of the Riemann zeta function

(1.3) ¢(z) = Z n-=.
n=0

As a generalization of both Riemann and Hurwitz zeta functions the so-called Hurwitz-Lerch zeta
function is defined by [6, p. 27 (1)]

o0

(14) CI)(yVZ?a) = Z ﬁ) (a' € C\{Oa _]-7 _25 _37 B '}; |y| < 1)

n=0

® is an analytic function in both variables y and z in a suitable region and it reduces to the

ordinary Lerch zeta function when y = %712

S ee eQﬂ'in)\
1.5 (e, z,a) = (N, z,a) = —_—
(15) ( )= o0 za) = 3 s

Next, here we recall a further generalization of the Hurwitz-Lerch zeta function ®(y, z,a) in the
form (see [10, p. 100, eq. (1.5)])

(16) ‘PM(IE,Z,CI,) = ;my

where (p), = 51% = p(p+1)...(x +n — 1) denotes the Pochhammer’s symbol, u € C,

a#{0,-1,-2,-3,...} and |z| < 1. Obviously, when p =1, (1.6) reduces to (1.4).



In [4] Bin-Saad and Al-Gonah introduced two hypergeometric type generating functions of the
generalized zeta function defined by (1.6) in the forms:

ce m
* * T
(17) Cu(x’y;z7a) = Z (I’p,(yaz"'m’a)ﬁy
m=0 :
and
00 2
(18) C;,V(‘r7 Y; 2, a) = Z_O(V)m(b:l(y7 z+m, a’)m7

which, in the special case when p = 1, are essentially known formulas of Bin-Saad [3]. Also, by
noting that [21, p. 20, eq. (26)]

o o ()}

we eventually end up with
. * z *
(1.10) Im i, (592,0) = Gz, a)

The present work is a sequel to the author’s papers [3] and [4] and it aims at introducing and
investigating a new kind of hypergeometric-type generating functions ¢ (z, y; z, a) or infinite series
associated with the Hurwitz-Lerch zeta function ®(y, z,a). The results we will obtain and discuss
are a further contribution a long line developed in [3] and [4]. The layout of the paper is as
follows. In Section 2 we introduce and describe some properties and relationships for the function
¢§'. Relevant connections of the function ¢§ (z,y; z,a) with those considered in [3] and [4] are also
indicated. In Section 3 we establish several integral representations for the function ¢4 involving
integral representations of contour and Mellin-Barenes type of integrals. Section 4 is devoted to



the differentiation of the function ¢} with respect to the arguments z,y, z, A, and a. In the final
section, we present some series expansions for the function ¢§ involving Appell’s function of two
variables F5 and the generalized hypergeometric function sF5.

2. THE GENERALIZED DOUBLE ZETA FUNCTION ({(,¥; 2, a)

Suggested by (1.1), (1.4) and (1.6) here we introduce a generalized double zeta function of the
form

oo xm
(2.1) iz, y;2,a) = T;)(u)n@(y, 20+ dm) —,

where |z| < 1, |yl < 1; p € C\{0,—1,-2,...}, A € C\{0}; a € C\{—(n+Im)}, {n,m} € NU{0}
and ® is the Hurwitz-Lerch zeta function defined by (1.4).
The alternative representation

; — atn\y"
(2:2) R ACEE ST

where @7, is the generalized zeta function defined by (1.6), follows by changing the order of sum-
mations and considering equation (1.6). Clearly, we have the following relationships

(2.3) ¢¥(0,1;2,a) = ¢ (1,05 2,a) = ((2,a),

(2.4) ¢4 (0,y;2,a) = ®(y, 2, a),

(2.5) (1 (2,05 2,a) = @},(y, 2, a),

(2:6) G150 =Gio ) = Y ¢ (5 20 )

n=0



Indeed, the function ¢}’ is a hypergeometric-type generating function of the functions ® and o7,
defined by (1.4) and (1.6), respectively. The case when y = 0 of the definition (2.1) suggests us to
define the following further generalization of the zeta function defined by (1.6)

(o)

(2.7) (2,05 2,a) = @) \(z,2,a) = T P
A HoX n;) m!(a + Am)

m

where |z| < 1; p€ C\{0,-1,-2,...};a € C\ {—(Am)}, m € N U{0}.
In the case when z = A = 1, we have simply

oo

CH(z,y;1,0) = Z Z M e Z Z (a)m+n({i)m(1)nwmy",

m!(a+m +n) o= (a4 1)mpnmin

m=0 n=0

which implies the next result.
Corollary 2.1. Let max{|z|,|y|} <1, Rea > 0. Then
(28) oy 1,a) =a Filam L a+1; 2,1,
where F} is the Appell’s function of two variables defined by the series [21, p. 22 (1)]

€ / m.oon
F [a,b, b,, ¢ x7y] _ Z (a)m+n(b)m(b )n l'_ y_

s (@pam m! n!

