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SOME INCLUSION RELATIONSHIPS FOR CERTAIN
SUBCLASSES OF MEROMORPHIC FUNCTIONS ASSOCIATED
WITH A FAMILY OF INTEGRAL OPERATORS

C. SELVARAJ anDp K. R. KARTHIKEYAN

ABSTRACT. We define a family of integral operators using multiplier transforma-
tion on the space of normalized meromorphic functions and introduce several new
subclasses using this operator. We investigate various inclusion relations for these
subclasses and some interesting applications involving a certain class of the integral
operator are also considered.

1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

Let M denote the class of functions of the form
1 o0
1 == k
m o) =t >,
k=0
which are analytic in the punctured open unit disk

U ={z:2eC and 0<|z|<1}=uU\/{0}.

A function f € M is said to be in the class MS™(7y) of meromorphic starlike
functions of order v in U if and only if

AN L Ley
(2) Re(f(z)>< ~y (zelU;0<y<1).

A function f € M is said to be in the class MC(y) of meromorphic convex
functions of order v in U if and only if

21 (2)
f'(z)

We now define a subclass of meromorphic close-to-convex functions of order §
type v as follows. A function f € M is said to be in the class C' (6,7) if there

(3) Re(1+ ><—7 (zel; 0<y<1).
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exists a function g(z) € MC(~) such that

(4) Re(zf(z)><—5 (zell; 0<y<1; 0<5<1).
9(2)
Similarly, a function f € M is said to be in the class K(d,) if there exists a
function g(z) € MC(y) such that

(5) Re(z(z‘f(z)))<6 (zel; 0<y<1;0<5<1).
9(2)

In recent years, several families of integral operators and differential opera-
tors were introduced using Hadamard product (or convolution). For example, we
choose to mention the Ruscheweyh derivative [11], the Carlson-Shaffer operator
[1], the Dziok-Srivastava operator [2], the Noor integral operator [9] and so on
(see[3, 5, 8, 10]). Motivated by the work of N. E. Cho and K. I. Noor [7], we in-
troduce a family of integral operators defined on the space meromorphic functions
in the class M. By using these integral operators, we define several subclasses of
meromorphic functions and investigate various inclusion relationships and integral
preserving properties for the meromorphic function classes introduced here.

For complex parameters s, ..., aq and f1,..., Bs (8; € C\Zy; Z, =0,—1,
-2, ...;7=1,...,s), we define the function ¢(c1, aa, ..., g, 01, 52,...,0s;2) b
k
0<1k1042k 1 - \Og)k+1 z
Plar, g, ..y aq, 81, B2, Bs; 2) *+Z + + (@)t

(B1)k+1 (B2)k+1 -+« (Bs)r41 (B +1)!
(g<s+1; q,s € Ng:=NU{0}; z €elf),
where (z) is the Pochhammer symbol defined by
1 ifk=0
(@) = :
z(z+1)(xz+2) ... (x+Ek-1) itkeNy=1{1,2,,...}.

Now we introduce the following operator IF(ai, ;... a4, 581,082, .., 0s):
M — M as follows

Let F, p(z) =1+ Z (W> 2* p € Np, p# 0 and let F,(2) be defined
such that 8
Fup(2) % F,(2) = ¢lar, a2, ... 0q, B1, B2, -, Bs; 2).
Then
(6) (a1, az,... a4, B1, B2, -, Bs) f = F;;(z) * f(z).

From (6) it can be easily seen that
Iﬁ(alva% R Oéq, /81762» e a/BS)f

(™) _1 + N ( © >p(al)k+1 (a2)rt1 - (arpr  2°
z k+p+1 (B1)k+1 (B2)k+1 -+ (Bs)pr1 (B+ 1)
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For convenience, we shall henceforth denote

(8) Iﬁ(ahO@» .. ~aaqaﬁlaﬂ27 e 768)f = Iﬁ(alvﬁl)f~

For the choice of the parameters p = 0, ¢ = 2, s = 1, the operator Iﬁ(ahﬁl)f
is reduced to an operator introduced by N. E. Cho and K. I. Noor in [7] and when
p=0,¢=2,s=1 a1 = \ay =1, 81 = (n+ 1), the operator If(a1,1)f is
reduced to an operator recently introduced by S.-M. Yuan et. al. in [12].

It can be easily verified from the above definition of the operator Iﬁ(ahﬁl)f
that

9) 25 (o, ) (2) = plflan, B1)f(2) = (n+ DIZ (e, 1) f(2)

and

(10)  2(I%(e1, B1)f(2)) = anlh(ar +1,81) f(2) — (a1 + 1)I5(ax, B1) f(2).

