CONTINUITY WITH RESPECT TO DATA AND PARAMETERS OF WEAK
SOLUTIONS TO A STEFAN-LIKE PROBLEM

A. MUNTEAN

ABSTRACT. We study a reaction-diffusion system with moving boundary describing a prototypical fast
reaction-diffusion scenario arising in the chemical corrosion of concrete-based materials. We prove the
continuity with respect to data and parameters of weak solutions to the resulting moving-boundary
system of partial differential equations.

1. INTRODUCTION

Recently we have established the existence and uniqueness of weak solutions to a two-phase
reaction-diffusion system with a free boundary where an aggressive fast reaction is concentrated;
see [12, 13] for these results and [9] for a larger picture of the chemical corrosion issue motivat-
ing this work — the concrete carbonation problem. Details about the chemo-physical problem, its
civil engineering importance as well as some aspects of what mathematics can say concerning the
prediction of the speed of the involved deterioration mechanism are reported in [10]. Within this
framework, we focus on the continuity with respect to data and parameters of weak solutions to
the mathematical model in question. It is worth mentioning that relatively general results on con-
tinuous dependence of solutions of scalar Stefan-like problems were proved in the past by several
authors (see, for instance, [3, 6, 2, 1] and [17]). Particularly, we mention the contributions by
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Mohamed [14] and Pawell [16] who study the continuous dependence problem for (scalar) moving-
boundary descriptions of some non-corrosive chemical reactions taking place in concrete. Since
here we deal with a non-linearly coupled system of semi-linear parabolic PDEs in two moving a
priori unknown phases, whose motion is driven by a non-equilibrium moving-boundary condition
of kinetic type, none of these formulations seem to be applicable. The working framework we have
chosen to prove the stability estimate is that one prepared in [13].

This note is organized in the following fashion: In Section 2, we present the moving-boundary
system and shortly comment on the underlying physics. Preliminary technical information (like
function spaces used, our concept of weak formulations, review of known basic estimates, a local
existence and uniqueness result for weak solutions) is detailed in Section 3. We state the main
result (that is Theorem 4.1) in Section 4 and prove it in Section 5.

2. THE MOVING-BOUNDARY PROBLEM

We investigate the moving-boundary problem of finding the vector of concentrations (1, ..., ug)*
and the interface position s(¢) which satisfy for all ¢t € Sy :=]0,T[ (0 < T' < oo fixed) the equations

(¢¢wai),t —+ (_Dil/i2¢¢wai,m)x = f’i,He'm‘yyx 6]07 S(t)[7 (NS {17 2}7
(¢¢wﬂ3),t + (_D3¢¢wa3,m)£ = fDiss,x E]S(t),L[
(21) (¢¢wa4),t = fPrec + fReacl"y T = S(t) S F(t),
(¢ts) ; + (—Ds9ls,e), = 0,z €]0,s(t)];
(1) ; + (—Deglis ), = 0,z €]s(t), L],



(2.2) DD Vinti;(2,0) = Uip(x), 1 €L :=T3 ULy, z € Q(0),
(2.3) PPuwta(x,0) = tao(z), x € Q(0),

(2.4) PPuwriztii(0,) = Ai(t), i €I, :={1,2,5},

(2.5) us(s(t),t) = ue(s(t), 1),

(2.6) Uiz (L, t) =0, i € Iy := {3,6},

b1 - nlpy = —7in(s(t),1) + ' (D) [@bwitia] ),
(2.7) Ui - nlpey = fir(s(t), £)05i + 8'(B)[@wrintiilpyy, @ € {2,5,6},
ls - oy = —7ir(s(), ) + ' () @b walpge
and
/ i (s(t), t)
%) O = G (s(0). D
In (2.7), n is the outer normal to the interface I'(t), while [A]p ;) denotes the jump in the quantity

A across I'(t). For fixing ideas, we assume that the only relevant chemistry intervening here is the
so called carbonation reaction (details are given in [4, 9] and references cited therein), that is

(2.9) CO2(g — aq) + Ca(OH),(s — aq) — CaCOgz(aq — s) + HyO.

In this framework, #; and @y denote the aqueous and respectively gaseous COy concentrations, g
is the concentration of dissolved Ca(OH)s, a4 is the immobile rapidly precipitating species (here:
CaCOg3(aq)), while 45 and @g point out the moisture concentrations (produced via (2.9)) within
10, s(t)[ and ]s(t), L[, respectively. The process can be briefly described as follows: Molecules of

= I/NJF(S(t)at)aS(O) = Sp > 0.
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atmospheric COz penetrate concrete structures via the air-filled parts of the pores (see Fig. 1),
dissolve in pore water where they meet a lot of aqueous Ca(OH); ready to react via (2.9). There is
chemical evidence [4] showing that (2.9) is sufficiently fast so that the two spatial supports of the
reactants (COz(aq) and Ca(OH)z(aq)) are separated by a sharp interface positioned at = s(¢).

