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ON CERTAIN OPERATIONAL FORMULA FOR MULTIVARIABLE BASIC
HYPERGEOMETRIC FUNCTIONS

S. D. PUROHIT and R. K. RAINA

Abstract. In the present paper certain operational formulae involving Riemann-Liouville and Kober
fractional q-integral operators for an analytic function are derived. The usefulness of the main results
are exhibited by considering some examples which also yield q-extensions of some known results for
ordinary hypergeometric functions of one and more variables.

1. Introduction

Several authors have used certain fractional q-calculus operators to obtain various operational and
transformation formulae involving basic hypergeometric functions (see, for instance, [1]–[4], [7],
[10]–[12]). Motivated by the interesting outcome of some of the earlier works and a possible scope
for their applications in evaluation and solution of the types of q-integral equations, we further
determine certain operational formulae involving the Riemann-Liouville and Kober type fractional
q-integral operators.
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A q-analogue of the familiar Riemann-Liouville fractional integral operator of a function f(x)
is defined by ([1])

(1.1) Iµq {f(x)} =
1

Γq(µ)

∫ x

0

(x− tq)µ−1f(t)d(t; q)

(Re(µ) > 0; |q| < 1).

Also, in [1] the basic analogue of the Kober fractional integral operator is defined by

(1.2) Iη,µq {f(x)} =
x−η−µ

Γq(µ)

∫ x

0

(x− tq)µ−1t
ηf(t)d(t; q)

(Re(µ) > 0; |q| < 1; η ∈ R).

We shall make use of the following notations and definitions in the sequel.
For real or complex a and |q| < 1, the q-shifted factorial is defined by

(1.3) (a; q)n =

{
1, if n = 0

(1− a)(1− aq) . . . (1− aqn−1) if n ∈ N,

and in terms of the q-gamma function (1.3) can be expressed as

(1.4) (qa; q)n =
Γq(a+ n)(1− q)n

Γq(a)
, n > 0,

where the q-gamma function (cf. Gasper and Rahman [3]) is given by

(1.5) Γq(a) =
(q; q)∞

(qa; q)∞(1− q)a−1
=

(1; q)a−1

(1− q)a−1
,
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provided that a 6= 0,−1,−2, . . .
Further,

(1.6) (x; y)ν = xν
∞∏
n=0

[
1− (y/x)qn

1− (y/x)qν+n

]
= xν 1Φ0

[
q−ν

; q, yqν/x
]
.

The multiple basic hypergeometric function (cf. Srivastava and Karlsson [9]) is defined by

(1.7)

ΦA:B′;...;B(n)

C:D′;...;D(n)

(
[(a) : θ′, . . . , θ(n)] : [(b′) : φ′]; . . . ; [(b(n)) : φ(n)]
[(c) : ψ′, . . . , ψ(n)] : [(d′) : δ′]; . . . ; [(d(n)) : δ(n)]

; q, z1, . . . , zn

)

=
∞∑

m1,··· ,mn=0

A∏
j=1

(aj ; q)m1θ
′
j+...+mnθ

(n)
j

B′∏
j=1

(b
′

j ; q)m1φ
′
j
· · ·

B(n)∏
j=1

(b(n)
j ; q)

mnφ
(n)
j

C∏
j=1

(cj ; q)m1ψ
′
j+...+mnψ

(n)
j

D′∏
j=1

(d′j ; q)m1δ
′
j
· · ·

D(n)∏
j=1

(d(n)
j ; q)

mnδ
(n)
j

· zm1
1

(q; q)m1

· · · zmn
n

(q; q)mn

,

where the arguments z1, · · · , zn, and the complex parameters{
aj , j = 1, . . . , A; b

(k)
j , j = 1, . . . , B(k)

j ;
cj , j = 1, . . . , C; d

(k)
j , j = 1, . . . , D(k)

j ; k = 1, . . . , n (primes),

and the associated coefficients{
θ
(k)
j , j = 1, . . . , A; φ

(k)
j , j = 1, . . . , B(k)

j ;
ψ

(k)
j , j = 1, . . . , C; δ

(k)
j , j = 1, . . . , D(k)

j k = 1, . . . , n(primes),

are so constrained that the multiple series (1.7) converges.
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For θ(k)j = 1 (j = 1, . . . , A), φ(k)
j = 1 (j = 1, . . . , B(k)

j ), ψ(k)
j = 1 (j = 1, . . . , C), δ(k)j = 1

(j = 1, . . . , D(k)
j ) for all k = 1, . . . , n (primes) the definition (1.7) reduces to the q-analogue of the

generalized Kampé de Fériet function of n variables given by

(1.8)