By using the operator If(a1, £1)f, we now introduce the following subclasses
of meromorphic functions:

MS;Z(alvﬁh 7) = {f : f € M and Ig(alﬁﬁl)f € MS*(,Y)}7
MCh(ay, Br, 7)== {f: f e Mand I%(as, B1)f € MC(7)},
Qcﬁ(alyﬂla s 6) = {f : f € M and Iﬁ(alaﬁl)f € C,((Sv’}/)}

and

QKF (e, Br, 7, 8) :=={f: f € Mand I} (a1, A1) f € K(6,7)}
We note that
(11) f(z) e MCl(a1,B1,7) <= —zf'(2) € MSE (e, b1, )

and a similar relationship exists between the classes QCY (a1, f1, v, §) and

Q’Ci(ahﬂlv v, 6)
In order to establish our main results, we need the following lemma which is
popularly known as the Miller-Mocanu Lemma.

Lemma 1.1 ([6]). Let u = uj +iug, v =v1 +1ivy and let ¥(u,v) be a complex
function, ¢ : D — C, D C C x C. Suppose that 1 satisfies the following conditions
(i) ¥(u,v) is continuous in D;
(i) (1,0) € D and Re{y(1,0)} > 0;
(iil) Re{e(iuz,v1)} <0 for all (iug,v1) € D and such that vy < —(1+2u2).

Let p(z) = 1+ p1z + poz? + p3z3 -+ be analytic in E, such that (p(z), zp'(z)) € D
for all z e U. If Re{eo(p(2),2p'(2))} > 0 (2 € U), then Re(p(z)) > 0 for z € U.
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2. MAIN RESULTS

In this section, we give several inclusion relationships for meromorphic function
classes, which are associated with the integral operator IF (a1,61)f.

Theorem 2.1. Let a1, 4 >0 and 0 <~y < 1. Then
Msz(al + 1a617 7) C M‘S‘Z(alaﬁh 7) - MSZ+1(a17B15 ’}/)
Proof. To prove the first part of Theorem 2.1, let f € MS (a1 + 1,81, ) and

set
) =(Ig(on, ) 1(2)
Ifi(oa, B1) f(2)
where p(z) = 1+ p12z + p22? + ... is analytic in U and p(z) # 0 for all z € U.
Then by applying the identity (10), we obtain

’

+v=—(1-7)p(2)

’

IB(on +1,81)f(2)  2(If(aa,B1)f(2))
13) " HenB)fE) e BI)
= —(1=)p(z) =7+ (a1 +1).
By logarithmically differentiating both sides of the equation (13), we get

+ (a1 +1)

/ /

2(Ip(os +1,601(2)) _ 2(If(on, B1)/(2) (1= )2p (2)
Bl + LA IhanBf(z) | (A=) +7 — (a1 +1)
(1) (2)

IR R e T e R e

Now we form the equation 1 (u, v) by choosing u = p(z) = u1+iug, v = zp (2) =
v + in )
(1—9)v
(I=7u+y—(a+1)

Then clearly, ¥ (u,v) is continuous in

o- (o)

and (1,0) € D with Re (¢(1,0)) > 0.
Moreover, for all (iug,v1) € D such that

(14) P(u,v) = (1 =7)u -

1
v < —5(1 +u?),

we have
. Re —(I=y)un (=) e+l -y
Reyliu,v) =R {(1—V)W2+7—(041+1)} “ G- - 24 (=)0
(1-70+u3)(ar+1-7)
2[(y =1 —=a1)? + (1 = 7)2u3]
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Therefore 1 (u, v) satisfies the hypothesis of the Miller-Mocanu Lemma. This shows
that if Rev(p(2),2p (2)) > 0 (z € U), then Re(p(z)) > 0 (z € U), that is if
f(Z) € MSZ(OQ + 176177) then f(Z) € M'Sﬁ(alaﬂla ’Y)

To prove the second inclusion relationship asserted by Theorem 2.1, let f €
MSF (a1, B1, ) and put

’

2(Int (ay, B1) f(2))
I£+1(Ck1, Bl)f(’z)

where the function s(z) is analytic in & with s(0) = 1. Then using the arguments to
those detailed above with (9), it follows that MS}, (a1, 1, 7) C MSﬁH (a1, B, ),
which completes the proof of the Theorem 2.1. O