According to the relationship (2.4), equation (2.8) yields the following known result [6, p. 30 (10)]
D(y,1,a) = a2 F1[a, 1;a + 1;y),

where o F} is the Gaussian hypergeometric function [6].




Corollary 2.2. Let A\=1, |z| <1 and |y| < 1. Then

(2.9) (' (@Y y52,a) = (1 —2) ™" O(y, 2,0),

and

(210) Cf((l),y:l); z,a) = ——— 2k Y| 7
n=0 (@ +n)* 1—p—mn; v

Proof. We have
m& yn+m

¢t (zy,y; 2,0) sz,a+n+m) .

n=0 m=0

Then by letting n — n — m and considering the Hurwitz-Lerch zeta function ®(y, z,a) defined by
(1.4), we get (2.9). Similarly, one can prove the result (2.10). O

Remark 2.1. In view of the definition (1.4), the results (2.9) and (2.10) can be rewritten in
the forms

o0

(2.11) S (Wnd(y, 20+ ) 2 s,)" (1—2)* B(y, 2,a),
and -

Z (a+ <I>(y:c z, a~|—n)£
(2.12) N S

n=0 1—p—mn;



respectively.

Further, for y = 1, the formulas (2.11) and (2.12) reduce to the interesting results

o

(213) > (Wal(za+m) S = (1 - ) ¢(z0),
and "
(2.14) Z(,u)nq)(w, z,a+ n)i—? = o7 . (z,2,a),
respectively. -

Remark 2.2. For p = 1, the formula (2.12) yields the result

(2.15) Z O(yx, z,a+n)ax" = (1 —y) ! (x, 2,a).

n=0

Whereas, for =1 and z — %, equation (2.11) yields

(2.16) Z C(z,a+n)y" = (1 - i) ) D(y, z,a).

A similar result as in (2.16) can be obtained from equation (2.12). Next, we present a series
representation for the function ¢§. First, we recall the following well-known expansion formula of
the Hurwitz-Lerch zeta function [6, p. 29 (8)]

o0

=1l
(217) (I)(y’ z, a) = I‘(]._:Z) |:10g $:| + yia Z C(Z - k’ a) (IOi'y)k,
k=0 :




valid for |log(y)| < 2w, z#1,2,3,...; a# {0,—1,—-2,-3,...}.

Theorem 2.1. Let A > 0, |log(y)| < 2m and < 1. Then

£
X

(2, y; 2,0) = yl_a [l“(l ) [log $:|Z_1 (1 i y%> »
(2.18)

[M]8

+

logy)*
a1 2 — k,a) BT ]

£l
i

0
valid for z #1,2,3,...; a# —(n+Am), {m,n} € NU{0}.
(

Proof. Use the series representation (2.17) in the definition (2.1). O

If u = 2 =1, in formula (2.18), we get an expansion for the zeta function of Barnes (1.1):

S 6o =k a )V EEL _ 03 80y, 2,0+ Am)
k=0

k!
(2.19) k=0 . )
I(1-2) [lo 1]z_ [1 ! ]_
& e I
valid for y% <1, M#£0, 2#1,2,3,...; a# —(n+m), {m,n} € NU{0}.

Finally, putting 4 = a+0 in (2.1) and using the classical formula of Nérlund for the Pochhammer
symbol (cf. [2, Section 1, Chapter 3])

k
(2.20) (a+be=» (Z) (@)k—m (B)m,

m=0



we find the form (2.1) that

;H_ﬂ(xay;zaa) = Z(a)m (I)(yaz,a"’_)‘m)

m=0
X 2F1 1 -
1l—a—m; m:
By exploiting the results
(2.22) (a+n+2Im)"*I'(z) = / elatntim)t p2—1 44
0
and
(=+m) L R
2.2 —(eAm) (), = a+n)t gz—1qy
(223) (a4, = s [ e
which follow from the Eulerian integral [2]
o0
2.24 a *I'(z) = el@t 714t
( ,
0

we can derive the following connection formula for the function ¢{ with the functions ¢ ,and (),
(see (1.7) and (1.8)).