ΦA:B′;...;B(n)

C:D′;...;D(n)

(
(a) : (b′); . . . ; (b(n))
(c) : (d′); . . . ; (d(n))

; q, z1, . . . , zn

)

=
∞∑

m1,··· ,mn=0

A∏
j=1

(aj ; q)m1+...+mn

B′∏
j=1

(b
′

j ; q)m1 . . .
B(n)∏
j=1

(b(n)
j ; q)mn

C∏
j=1

(cj ; q)m1+...+mn

D′∏
j=1

(d′j ; q)m1 . . .
D(n)∏
j=1

(d(n)
j ; q)mn

· zm1
1

(q; q)m1

· · · zmn
n

(q; q)mn

.

The generalized basic hypergeometric series (cf. Slater [7] is given by

(1.9) rΦs

[
a1, . . . , ar
b1, . . . , bs

; q, z
]

=
∞∑
n=0

(a1, . . . , ar; q)n
(q, b1, . . . , bs; q)n

zn,

where, for convergence, |q| < 1 and |z| < 1 if r = s+ 1, and for any z if r ≤ s.

The purpose of this paper is to obtain certain operational formulae involving the
Riemann-Liouville and Kober type of fractional q-integral operators of an analytic function. The
applications yield examples of image formula under these above operators, thereby illustrating the
usefulness of the main results.
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2. Main Results

Suppose that a function f(z1, . . . , zn) is analytic in the domain D = D1 ×D2 × · · · ×Dn (zi ∈ Di,
i = 1, · · · , n) possessing the power series expansion

(2.1) f(z1, . . . , zn) =
∞∑

m1,...,mn=0

C(m1, . . . ,mn)
n∏
i=1

zmi
i ,

where |zi| < Ri (Ri > 0, i = 1, . . . , n), and C(m1, . . . ,mn) is a bounded sequence of real or complex
numbers.

For an analytic function f(z1, . . . , zn) defined by (2.1), we derive the following two operational
formula involving the fractional q-integral operators for a real variable x and complex variables
z1, . . . , zn.

Theorem 1. Corresponding to the bounded sequence C(m1, . . . ,mn) let the function f(z1, . . . , zn)
be defined by (2.1), then

(2.2)

Ω
{
f(xk1z1, . . . , xknzn)

}
= xαp−1

∞∑
m1,...,mn=0

C(m1, . . . ,mn)
n∏
i=1

(xkizi)mi

·
p∏
j=1

{
Γq(αj + µj +M)

Γq(αj + µj + λj +M)

}
,

where Re(αj + µj) > 0 (j = 1, . . . , p), max
{∣∣xk1z1∣∣ , . . . , ∣∣xknzn

∣∣} < R (R > 0), for arbitrary ki
(i = 1, . . . , n), Ω is a chain of fractional q-calculus operators defined by

(2.3) Ω = Iµp,λp
q xαp−αp−1 . . . Iµ2,λ2

q xα2−α1Iµ1,λ1
q xα1−1,
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provided that both sides of (2.2) exist, and

(2.4) M = k1m1 + . . .+ knmn.

Proof. In view of (2.1) and (2.3), we obtain by replacing each zi by xkizi (i = 1, . . . , n):

Ω
{
f(xk1z1, . . . , xknzn)

}
= Ω

{ ∞∑
m1,...,mn=0

C(m1, . . . ,mn)xM
n∏
i=1

zmi
i

}
.

On interchanging the order of summation and the chain of fractional q-integral operator Ω (which
is valid under the conditions given in (2.1) and in the hypothesis of Theorem 1), we get

(2.5) Ω
{
f(xk1z1, . . . , xknzn)

}
=

∞∑
m1,...,mn=0

C(m1, . . . ,mn)
n∏
i=1

zmi
i Ω

{
xM

}
.

Applying the fractional q-integral formula due to Yadav and Purohit [12, p. 440, eqn. (19)]

(2.6) Iη,µq
{
xν−1

}
=

Γq(ν + η)
Γq(ν + η + µ)

xν−1,

(Re(ν + η) > 0, |q| < 1)

succesively p times on the right-hand side of (2.5), we arrive at the desired result (2.2) of Theorem 1.
�

If we set k1 = . . . = kn = 1 in the Theorem 1, then we obtain the following corollary:
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Corollary 1. Corresponding to the bounded sequence C(m1, . . . ,mn), let the function f(z1, . . . ,
zn) be defined by (2.1), then

(2.7)

Ω {f(xz1, . . . , xzn)} = xαp−1
∞∑

m1,...,mn=0

C(m1, . . . ,mn)
n∏
i=1

(xzi)mi

·
p∏
j=1

{
Γq(αj + µj +M1)

Γq(αj + µj + λj +M1)

}
,

where Re(αj + µj) > 0 (j = 1, . . . , p), max {|xz1| , . . . , |xzn|} < R1 (R1 > 0), Ω is defined by
equation (2.3), and

(2.8) M1 = m1 + . . .+mn.