(15) —(1=7)s(z) =+

Theorem 2.2. Let ay, >0 and 0 <~ < 1. Then
MC(ar + 1, b1, v) € MCR(au, b1, y) C MSZJrl(alaﬂl; 7)-
Proof. We observe that

f(z) e MCY(on + 1,81, 7) <= Ifi(a1 + 1,51) f(2) € MC(7)
= —z(Ifi(a1 +1,51)f(2)) € MS*(7)
= Ifj(o1 +1,01)(—2f'(2)) € MS™(7)
= —2f'(2) e MSE (o1 + 1,51, )
— —2f'(2) € MS (a1, Br, )
= Iilon, B1)(—2f()) € MS"(7)
= oo, B)F()) € MS* ()
< I}(aq, f1) € MC(v)
< f(2) € MC} (a1, B, 7)

and
f(z) € MCE(au, B, v) <= —2f'(2) € MSE(u, b1, 7)
= —2f (2) € MSE ™ (a1, B1, 7)
= —z(I5" (a1, 51) f(2)) € MS* (%)
= f(z) € MC (a1, B1,7)
which evidently proves Theorem 2.2. O

Theorem 2.3. Let oy, £ >0 and 0 <+, § < 1. Then
QCh (a1 + 1,81, 7, 6) C QCF (ar, B, 7, 8) C QCH (e, By, v, 6).
Proof. We begin proving that
QCh(ar +1,B1, v, 8) C QCl(au, B, v, 0).
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Let f(2) € QCl(a1 + 1,1, 7, §). Then, in view of the definition of the function
class QC} (a1 + 1, 81,7, 0), there exists a function ¢ € MC(y) such that

o (B LY
q(2)
Choose the function g(z) such that q(z) = If (a1 + 1, 81)g(z), then

AL +1,80)() Y
B(ay + 1, 81)g(z) > <

(16) ge MCh(ar+1,B1,7) and Re (

We next put
z(Iﬁ(al,ﬁl)f(z))'
Ii(ax, B1)g(2)

where p(z) = 1+ c12+c22? +.. . is analytic in U and p(z) # 0 for all z € Y. Thus,
by using the identity (10), we have

(17)

(18)
A +1,60)f(2)" _ If(en + 1, 51)(2f'(2))
Ifi(ar + 1, 61)9(2) Ifi(on +1,81)9(2)
_ zUf(en, B)f(2)] + (a1 + D If(en, B1) (2(2))
2(Ifi(a, B1)g(2)) + (a1 + D Ifi (a1, B1)g(2)
z[1F (m,ﬁl)(Zf’(Z))] (r+1)If (a1,81)(2f(2))
_ (Oéhﬁl)gl(z) + Iﬁ(alvﬂl)g/(z) .
z(IF (a1, 01)9(2)) z(If(a1,61)9(2) o)

e e " e melz)

Jack [4] showed that g € MC(y) implies that g € MS* (o) where

2y =14 /9 — 4y 442
= 1 i

Since g(z) € MC},(a1 + 1, B1, v) and MC} (a1 + 1,51, ) € MCJ, (a1, 51, ), for

some o we can set

2(If (a1, B1)g(2))
Ifi(a1, B1)g(2)
where H(z) = hi(x,y) +ihs(z,y) and Re (H(2)) = hi(z,y) > 0, (z € ). Then
z[If(ax, Br) (21" (2)))
2(Ih(ar + 1, B1) f(2)) _ Ifi(ou, B1)g(2)
(19) IL(aq +1,51)9(2) —0—(1—0)H(2)+ (a1 +1)
(a1 +1) [(5 +(1- 5)p(z)]
—o—(1—-0)H(2)+ (a1 +1)°

+o=—-(1-0)H(z)
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We thus find from (17) that
(20) 2(Ih(ar, B1) f(2)) = =1 (a1, B1)g(2) [0 + (1 = 8)p(2)].
Upon differentiating both sides of (20) with respect to z, we have

s
) T anfgs o T0E

+ [0 +(1- U)H(z)] [(5 +(1- 5)p(z)]
By substituting (21) in (19), we obtain
Al +1L,80)f(2) o . B (1—6)zp'(2)
Bt LA 0= 0 - g T )
We now choose u = p(z) = u1 +1iuz and v = 2p/(2) = v; + iva, we define the
function ¥ (u, v) by
(I1-=9%)w

(22) Y(w,v) = (1= 0)u— = (1—0)H(z) — (o1 + 1)
where (u,v) € D = (C\D*) x C and

D*{z: 2€C and Re(H(z)):hl(z)ZlJrlal }

— 0

It is easy to see that 1(u, v) is continuous in D and (1,0) € D with Re (¢(1,0)) > 0.
Moreover, for all (iug,v1) € D such that

1
v < —5(1 +u?),
we have

Re1/;(iu2,vl) = Re {

—(1 =90

(1—U)H(2)+0—(a1+1)}

(1 =906)v [(ozl +1)—(1—-0)hi(z,y) — a]

[(1 —o)hi(z,y)+0—ay — 1]2 + [(1 — o)ha(z, yﬂ2

=)+ +1) = (1= o)hi(w,y) — 0]
2[(1 = o)h(2,9) + 0 — ar — 11> +2[(1 = o) ha(z, y)]”

< 0.