Concentration
of CO,

No CO,

Full with
CcO,

Distance trom the outer boundary

Figure 1. Complete separation of reactants in the carbonation process. The task is to predict the depth at which
COg is able to penetrate until a given time ¢t € Sp.

Remark 2.1. The complete segregation of the reactants and the fact that for this reaction-
diffusion scenario the associated Thiele modulus is much larger than unity motivates us to apply a
moving-boundary strategy in order to predict the penetration of front (here — a sharp interface) of
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COg in concrete. Conceptually similar reaction-diffusion problems with fast reaction and relatively
slow transport arise, for instance, in geochemistry [15].

Furthermore, vio = v3g 1= 1, v = %‘:, Usy = Ugy 1= q%w, v =10 eI lel—{2}),
(i,7 € 7) is Kronecker’s symbol, j; := —D;vjppy,4; (i,¢ € Iy UZs) are the corresponding effective
diffusive fluxes and a > 0. The parameters D;, L and sy are assumed to be constant and strictly
positive; the boundary data \; are prescribed in agreement with the environmental conditions to
which Q =|0, L[ — a part of a concrete sample — is exposed. The interior boundary conditions
(2.7) are derived using an argument based on the pillbox lemma; see [7]. Following [18] (and
subsequent papers, e.g., [5]), equation (2.8) represents a non-equilibrium type of free boundary
condition that is called kinetic condition. For a derivation via the first principles of (2.8) for this
particular reaction-diffusion setting, we refer the reader to [10, Section 2.3.1].

The initial conditions @;9 > 0 are determined by the chemistry of the cement. The hardened
mixture of aggregate, cement and water determines numerical ranges for the porosity ¢ > 0 and
also for the water and air fractions, ¢,, > 0 and ¢, > 0. In this paper, we set ¢, ¢, and ¢, to be
constant. The productions terms f; Henry, fDiss, fPrec and freqcr are sources or sinks by Henry-
like interfacial transfer mechanisms (see [8] for a related application of Henry’s law), dissolution,
precipitation, and carbonation reactions. We assume

fi,Henry = (_1)1Pz(¢¢wﬁ1 - Qi¢¢aﬁ2)
(Pi >0,Q; > 0), 1€ {1,2},

fDiss = _SS,diss(¢¢wﬂ3 - u3,eq)7
S3,diss > 07 fPrec = 05 fReacl" = ﬁl"-

(2.10)

In (2.10), 7ir(s(t), t) denotes the interface-concentrated reaction rate. It is defined in the follow-
ing fashion: Let @ = (u1,...,us)" be the vector of concentrations and M, the set of parameters
A = (Ay,...,A,)" chosen to describe the reaction rate. We assume that M, is a non-empty
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compact subset of R’*. We introduce the function

fr : RS x My — Ry

by 7r(u(z,t),A) = kop,ul (z,t))ud(x,t), x=s(t).

In (2.11), m:= 3 and A := {p, ¢, kpdw } € Ri. We define the reaction rate 7r(s(t),t) by
(2.12) iir(s(t),t) = fir(a(s(t), t), A),

where 7jr is given by (2.11) and represents the classical power-law ansatz. Note that some mass-
balance equations act in |0, s(¢)[, while other act in ]s(¢), L[ or at T'(t). All of the three space
regions are varying in time and they are a priori unknown. The system (2.1)—(2.12) forms the
sharp-interface carbonation model.

(2.11)

Remark 2.2.

(i) The local existence and uniqueness of weak solutions to the sharp-interface carbonation
model was reported in [13, Theorem 3.3], while the global solvability was addressed in [13,
Theorem 3.7]. In this paper, we show the continuity of the weak solution to (2.1)—(2.12)
with respect to initial data, boundary data and model parameters. The importance of our
result is twofold: (1) On one side, we complete the well-posedness study of (2.1)— —(2.12),
which has been started in [13]. (2) On the other side, we prepare a theoretical framework
for numerically testing the stability with respect to model parameters. Note that for the
carbonation problem many important material parameters are typically unknown. Our
stability estimates suggest that there is a little place of “playing games” with the most
critical parameters, i.e. those entering (2.8), e.g. It is worth mentioning that unsuitable
choices of reaction rates (and hence, of velocities) may produce the blow up in concentration
near the interface position (like in [11], e.g.).



(ii) The strategy of the proof is the following: We subtract the weak formulation written in
terms of two different solutions compared within the same time interval Sp. In order
to obtain the desired result, we make use of a lot of a priori knowledge of the solution
behavior. In particular, we essentially rely on positivity and L bounds for all involved
concentrations (cf. [13, Theorem 4.2]) as well as energy estimates (cf. [13, Lemma 4.3]) the
weak solutions to (2.1)—(2.12). The result is obtained by conveniently applying Gronwall’s
inequality in combination with an interpolation inequality as well as with some particular
algebraic inequalities tailored to deal with the special non-linearities induced by Landau-like
transformations.