Theorem 2. For the bounded sequence C(m1, . . . ,mn), let the function f(z1, . . . , zn) be defined
by (2.1), then

(2.9)

Ω∗
{
f(xk1z1, . . . , xknzn)

}
= xβp−1

∞∑
m1,...,mn=0

C(m1, . . . ,mn)
n∏
i=1

(xkizi)mi

·
p∏
j=1

{
Γq(αj +M)
Γq(βj +M)

}
,

where Re(αj) > 0 (j = 1, . . . , p), max
{∣∣xk1z1∣∣ , . . . , ∣∣xknzn

∣∣} < R (R > 0), for arbitrary ki (i =
1, . . . , n), Ω∗ is a chain of fractional q-calculus operators defined by

(2.10) Ω∗ = Iβp−αp
q xαp−βp−1 . . . Iβ2−α2

q xα2−β1Iβ1−α1
q xα1−1,

provided that both sides of (2.9) exist, and M is given by (2.4).
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Proof. Proceeding as in Theorem 1, we can write

(2.11) Ω∗
{
f(xk1z1, . . . , xknzn)

}
=

∞∑
m1,...,mn=0

C(m1, . . . ,mn)
n∏
i=1

zmi
i Ω∗

{
xM

}
.

Then applying the formula due to Agarwal [1]:

(2.12) Iµq
{
xν−1

}
=

Γq(ν)
Γq(ν + µ)

xµ+ν−1,

(Re(ν) > 0; |q| < 1)

successively p times on the right-hand side of (2.11), we obtain (2.9) of Theorem 2. �

For k1 = . . . = kn = 1, the Theorem 2 reduces to the following corollary:

Corollary 2. For the bounded sequence C(m1, . . . ,mn), let the function f(z1, . . . , zn) be defined
by (2.1), then

(2.13)

Ω∗ {f(xz1, . . . , xzn)} = xβp−1
∞∑

m1,...,mn=0

C(m1, . . . ,mn)
n∏
i=1

(xzi)mi

·
p∏
j=1

{
Γq(αj +M1)
Γq(βj +M1)

}
,

where Re(αj) > 0 (j = 1, . . . , p), max {|xz1| , . . . , |xzn|} < R1 (R1 > 0), Ω∗ is a chain of fractional
q-calculus operators defined by equation (2.10), and M1 is given by (2.8).
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3. Applications of the Main Results

In this section, we consider some consequences and applications of the results derived in Section 2.
It is interesting to observe that in view of the following limiting cases:

(3.1) lim
q→1−

Γq(a) = Γ(a) and lim
q→1−

(qa; q)n
(1− q)n

= (a)n,

where

(3.2) (a)n = a(a+ 1) . . . (a+ n− 1),

the operational formulae (2.7) of Corollary 1 and (2.13) of Corollary 2 above provide, respectively,
the q-extensions of the known results due to Raina [5, p. 52, eqns. (27) and (26)].

By assigning suitable special values to the arbitrary sequence C(m1, . . . , mn), our main results
(Theorems 1 and 2) can be applied to derive certain operational formulae for a basic hypergeo-
metric function of several variables involving Riemann- -Liouville and Kober fractional q-integral
operators. To illustrate that we consider the following examples.

Example 1. Let us set

(3.3)

C(m1, . . . ,mn) =

A∏
j=1

(aj ; q)m1θ
′
j+...+mnθ

(n)
j

B′∏
j=1

(b
′

j ; q)m1φ
′
j
. . .

B(n)∏
j=1

(b(n)
j ; q)

mnφ
(n)
j

C∏
j=1

(cj ; q)m1ψ
′
j+...+mnψ

(n)
j

D′∏
j=1

(d′j ; q)m1δ
′
j
. . .