Therefore 1 (u, v) satisfies the hypothesis of the Miller-Mocanu Lemma. This shows
that if Rev(p(z),2p'(2)) > 0, (2 € U), then Re(p(z)) > 0, (z € U), that is if
f(z) € QCL (a1 + 1, B1, 7, 9) then f(z) € QCh (a1, b1, v, 9).

Using the arguments similar to those detailed above, we can prove the second
part of the inclusion. We therefore choose to omit the details involved. O

Using arguments similar to those detailed in Theorem 2.2, we can prove
Theorem 2.4. Let a;,pu >0 and 0 <~,0 <1. Then
Q’Cﬁ(al + 17617 v, 6) - Q’Cﬁ<a1;ﬁl7 v, 5) C Qlcﬁ+1(a1>/617 v, 6)
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3. INCLUSION PROPERTIES INVOLVING THE OPERATOR L,

In this section, we examine the closure properties involving the integral operator
L.(f) defined by

(23) Lc(f)zzc—il/tcf(t)dt, (f €M, ¢>0).
0
In order to obtain the integral-preserving properties involving the integral L.(f),
we need the following lemma which is popularly known as the Jack’s Lemma.

Lemma 3.1 ([4]). Let w(z) be a nonconstant analytic function in U with
w(0) = 0. If |w(z)| attains its maximum value on the circle |z| = r < 1 at
20, then zow'(z0) = kw(zp), where k is a real number and k > 1.

Theorem 3.2. Let c,ai,pu >0 and 0 <y < 1. If f € MS} (a1, b1, 7), then
L('(f) € M‘Sﬁ(alvﬁla ’7)

Proof. From definition of L.(f) and the linearity of operator I%(a1,1)f we
have

(24)  z(Ih(ar, B1)Le(f)) = elfi(en, B1) f(2) = (e + D)If(ax, B1)Le(f).
Suppose that f(z) € MS} (a1, 1, v) and let

(a1, 1) Lef(2)) 14 (1=27)w(z)
(25) Do/ (z) — 1wz

where w(0) = 1. Then by applying (24) in (25), we have
INa1, 1) f(2)  c—(c+2—2y)w(z)

Ifi(a1, 1) Lef(2) [l —w(z)] ’
which upon logarithmic differentiation yields
z(If (o, B1)f(2)) 1+ (1= 27)w(z) n 2w’ (2)
IL(a1, 1) f(z) 1—w(z) 1—w(z)

(e +2=29)2w'(2)
c—(c+2—27)w(z)

Thus we have

d(IPlan, B)F() | (=Dt w(z)] | ()
Bl ffz) 7 l-w( -
(c+2—2y)zw'(2)

S e—(c+2—29)w(z)

(26)

Now, assuming that

max |w(z)| = |w(z0)] =1 (20 € U),

EEN
and applying Jack’s Lemma 3.1, we have
(27) zow'(20) = kw(z0) (k> 1).
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If we set w(zo) =e'?, (6 € R) in (26) and observe that

Re ((’Y — D1 +w(zo)] )

1 —w(z)

=0.

then we obtain

zo(If (a1, B1) f(20)) ~ Re zw'(z0) (42— 29)z0w'(20)
Re( (o, A1) f(z0) ”) - (1—w<zo> C—(C+2—27)w(zo)>

—ref 2(1 —y)kel?

_R< (lei‘))[c(c+22fy)e“’])
2k(1 —v)(c+1—7)

2 —2c(c+2—2y)cost+ (c+2—27)2

Zoa

which obviously contradicts the hypothesis f(z) € MS% (au, 81, 7). Consequently,
we can deduce that |w(z)| < 1 (z € U) which in view of (25) proves the integral-
preserving property asserted by Theorem 3.2. O

Theorem 3.3. Let ¢, ay, p >0 and 0 <y < 1. If f € MC(au,B1, ), then
Lc(f) c Mcfb(alaﬁlv FY)

Proof. We observe that
f(z) € MCE (a1, B, 7) <= —2f'(2) € MSE (e, b1, 7)
= L.(—2f'(2)) € MSV (o, B1, 7)
= —2(Lcf(2) € MSE(au, b1, 7)
< Lcf(2) € MCJ (a1, B1, 7).
which completes the proof of the Theorem 3.3. O

Next, we derive an inclusion property which is obtained by using (24) and the
same techniques as in the proof of the Theorem 2.3.

Theorem 3.4. Let ¢, a1, >0 and 0 <y < 1. If f € QC}(au, b1, v, 6) then
so is Le(f).

Finally, we obtain Theorem 3.5 below by using (24) and the same techniques
as in the proof of the Theorem 3.3.

Theorem 3.5. Let c, a1, p >0 and 0 < < 1. If f € QK} (an, B1, 7, ) then
sois Le(f).
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