Theorem 2.2. Let Rea >0 and Rez > 0, then
Gz, y; 2,0)

2.25 1 ooreo
(2.25) = —(I‘(z))2/0/0 Czue, y et —z, a) et 271 dudt,




Gz, y; 2,a)

1 [eeydes]
= lim {— ¢ (zurteM ettt —z a) e 2 1E 1 qudt
v=0 (F(Z))z/o/o . ’ C

Proof. Denote, for convenience, the right-hand side of formula (2.25) by I. Then, in view of
definition (1.7) it is easily seen that

o S zmy" oo(a+n+)\m)t z—1 1 Oo(u-l—n)t z—1
(2.27) I_m;:()—(wn)—(”m) /0 e t#=tdt o) /0 e t*~1dt.

(2.26)

Now, with the help of the results (2.22) and (2.23) and the definition (2.1), equation (2.27) gives us
the left-hand side of formula (2.25). By empolying relation (1.9) and expoliting the same procedure
leading to (2.25) one can derive the formula (2.26). O

In order to derive the inversion of Theorem 2.2, we first recall the definition of the integral
operator D! (see [17] and [5])
_ T(A+1)
2.28 Dot = 2 T pAtm N UA{0
(225) 27 = e O mENU{0),
and once acting on unity yields to
:L.m

—mgy T
(2.29) D;"™{1} = —"
Now, it is not difficult to infer the following theorem.

Theorem 2.3. Let Rea >0 and Rez > 0, then

Gz, y; 2,a)

2.30 1 oo
( ) — (]_"(_Z))Z /O/O C)l\(ue)\t D;l,e""'t Dy_17 —z,a) ea(u+t) Uz_ltz_ld’ll,dt,
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G 2(T,Y;5 2,0)
2.31 oo
(2:31) = —(F(i))z // i (zue, et Dy_l; —2z,a) e+t 2121 gy de.
0Jo

Proof. We refere to the proof of Theorem 2.2. O
3. INTEGRAL REPRESENTATIONS

In many situations an integral representation of zeta function is more convenient to use than its
series representation. First of all, we establish an integral representation for ¢{' that is derived
directly from the corresponding integral representation of the Hurwitz-Lerch zeta function @ [6,

p- 27(3)]

Lo L
(3.1) @(y,z,a):m/o t*~lem (1 — ye~t)"ldt,

where Rea > 0 and either |y| <1, y#1, Rez>0 or y=1, Rez > 1.

Theorem 3.1. Let Rea >0, Rep >0, ReA >0 and either |z| <1, |y| <1, y#1, = #1,
Rez>0 or x=1, y=1, u=1, Rez > 2. Then

e i e
Cﬁf(x,y;z,a)=m/o t*le (1 —ze M) TH(1 —ye ) dt

1 00 —(a=1)t(q1 _ —At\—p
/ =18 (1t ze )
) Jo (€' —y)

(3.2)

T




Proof. From (2.1) and (3.1) we have

(@, y;2,a) = i % [L /00 t* e laAmit (] _yet)"ldt| 2™,
m—0 m: F(Z) 0

The desired result now follows by changing the order of summation and integration and employing
the binomial expansion. O

Another integral representation for the function ¢ is based upon the simple observation that
(see e.g. [21, p. 281 (25)])

(3.3) Nm = ﬁ/ e tMm 14y, ReA>0; m=0,1,2,...,
0

which indeed follows immediately from (2.24).

Theorem 3.2. Let Rea >0, Rep > 0, Re A > 0, |z| < 400 and either |[y| <1,y # 1, Rez >0
ory=1, Rez > 1. Then

K (z,y:2,0)

1 /oo /Oo —1 pu—1 _—at —(1—ze ) —t\—1
Be———u 7Tt e e re (1 —ye dsdt.
T TW o o LA

Proof. The identities

(3.4)

1 o0
(a+n+ Im) "z™y" = e /0 (ze MMt Le % (ye ) dt,

and

1 (e}
_ p+m—1 —s



follow from the integral representation (2.24). The result now follows from the definition of ¢§{'. O

The Hurwitz-Lerch zeta function has the following contour integral representation [6, p. 28 (5)]

—T(1-2)

(3.5) D(y,z,a) = =

0+
(_t)z—l e—at(l _ ye_t)_ldt,
[e'S)

valid for Rea >0, z € C and |arg(—t)|, m, assuming as in [6] that the contour does not enclose
any of the points t = log z & 2nmi, (n = 0,1,2,...), which are the poles of the integrand of (3.5).
Similarly, for the function (§ we have the following contour integral representation.