3. TECHNICAL PRELIMINARIES

. Fixing the moving boundary

We take advantage of the 1D geometry and immobilize the moving boundary via the fixed-domain
transformations (also called Landau’s transformations)

(31) (:Ij,t) € [O,S(t)] X S’T = (y,t) € [a,b] X S’T, Yy = %, 1 €1y,
(3.2) (2, 1) € [s(t), L] X 57 —> (4,2) € [a,8] X 87, y=a+ z:—zg i€ Ty,

where ¢t € Sy is arbitrarily fixed. We introduce the notation w;(y,t) := @;(z,t) — A\;(¢) for all
y € [a,b] and t € Sp. Further, let 4; := ¢y, U;,10 € {1,3,4}, 0 := pdalia, U; := ¢u;,i € {5,6} and
write down the original moving-boundary system (2.1)—(2.12) on fixed domains. As a result of this
procedure, we obtain the transformed PDEs system (3.3)—(3.13). The model equations have the



forms

(3.3) (4 M) — % — filu+ ) —l—y%ui,y, i,
(34) (ui"‘)\i)’t = % = fz(u—l-)\) =F (Q_y)%Ui’y7 i € 1o,

where u is the concentration vector (u1, ua, us, us, ug)" and X represents the boundary data (A1,A2,A3,A5,A6
We make use of A\3 and A\g only for notational simplicity (A3 := Ag := 0). The vectors of concen-
trations ug and \ are assumed to be compatible, i.e.

(35) Uo; (0) = )\1(0), and hence ’111(0) =0foriel.
Our initial boundary and interface conditions are now:
u'L(y7 0) = uiO(y)7 W E Il UIQ7 Ui(a, t) = 07

(36) S 'U,i’y(b, t) =0, i € Iy,
(3.7) ;(—f;ul,yu) = ne(L,£) + (£) (un (1) + Ar),
_‘l)2 ,
(3.8) SEtes(l) = 5 (Oua(D) + ho)
_D3 ,
(3.9) T y(1) = =n(L ) + 4 (Ous(1) + Xa),
—Ds Dg
(3.10) EU&y(l) 4= L_—s(t)ug,y(l) = 77{*(1, t),U5(1) + A5 = u6(1) + Xe,

where nr(1,¢) denotes the reaction rate that acts in the y-¢ plane. We also mention that w;(y) =
G0(x) — Ai(0), where = ysg, y € [0,1] for ¢ € 73, and = = so + (y — 1)(L — s0), y € [1,2] for



i € Zy. The vectors of concentrations ug and A are assumed to be compatible, i.e.
(3.11) u0;(0) = X;(0), and hence, 4;(0) =0 for i € Z;.

The formulation is completed with two ordinary differential equations

(3.12) s'(t) = ¥r(1,t) and vy (t) = fi(va(t)) a.e. t € Sp,

where vy(t) := t4(s(t),t) for t € Sy, for which we take

(3.13) s(0) = sp > 0, v4(0) = Uyp-

. Function spaces. Weak formulation

The definition and properties of the function spaces used here can be found in [19], e.g. For
each i € Z; Uy, we denote H; := L*(a,b) and set [a,b] := [0,1] for i € Z; and [a,b] := [1,2]
for i € Zy. Moreover, H := [[;c7, 7, Hi and V := [[;c7 7, Vi, where V; are the Sobolev spaces
Vi :i={u € H'(a,b) : uj(a) = 0},i € 7y and V; := H'(a,b),i € T. In addition, |- | := || - ||z2(a,p)
and || - || == || - [|#rrap- I (X; 1 i € T) is a sequence of given sets X;, then X /71972l denotes
the product [T;ez, 7, Xi == X1 X Xa x X3 x X5 x X¢. Let ¢ := (p1,902,93,95,96)" € V be an




arbitrary test function and take ¢ € Sp. The weak formulation of (3.3)—(3.13) reads as follows:

1 1

a(saua (P) = g Z(Diui,y)¢i,y) + E Z(Diui,yacpi,y)v

€1, 1€To
(3.14) i€Th i€T,

6(8/,’&, (P) = Z gi(S,S/,U(]-))QOi(]-),

1€ ULy
W'y, 0) = 8" Y (Ytiy, 1) +5 > (2= ¥ty 0i),
\ i€y 1€Zo

for any u € V and A € Wh2(Sp)F19Z2l. The term a(-) incorporates the diffusive part of the
model, bs(-) comprises volume productions, e(-) sums up reaction terms acting on I'(¢) and h(-) is
a non-local term due to fixing the domain. The interface terms g;(i € Z; U Zs) are given by

g1(s, 8" u) == nr(L,t) + ' (ui(1),  g2(s, 8, u) = s (t)ua(l),
(3.15) g93(s, 8", u) :=nr(L,t) — §'(Hus(1),  gs(s,s',u) :=nr(L,1),
g6(s, ', u) =0,
whereas the volume terms f; (i € Z) are defined as
fi(u) == P1(Qruz — 1), fa(@) = +ir(s(t),1),