Theorem 3.3. Let Rea >0, ReA >0 and |arg(—t)| <w. Then

(36) Gwviza) = oD [t et 1p e ) -y
u oo
Proof. It follows from (2.1) and (3.5) that
oo _ _ 0+
Kz y;z,0) = ) (/;271 [ ra Z)/ (—t)>"tem(@Hmit(q — ye )1 ™.
m=0 ’

2m oo

The desired result now follows by changing the order of summation and integration and employing
the binomial expansion. O

Now, we shall prove ¢{ as an application of the Mellin-Barnes type of integral. Our starting
point is the same as the starting point of Katsurada’s argument in ([12] and [13]), that is the
formula [22, Section 14.51, p. 289, Corollary]

1 I'(z+v)I'(—v)(—w)”

(3.7) (1—w) = — B dv,




where z and w are complex with Rez > 0, |arg(w)| < m, w # 0 and the path is the vertical line
from ¢ —ico to ¢ +1ioco. In [21] this formula is stated with ¢ = 0, (with suitable modification of
the path near the point z = 0), but it is clear that the formula is also valid for —Rez < ¢ < 0.

Theorem 3.4. Let Rez >0, Re(a—0b) >0, Reb>0 and A #0. Then

1 / (T(v+ 2)I'(-v) =

ﬁ I‘(z) (y,z—l—l/,b)

G (z,y52,a) =
3.8
(3.8) i a—b\
x @) |z, —v, 5 \dv, lz| <1, |y| < 1.

Proof. Let w= (b—a — Am)/(b+ n) in (3.7) and multiply both sides by

Wnt" (i =0,1,2,...)
m!
to obtain
(Bma™y" - / (C(v +2)0(=v) (W)mz™
MWm® I Am) % =
( m! (o) . T'(z) * (a—b+ Am)=¥
yn
—_— fi > .
X(b—i—n)er”dV’ orm>0, n>0
Therefore, if we assume (1 — Rev) < ¢ < —1, then from (1.4) and (1.6) we get (3.8). O

Further, by using the definition (2.7) and (1.4), we can derive the following double integral
representations for the function (.




Theorem 3.5. Let Rea >0, Rez >0 and Rev < 0. Then

A\ (@, y32,a)
1 Ve —a(t+s) \
_ * —A(t+s) _
(3.9) I‘(l / / 1—ye—t) —— P\ <xe N7 1,a> ds dt,
1 00 pz— 1 g Ve @ (t+s)
- —(t+s) ,, _ )
(3.10) THTA=7) // Tzt <1>(ye v—1,a)ds dt.
Proof. The results follow directly from the definitions (2.7), (1.4) and the integral representation
of gamma function (3.3). O

Furthermore, we can easily prove the following inversion relations of the Theorem 3.5.

Theorem 3.6. Let Rea >0, Rez >0 and Rev < 0. Then

o7\ (2,2,0) = / / G g )
(3.11) A I'(z) T(1-v)
x (X (x e—>‘(5+t),ye"t; v— 1,a> dsdt,

d(z, 2,a) = 1 /Oo /Oo 4=V g7—1 g—alt+s)
o L) T —v)(L—x)~* Jo Jo
x () (xe_’\t,ye_(t“); v— l,a) dsdt.
Proof. We refer to the proof of Theorem 3.5. ]

(3.12)

Other integral representations of the functions ®* A and ¢(\, z,a) can be deduced from the for-
mulas (3.2), (3.4), (3.5) and (3.6). For instance, When y = 0, the formula (3.4) yields the integral



representation

* _ 1 * > z—1_p—1 —at —(l—ze_)‘t)s
(3.13) @H’A(Lz,a)——r(z)r(ﬂ)/o /0 t* st e e ds dt.

Similarly, for the Hurwitz-Lerch zeta function ® equation (3.6) yields the following Mellin-Barenes
integral formula

(3.14) D(y,z,a) = % / W@(y,z +v,a — A)A\dv.

More interestingly, based on the relation (1.5), the representation (3.14) reduces further to a known
result due to Katsurada [14, p. 168 (2.6)]

(3.15) p(e®™ Y a+ N\ z) = % /c W(ﬁ(ezma, a,z + v)\dv.

4. DIFFERENTIAL RELATIONS

The generalized zeta function (§ as a function satisfies some differential recurrence relations.
Fortunately these properties of ¢{' can be developed directly from the definition (2.1). First, by
recalling the familiar derivative formula from calculus in terms of the gamma function [17]
I'(n+1) d

4.1 Dl'a" = ——————a" ™" —m 2> Dy = —,
(41) ¥ 1"(n—m+1)aC ’ n-mz0, dz

where m € N, we aim now to derive the following differential relation for (¥’



Theorem 4.1. Let A\#0 and p—n#{0,—1,-2,...}. Then

(4.2) ) = i %D; [@;_n <:L'z M) )\_Z] .

(1—p)

Proof. In view of (1.6) and (4.1) we have

(4.3) g) T [(I); - <“ M) A‘Z]

n=0

m—n

(n = n)me

v (Dry
_ZZ(1—/~L)n(m—n)!(a+Am+(1—A)n)z’

SN A(kn) =0 A(k,n+ k)

n=0 k=0 n=0 k=0

and

(="

(@)—n = m:

it leads to the result (4.2).

O

Secondly, we show that the Hurwitz-Lerch zeta function ® is related to the function ¢} for

w € N by the following differential relation.



Theorem 4.2. Let A # 0 and p > 1 be a positive integer number. Then

= a+n+A1—p)\  _
4.4 Mz, y; =——>Y Do Ay
( ) CA(Q?,y,Z,CL) F(N) T; xT |: (l’,z, )\ y
Proof. We refer to the proof of Theorem 4.1. O

For A = 1 with y = 0, equation (4.4) reduces to the following differential relation connecting
the functions ® and @},

1
4. Dl —@ = 1| = o* .
(4.5) M (z,z,a —p+1) w(z,2,0)

On the other hand, from (4.5) and with the aid of the formula (4.1), we can easily derive the
following inversion relation of equation (4.5) in the form

(4.6) Dy [D(p)®(x, 2,0 + p — 1)] = ®(, 2,a).
Next, we establish the derivative of the function ¢} with respect to the argument \.

Theorem 4.3. Let b € R. Then

0
w agﬁf(x,y;z— 1,a + \b)

=(1-2) [zu M@,y 2,0 4+ A(b+ 1)) + ¢l (x, y; 2,0 + )\b)] .



Proof. We have

0 _ 1 o — (1) ma™y"
m(ﬁf(m,y,z—l,a—i—)\b)—(l 2) Z_ — (m—1D)l(a+n+ \m+0b))?
(48) m=1n=0
o (W)mz™y"
* b%; ml(a+n+ Am+b))* |’

Now, let m — m + 1 in the first summation of (4.8) and then use the identity

(Wman = (Wn(pt +1)m
to obtain (4.7). O

The same type of differentiation gives the next result.

Theorem 4.4. Let q € R. Then
(4.9) %mx,y; o5 — T ) = (L — )03 501 B

Proof. We refer to the proof of Theorem 4.3. O

It is easily observed that the relations (4.7) and (4.9) are generalizations of the known results
(see e.g. [7, p. 451]):

(%C(z —1,a+ Mb) = b(1 — 2)¢(2,a + qb),

and

2622 = ~2((z +1, ).



Further, we show that the function ¢} satisfies the following theorem

Theorem 4.5. Let k € N. Then

(4.10) D (x,y2,0) = (W G (2,952, 0 + Ak),

o~ (Wm g -
(4.11) D¢t (z, y;2,a) = k! Z_O oo ;1 (y, z,a+ k+ Am) a™,
(412) DsCﬁf(%y; Z, a) = (_1)k(z)k<§f(xa Y; 2+ k) a)'

Proof. Using (4.1), we get

m—k,n

) _ — = () Y
(@13) DeR@ w0 = D D T (a v o

Now, letting m — m + k in (4.13) and considering the definition (2.1), we get the right-hand side
of formula (4.10). Similarly, one can proof the formulas (4.11) and (4.12). O

Note that the results (4.10), (4.11) and (4.12) can be obtained directly from equation (4.2) by
differentiating both sides of (4.2) with respect to z, y and a, respectively.
In view of the relationship (2.6), we find from equation (4.12) that

(4.14) DECo(z5a,0) = (—1)*(2)sla(z + K; 0, N).
Similarly, according to the relation (2.3) formula (4.12) reduces to the result

(4.15) Dy((z,0) = (=1)*(2)r((z + k, a),



which is a known result (see e.g. [8, p. 2(1.8)]). A function closely associated with the derivative
of the gamma function is the diagamma function, defined by

d I (z)
4.1 = —InI’ .
(416) v(e) = Gnla) = [,

dz
Now, we wish to establish the derivative of the function ¢{ with respect to the parameter p.