(316) f2(’u) = —PQ(QQUQ — ul), f5(u) = 0,
f3(u) = S3,diss(u3,eq - U3), fG(U) =0




The initial and boundary data as well as the model parameters are assumed to satisfy the following
set of restrictions:

(3.17) A € Wh2(Sp)TVTel, A(t) >0 ae. teSr,
(3.18) ug,eq € L(S7), U3 eq(t) >0 ae. te Sy,
(3.19) up € L=(a, b)lF1V%21, uo(y) + A(0) >0 ae. y € [a,b],
(3.20) Qa0 € L=(0, s0), Ga(z,0) >0 a.e. z € [0, so],
(3.21) so > 0, Ly < L <+, so < Lo,
(3.22) min{Ss giss, P1, @1, P2, Q2, De(¢ € Ty UZy)} > 0.
We denote
(3.23) mo = min{sg, L — Lo}, My := max{Lo,L — sp}.
Set
(3.24) K= T] [0k,

1€TLUT,

and, for fixed A € My, we take
(3.25) M, = max{nr(a,A)}.
uel

In (3.24), we set

&
.I.

= max{uio(y) + )‘i(t)a )‘l(t) VRS [a'v b]a te gT}’ 1= 15 25 3’67
ks := max{dso(z) + M,. T : x € [0,5(t)], t € Sr},

ks := max{uso(y) + As5(t), X6(t), K :y € [a,b], t € S},

kﬁ = k5,

(3.26)




where

Lo
2 - fo
(8:27) "7 D — M, LLo

Definition 3.1 (Local Weak Solution; cf. [10, 13]). We call the triple (u,v4, s) a local weak
solution to the problem (3.3)—(3.13) if there is a § €]0, 7] with Ss :=]0, [ such that

L
(Mnr S §|/\5,t|oo T 1) .

(3.28) s0 < 5(8) < Lo,
(3.29) v € WH(S), s € WH(Sp),
(3.30) u € W(Ss5; V,H) N [S5 — L>(a, b))V,

For all ¢ € V and a.e. t € S5 we have
s Z (uie(t), i) + (L — s) Z (uit(t), i) + a(s,u, ) +e(s',u+ A, @)

i€Ty i€T,

= bf(u + /\a S, (P) + h(8/7 u,ya Lp) - S Z (/\i,t(t)’ 301/) - (L - 8) Z ()‘i,t(t)7 901,)7
€Ly €Ly
s'(t) =nr(Lt),  vi(t) = fa(va(t)) ae. t € S,
U’(O) =up € Ha 8(0) = S0, ’U4(0) = Uygp-

. Assumptions of the model parameters and constitutive reaction-rate law

The only assumptions that are needed are the following:
(A) Fix A € My. Let fjir(a,A) > 0, if a3 > 0 and @3 > 0, and 7jr (@, A) = 0, otherwise. For any
fixed @3 € R, 7r is bounded.

(B) The reaction rate 7jr : RS x M — R, is locally Lipschitz. This restricts the choice of p and
q in (2.11).



(C1) 1> kg > maxg, {|us,eq(t)] : t € Sr}; Ds — My L > 0;
(C2) PiQiky < Prky; Pk < PyQoko.
Remark 3.2.

(i) We refer to reader to [10] to see a possible physical interpretation of the restrictions (A)—(C).
(ii) For our convenience, we define the constants K7 = K3 := 0, and K» and K, via (3.44) and
(5.6), respectively.

By (A) and (B), we deduce that nr(0,A) = 0 for all A € M,. For all 4 € RS there is an
e-neighborhood U, () and a positive constant C,, = Cy,(A, X, €, Tn) such that the inequality

(3.31) i (a(s(t),t), A) < Cylu(s(t),?)]

holds for all t € Sp. (3.31) can be reformulated as

(3.32) nr(1,t) < Cylu(l,t)| forall te Sr.

Note also that there exists a function ¢, = ¢4(C)) such that

(3.33) le(s", u(1), ()] < ¢olu(D)[lp(1)]  for all o€V
and a constant ¢y = ¢f(C,), K1) > 0 such that

(3.34) b (u, s, 0)| < cf (Jugeql? + |ul® +[p?)  forall p €V,

where K; > 0 is a constant depending on the material parameters entering f; (i € Z), i.e. Py,
Py, Q1, Q2, and S3 4iss. The exact structure of ¢4, ¢y and K; is dictated by the definition of the
production terms f; and g; (i € ), see (3.16) and (3.15). Since 9r(1,t) has essentially the same
structure as nr(1,t), it also satisfies (A) and (B).



3.4. Known results

In this section, we list a couple of known results (see [10, 13]) which will be extensively used in
section 5.

Lemma 3.3 (Some Basic Estimates). Let ¢ >0, >0, 6 € [3,1[ and s € Wh1(Ss).

(i) There exists the constant é = ¢(0) > 0 such that

(3.35) Juiloo < élus = ui]|®

for all u; € V;, where i € Ty UZs.
(i1) It holds

(3.36) Jota |0 ° < sl | + celusl

for all u; € V;, where i € Ty UZ.
(iii) Let o € V with ¢ = (¢1,...,96)", t € Ss, ¢ as in (1), and &, c¢ as in (ii). Then, fori € Iy
and j € Iy, we have the following inequalities:




2 s ) = 5 n(1 = i} < S PO g
= BesP < Bl < Sl + ot x s 15 Ol
Ll < sleil < 20 a0 (0 i)
< lleil + ot s 45
OO < ol + ccers o0 ¥
L) 10

9 _ . = = (1)]2 + = |2
Theorem 3.4 (Positivity and L>°-Estimates). Let the triple (u, vq, s) as in Definition 3.1 satisfy
the assumptions (A)—(C2). Then the following statements hold:
(1) (Positivity) u(t) + A(t) >0 in 'V for all t € Ss.

(if) (L°°-estimates) Let ¢ € I3 U Zy be arbitrarily fized. There exists a constant ky; > 0 (see
(3.26)) such that we(t) + Xe(t) < ke in Vy (¢ € T —{4,5}) for allt € S5. In addition, there
exists a constant ks > 0 such that us(t) < ksy a.e. y € [0,1] and all t € S;.

(iii) (Localization of the interface)
5o < s(t) < so+ 0M,y,. for allt € S5, where M, is given in (3.26).
(iv) (Positivity and boundedness of vy at T'(t))

0 < tigo < vy(t) < tgg + OM,y,. for allt € Ss.



Lemma 3.5 (Energy Estimates). Assume that (A)—(C2) hold and let the triple (u,v4, s) be as
in Definition 3.1. The following statements hold a.e. in Ss:

(3.37) lu(t) + A(t)|° < a(t) exp (/0 ﬂ(T)dT) ;
(3.38) lu(t) + M) < alt) + /0 BE)ele) e ( / ﬁ(f)df) ds;
(3.39) /O I[u(r) + A(r)|2dr < dita(t) exp ( ! ﬁ(T)d'r) ,
where
. . s0D; . (L—Lo)D; .
(3.40) dp := min {?6111111 Lg—mo’ s m} , mo as in (3.23).

The factors a(t), a(t) and B(t) are given by
('(0)* | (L= s(t))*Ko

41 t) :=
(3.41) a(t) = = -
9 t
(3.42) a(t) = |p(0)]* + — / a(r)dr,
mo 0
Go back / / 2
t D t 1
(3.43) p(t) = ST()+K2<2+L 3t +sé))]—,
Full Screen B 8( ) o
whereas
Close LP, Q
o (3.44) Ky =1+ (S3,diss|Us,eqloc)” + % +eeet.
uit




Furthermore, we have
(3.45) u € L*(S5,V),u s € L*(S5,V*),u € C(S5, H).
Theorem 3.6 (Local Existence and Uniqueness). Assume the hypotheses(A)—(C2) and let the

conditions (3.17)—(3.2) be satisfied. Then the following assertions hold:

(a) There exists a 6 €]0,T[ such that the problem (3.3)—(3.13) admits a unique local solution on
Ss in the sense of Definition 3.1;

(b) 0 < wi(y,t)+Xi(t) < k; a.e.y € [a,b] (i € Ty UZLy) for allt € Ss. Moreover, 0 < tg(x,t) < ky
a.e. x €[0,5(t)] for all t € S5;

(c) vq,s € WHo(Sy).

4. MAIN RESULT

Select i € {1,2} and let (u'®, vff), s;) be two weak solutions on Sy in the sense of Definition 3.1.
They correspond to the sets of data
D; i= (u{?, \® 2O 1O A

where u((f), AD 20 @ and A® denote the respective initial data, boundary data, and the model
parameters describing diffusion, dissolution mechanisms and carbonation reaction, respectively.
In this context, we have 20 := (D{ (¢ € T, UT,), PV (k € {1,2}),Q\" (k € {1,2}), ngt)iiss)t C
M= and T = (uglq) C Mr, i € {1,2}. Here M=z and My are compact subsets of R” and L?(Sy).
Set Au = u® —uD, Ay, = vf) — vil), As = s9 — s1, AN := X3 — XD Agq = u((,z) — u(()l),
2:=Z@ 2D AT :=T@O YD AA = A —AD and Agp = 72 -7 .= 5P @, A@)—
ﬁl(ql)(a(l), A(M). The Lipschitz condition of nr reads: There exists a constant ¢z, = ¢z (D1, D) > 0
such that the inequality |Anr| < cr(|Au| + |AA|) holds locally pointwise, see (B).
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Having these notations available, we can state now the main result of the paper.