x #0,—1,

Theorem 4.6. Let p€ C\{0,—-1,-2,...}. Then

(@.17) A5, = D (@l Am) [ -+m) — 0]
Proof. By noting that
9 _& M] _ _
(4.18) 1] = 5 [ = G s+ m) = w00,
we obtain the result (4.17). O

According to the algebraic identity (cf. [17, p. 295 (6.7)]):

IT(z + 1
(4.19) YE+1)—yY@+m+l)= ka k)'mr‘agm—i—-';c—i)-l)

the formula (4.17) can be rewritten in the following more compact form

DT (p + m)
BIRVED)

8 oo m
(4.20) %CA(m ,Y; 2, Q) 02:1 k(=

D(y,z,a+ Am)x™




Go back

Full Screen

Close

Quit

Finally, let us recall the definition of the Weyl fractional derivative of the exponential function
e % a>0 of order v in the form (see [17, p. 248 (7.4)])

(4.21) D" e " =qa”e ", (v is not restricted to be postive integer).
We now proceed to find the fractional derivative of the function ¢} with respect to z.
Theorem 4.7. Let v > 0. Then
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Proof. Since
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we have
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The desired result now follows by applying the formula (4.21) to the above identity. ]
5. SERIES EXPANSIONS

Series expansions play an important role in the investigation of various useful properties of the
sequences which they expand. This section aims at establishing some series relations for the double
series zeta function ¢{'. First, based on two forms of Taylor’s theorem for the deduction of addition
and multiplication theorems for the confluent hypergeometric function (cf. [9, p. 63, eq. (2.8.8)
and (2.8.9)] or [20, p. 21-22)):
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where |y| < p, p being the radius of convergence of the analytic function f(x), we aim to discuss
certain addition and multiplication theorems of the generalized double zeta function X

Theorem 5.1. Let |w| < 1. Then
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Proof. The proof is a direct application of the formulas (5.1), (5.2) and the first two results of
Theorem 4.5. O
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> Next, we derive the Taylor expansion of ¢}’ in the fourth variable a.
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Theorem 5.2. Let |w| < Re(a). Then
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Proof. We have
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The result now follows from the binomial expansion and the definitions (1.4) and (2.7). O

In fact, equation (5.7) gives a number of known and new series expansions as particular cases.
For instance, in view of the relation (2.4) we find from (5.7) that
o0 k
w
(58) By, za—w) =) (k2,2 +ka) o7, (£ |w|<la),
k=0 ’
which is a known result due to Raina and Chhajed [18, p. 93 (3.3)]. Moreover according to the
relationship (2.3), equation (5.7) yields
(5.9) ((zatw) =) (~D)*@)l(e +ka) 77
k=0 ’
Note that, formula (5.9) is a known result due to Kanemitsu et al. [11, p. 5, (2.6*)]. Further, in
view of the relation (2.6), formula (5.7) yields
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Furthermore, if in (5.8) we let y = ¢*™“ (in conjunction with (1.5)), formula (5.8) reduces to

a known power series expansion due to Klusch [15]
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Another expansion function for (§' can be derived by using the result [16, p. 374, exercise 9.4(7)]
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Theorem 5.3. Let 1 >1, Re(a) >0, |z| <1, |y|<1l and |w|<|a|. Then
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By applying the formula (5.12) to the last summation in the right-hand side of equation (5.14),

we come to the result (5.13).
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Next, we derive a series expansion for the function ¢{ involving Appell’s function F5 of two
variables defined by the series (see e.g. [21, p. 23 (3)])
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Theorem 5.4. Let max{|z/b|,|y/b|} <1, |b] <Rea and X #0. Then
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The result (5.16) now follows from the definition (5.15). O




Indeed, equation (5.16) is a generalization and unification of the well-known result of Ramanujan

(12 =Y D n)(-ay.

In view of the relations (2.3), (2.4) and (2.5) formula (5.16) yields the following interesting special

cases:
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respectively.




Finally, we recall here a generating function of the Hurwitz-Lerch zeta function due to Raina
and Srivastava in the form (see [19, p. 302] or [18, p. 96 (3.11)])
ee n
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A further generalization of the above known formula (5.21) is given by the following theorem.

Theorem 5.5. Let Rev >0, Re8 >0, Rey >0, Rep >0, N#0 and|w/a| < 1. Then
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Proof. We refer to the proof of Theorem 5.4. O
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Clearly, in view of the relationship (2.4) formula (5.22) reduces to (5.21).
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