Theorem 4.1. Let (u(i),vy),si)(i € {1,2}) be two local weak solutions on S5 in the sense
of Definition 3.1 satisfying the assumptions of Theorem 3.6. Let (u(()i),A(i),A(i)) be the vector of
initial, boundary and reaction data. Then the function H x W12 (S,;)'IlUIZ| X Mz X M~y X Mp —
W3(Ss, V,H) x W14(S5)2, which maps (ug, \,Z, T, A)! into (u, vy, s)t, is Lipschitz in the following
sense: There exists a constant ¢ = (0, So, tiao, L, ki, cr,0) >0 (i € Ty UZs) such that

||AU||%V2}(sé,v,H)mLoo(sé,H) + ”Av4”%}V1’4(S(5)ﬂL°"(Sa) + ||AS||%/VL4(S(;)OL°°(S<;)
(4.1) <c (”Auo||H2-HOL°°([a,b]|11UI2\) + ”A)‘”?W1,2(56)0Loo(56))\11u12|)
+e (rrﬂl/faax AZP + ATy e s,) + max |AA|2) :

We prove Theorem 4.1 in Section 5. A direct consequence of this result is the stability of the
moving boundary as stated in the next result.

Corollary 4.2 (Stability of the Interface). Assume that the hypotheses of Theorem 4.1 are
satisfied. Then the function H x W12(Ss)ITiV2l x Mz x My — W4(S5), which maps the data
(uo, X\, 2, Y, A)t into the position of the interface s, is Lipschitz in the following sense: There exists
a constant ¢ = ¢(6, o, Ua0, L, ki, cp, 6) > 0 such that

”AS”%/VL‘*(S(;)OLW(S‘;) <c (”AUO”]%{mLoo([a,b]\IlUIzl)‘l_”AAH?WLz(sé)mLoc(Sé))lllulzl)
=2 2 2
(4.2) + c<%x|m| + ATy zes sy) + max | AN )

Putting together the statements of Theorem 4.1 with those of [13, Theorem 3.3 and Theorem
3.4], the well-posedness of the moving boundary system described in Section 1 is shown.



5. PROOF OF THEOREM 4.1

Let (u(i),vy), si)(i € {1,2}) be two weak solutions on S5 (in the sense of Definition 3.1), which
satisfy the assumptions of Theorem 3.6. We want to show that the function H x W12 (S5)71V721 x
Mz x My x My — W3 (Ss, V,H) x W14(S5)? that maps (ug, A\, Z, T, A)? into (u,v4, s)? is Lipschitz
continuous in the sense of (4.1). By (3.2), the positions s;(t), i = 1,2 of the interfaces I';(t)
(1 € {1,2}) satisfy the geometrical restriction

0 < 550 := 82(0) < Si(t) < Ljy< L forie {1,2} and t € Ss.

Denoting sq := max{si, $20} and Ly := min{Lqg, Lag }, the common space domain traveled by the
interfaces I';(¢) is © :=|sg, Lo[. Within this frame we only discuss the case sg < Lg. Set

(5.1) L, := min{min{s;(¢), L — s;(t)} : i = 1,2},
teSs
(5.2) Do :=min{D{" : j € T, UTy,i € {1,2}} > 0.

We subtract the weak formulation (3.31) for the solution (u(), vfll), s1) from the weak formulation
written in terms of (u®,v{?,s5). Choosing w = (u® — uM)t + A® — XYt € V (ie. w; =
u§2) — ugl) + )\§.2) — A§1) € V; for each j € Z; UZ,) as test function, we obtain

1d

1d 9 9
S2 E §a|wz(t)| + (L — 52)) ‘ §E|wz(t)|
i€Zy i€Ty

1 1 >
L o lv D Vw2 + T=5) > Iv/D: P w2 < > i,
(=1

1€Ty 1€To

(5.3)



where the terms Jy (¢ € {1,...,5}) are defined by

Jii=As Y (), wi) — As Y (), w;)

1€T, 1€ZLo
As @, (1) As @, (1)
Jy = —— D:Vu) wi ) — DWWy M
27 518y gz:( P g Vi) (L —s1)(L — s2) g( ¢ Uiy Wi)
1€T, i€Zo
AD 1 |AD| 1
+ | E | Z(ug,y),wi,y) 1 . Z(ug,g;?'wi,y)’
1 i€y C i€To

Ty 1= 52 [POQPUR) — ) w) - PO QP ~uf? )]

— o1 [P ~uf? ) — PO @) — )]

+ (L — 52)S5 150 (uS22y =" ws) = (L — 51)S5.0;,, (uS0, —us" ws)
[+ s (1)1 (1) = s (D (1)

0 s (1) wa (1) =0 ws (1)

— [+ s (0] 1) + s ()

- [np - Siug,l)(l)] ws(1) + i ws (1)

1 ) 2 1 ) 2
t Z D" wi(1)|" + I 5 Z D; ™ |w;(1)]
1€l 1€Zo

(54) J4 :




Js = s Z(yuizy),wz) + sh Z ((2- y)uﬁzy),wz)

1€Zq 1€ZLo
1 1
— 51> (yull)wi) — 51> (2 =yl w).
1€T, 1€ZLo

To simplify the writing of the estimates, we employ the constant K4, which is given by

2 - _ - L
Ky = 14 cecg (¢k) ™7 + k* + k*6* + 2cck® + max {1, 5}
2 2

(5.5) tee+ (@ +ee > (D) + [k + ko) PPQP]

1€T1UZo
2
+ QP k) + (PP ko) +2 (PP
Note that K, is finite and depends on k, (¢ € Iy UTIs), c¢, ¢, cg, 0, and 6. To estimate the above
terms |Jyp| (€ € {1,...,5}) we use all of the estimates that we have already possed, that is positivity,
maximum, and energy estimates. We obtain

As|? wl?
ol < By e 12
s ]2 w2
|J2| <2 E 5 T 26 E 2
icen, 52 AT (L = s2)

1 1 1
8 (G + e ) I PSP

51

52\ L-s\’|, o

oz =22 2 2
+ K, 81> +(L_81>]||u1 I21AD)




3 L
(5.7) |J3] < §|A5|2 t3 (|AS3,diss|* + |[Aug eq|2) + |AP)* + |AQ? + Ka|w]?.

Since M, < oo, then there exists a constant ¢ € R’ such that

L—-L
(5.8) &> 1+3C, +4k2 + k2 + 2M,, + L_ost D;.
so(L = Lo) i€T,UT,
Using (5.9), we obtain
3
[Ja] < [AA]® + S As]* + elw(1)]”
3 . s |*° -
2 2 2 .20 i 2(1—0
< |AA] +§|As| + éé“s;5 lGZI WWM (1-9)
1
<22 20 ||wi||2‘9 2(1—-0)
(5.9) + (L —52)* ) T syl
1€ZLo 2
w; 2 (1 % 3
<ey ey Ao dianp + asp
i€y 2 i€, 2

26

20
aF K4 |:821_(9 aF (L — Sg)m] |w|2



Furthermore, it holds
Js = h(sh, u® w) — h(s),uP, w)

Y Y

=3 5—/22( N w;) — ﬁ2:( ne) w;)

282 y 2,y (2 181 y 7,1y 7

€1, €1y
SI 2 S/ 2
+ (L= )72 D@ =y w) = (L=s) 7= 3 (2= p)ufy wi)
1€Zo €1,

= J51 + Js2.

Using again Lemma 3.3, we establish upper bounds for these terms in the following fashion:

st sh s 1
i < 12 3 Yyl + 2 (2= ) 1 F fl o

€Ty i€Zy
s/
Js2 < L+ —232 Z 1((2 — y)wiy, wi)]
1€Zo
v (22 - 22| T e vl vl
L—Sg L—81 ; y by T
1€ZLo
It holds
1 8/ ASI 1
Tl < 2 3 (g, wl + 225 (gl )
(5.10) 2ien 2 ien
' 51 (1)
+ E|A3| Z [

1€y




Firstly, we see that

1
8/ W 2 2 8/ -0 29_—1
23 lwwwl <6 3 E wee (2) 7 58T S i
2 ez i€, 2 i€,

e

Furthermore, for each i € 7; we use the relation |(yu£1y),'wz)| < |u£1)(1)wi(1)| + |(yws g, u; )| +

|(u§1),wi)| to split the last two sums in (5.11) as follows:

1
1 w; |2 2 sh\ 10 20-1
Lml<ey M b i (5) TS fuf?
1€ 1€y
+I+TI4+ 141V 4+ V 4 VI,

where

8] 5= 1,0 ek Jwill®
L= =3 ful wi(1) < 37 A 5= w7
2 ien €Ty S ~ 52
2

5 112 AE‘ -0
2§|As’|2 + &g Z oo F 0505(08)—2 Z |wi|2

: 3% 2 !
1€Ty 1€T,

(with k > 2maxk; (i € T)),

IA




Quit

AS w;
1= 25057 gy ) < 3 gy

i€Zy i€l
EEWINCINS ol g
i€y 2
A
o 3' 3 I, wy)| < 20As |2+—Z|wz|2
€Ly 2 jezy
S 1)
V.= —L|A (
L) 3 P (1w (0)
1€y
n|| =
w =
< 2¢|As|? Z ke i27
< 26| Asf* +&cg Y Sg( Sl) > wi
i€ZLy 1€ZLy
2
V= g |As| Z |(ywi.y, ul™)| < 2cek?|As| (81> +§Z ||w1||
5152 €Ty 51 1€1y 82
VI L —L1As] 7 (M wy)| < 2As? + sl > fwil?
T 5182 w 5253 - o
€Ly €Ly
These inequalities yield an upper bound on |J5;1|. It holds
||wz|| 2 s
—|J51|<£(3+2c > +1As]* |21+ €) + Kq
2 S1
i€y
(5.11) +2|As'2(1 4 & + Ky)
1 2
+K4 |:_2 + (31)2 + ( :| Z |wz|2
52 81 i€y
Using the inequality
1 1 1 ;
(2 = g)ufly, wl < huf @wi(D] 4+ (2 = Yhwig, i) + 1, wi)l, i€ T,



we find that

J[wi

1
E|J52| < €(3 + 2¢¢) Z rSE

i€To

— S/ 2
1 K L
+ &+ 4(L—31>]

1 (s1)?
L—522 (T =51)2(L =)

(54)? (s1)* P
+ 1 +(L_81)4(L_82)2:|i6212|w1| .

+ |As|?

(5.12)

+ |ASP(1 + €4 Ky) + K4 [

By (5.12) and (5.13), it yields

[[w w1

(L — 82)2

12
ol < €13 +2c) A 4 34 2e9 Y

icZ; 2 i€Ts

! 2 / 2
3(1+£)+K4<5—1) +K4< 21 )]msl?
S1 L— s

+3L(1+ &+ Ky)|As'|?

1 (81)2 (81)2 (31)4 1
g [(32)2 - (81)21(82)2 + 421 + (51)41(52)2 i (L — s5)2

+L

(5.13)

(s1)? (s5) n (s)* ]|w|2
(L —51)2(L — s2)2 4 (L — 51)4(L — s2)2 ’




Simple algebraic manipulations show that we can bound the sum Z?:l | Je| by

112
EB+3L+2) Y ”“;;” +EB+30+2) Y

ez, 2 i€,

s2\° | (L=s5\°|, o
24 2AD2
(2) +(L_Sl)]||u1 i)

(5.14) +|As?| 3+3L+3L§_+M+K l—i-; )2
2 s (L —s1)2 !

4 2
1
s\ 2 o
+LK4<—1> +LK4< ! )
S1 L—Sl
2

1 20
=F |U}|2 |:§ + K4 (XQ(t) == 82179 =F (L — Sz)m)] X

[[wi]|®
(L — 82)2

+ K4|AZ)?

+ K4 AAP + K,

+ |AS'|?3L(1 + € + Ky)

2
0

where the expression of x2(t) is given by

B B S C I B 1 LI
(5 15) X2(t) =t [(52)2 * (81)21(32)2 + 421 (81)41(82)2 + (L — 82)2
| p R P @

(L —s1)2(L — s2) 4 (L —s1)*(L — s2)?

We select € > 0 and ¢ > 0 such that the first two sums in (5.15) can be neglected when they
are compared with the diffusive part from the left-hand side of (5.3). On this way, we obtain




%l — (&, €) > 0, where ¥(,€) 1= £(3 + 3L + 2¢¢), and also

1d Do

(5.16) 50O + (22— 9(6.9) Il < o) + ¥0lulo)?,

where the expressions of a(t) and b(¢t) (¢ € S;) are given by
a(t) = K4|AA|2 = K4|A€|2 = all(t)|As|2 == alz(t)|AS/|2 = alg(t)|ADi|2

1 20 2
b0 = 5+ K (xalt) 4 57 + (L =) )

We do not need here to list the exact expressions of a1x(t) (k € {1,2,3}). They can be easily
obtained when comparing the right-hand side of (5.17) to the estimate on Z?zl |J¢|. Here, we
only need to know that | g, uk(T)dT < o0 (k € {1,2,3}). The latter inequality follows via the
energy estimates. Additionally, we note that for any ¢y € S5 we have

t
Jan (£)|As(t)]* + ara ()| As' ()] < an (£)(¢ — to)/ |An(r)|*d7 + arz(t)| An(t)|*.
to
Now, denoting by a(t) the sum
a(t) := K4|AA? + K4|AZ? + a13(t)|ADP,

we re-write (5.17) in the form

2 S + (D— e é)) lw@I” < a(t) + an (1)3 / | An(r)Pdr

(5.17) +ar2(t)|An()| + b() lw(t) .



Let the functions «, 8 : S5 — R be defined by

aft) =2 /O a(r)dr  and  B(t) = 2b(b).
Here
a(t) = a(t) + an (£)5 /0 |An(r) 2dr + aza(8)| An() -

Note that « is strictly increasing on Ss. By (5.17) or (5.18), and Gronwall’s inequality, we infer
that

(5.18) lw(t)]* < (Jw(0)]* + a(t)) exp (/o ﬂ('r)d‘r) a.e. t € Ss.

Owing to (5.17) and (5.19), and reasoning in the standard way (see, e.g. the proof of Claim 3.3.27
in [10]), we derive the desired upper bound on | s |lw(7)||*dr. The conclusion of the Theorem
follows in a straightforward manner.
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