D(n)∏
j=1

(d(n)
j ; q)

mnδ
(n)
j

· 1
(q; q)m1

. . .
1

(q; q)mn

,
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in (2.1), then in view of (1.7), Theorems 1 and 2 yield the following operational formulae involving
the multivariable basic hypergeometric function:

(3.4)

Ω
{
ΦA:B′;...;B(n)

C:D′;...;D(n)

(
[(a) :θ′, . . . , θ(n)] : [(b′) :φ′]; . . . ; [(b(n)) :φ(n)]
[(c) :ψ′, . . . , ψ(n)] : [(d′) :δ′]; . . . ; [(d(n)) :δ(n)]

; q, xk1z1, . . . , xknzn

)}

=
p∏
j=1

{
Γq(αj + µj)

Γq(αj + µj + λj)

}
xαp−1ΦA+p:B′;...;B(n)

C+p:D′;...;D(n)

(
[(a) : θ′, . . . , θ(n)];
[(c) : ψ′, . . . , ψ(n)];

[(αp + µp) : k1, . . . , kn] : [(b′) : φ′]; . . . ; [(b(n)) : φ(n)]
[(αp + µp + λp) : k1, . . . , kn] : [(d′) : δ′]; . . . ; [(d(n)) : δ(n)]

; q, xk1z1, . . . , xknzn

)
,

and

(3.5)

Ω∗
{
ΦA:B′;...;B(n)

C:D′;...;D(n)

(
[(a) :θ′, . . . , θ(n)] : [(b′) :φ′]; . . . ; [(b(n)) :φ(n)]
[(c) :ψ′, . . . , ψ(n)] : [(d′) :δ′]; . . . ; [(d(n)) :δ(n)]

; q, xk1z1, . . . , xknzn

)}

=
p∏
j=1

{
Γq(αj
Γq(βj)

}
xβp−1ΦA+p:B′;...;B(n)

C+p:D′;...;D(n)

(
[(a) : θ′, . . . , θ(n)];
[(c) : ψ′, . . . , ψ(n)];

[(αp) : k1, . . . , kn] : [(b′) : φ′]; . . . ; [(b(n)) : φ(n)]
[(βp) : k1, . . . , kn] : [(d′) : δ′]; . . . ; [(d(n)) : δ(n)]

; q, xk1z1, . . . , xknzn

)
.

It is may be noted that for p = 1 the results (3.4) and (3.5) correspond respectively to the
known results due to Yadav, Purohit and Kalla [13, p. 60, eqn. (17) and p. 70, eqn. (47)].
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Example 2. Next, if we set

(3.6) C(m1, . . . ,mn) =
n∏
j=1

{
(γj ; q)mj

(q; q)mj

}
in (2.1), then

(3.7) f(xz1, . . . , xzn) =
n∏
j=1

1Φ0

[
γj ; q, xzj

]
,

then the results (2.7) of Corollary 1 and (2.13) of Corollary 2 yield respectively the following
operational formulae involving the basic generalized Kampé de Fériet function of n variables (1.8)

(3.8)

Ω


n∏
j=1

1Φ0

[
γj ; q, xzj

] =
p∏
j=1

{
Γq(αj + µj)

Γq(αj + µj + λj)

}
xαp−1

Φp:1;...;1p:0;...;0

(
(αp + µp) : γ1; . . . ; γn
(αp + µp + λp) : ; . . . ; ; q, xz1, . . . , xzn

)
,

and

(3.9)

Ω∗


n∏
j=1

1Φ0

[
γj ; q, xzj

] =
p∏
j=1

{
Γq(αj)
Γq(βj)

}
xβp−1

Φp:1;...;1p:0;...;0

(
(αp) : γ1; . . . ; γn
(βp) : ; . . . ; ; q, xz1, . . . , xzn

)
.
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Further, if we put p = 1 in (3.9) and replace α1 and β1 by 1 + k and 1 + k + α, respectively, then
we are led to the result

(3.10)
Iαq

xk
n∏
j=1

1Φ0

[
γj ; q, xzj

] =
Γq(1 + k)

Γq(1 + k + α)
xk+α

Φ(n)
D [1 + k : γ1; . . . ; γn; 1 + k + α; q, xz1, . . . , xzn] ,

provided that Re(α) > 0, q < 1 and max {|xz1| , . . . , |xzn|} < 1, where the function Φ(n)
D (·) denotes

the basic Lauricella function defined by

(3.11)

Φ(n)
D [a, b1, . . . , bn; c; q; z1, . . . , zn]

=
∑

m1,...,mn≥0

(a; q)m1+...+mn

(c; q)m1+...+mn

n∏
j=1

{
(bj ; q)mj

z
mj

j

(q; q)mj

}
,

where for convergence |z1| < 1, . . . , |zn| < 1, |q| < 1. The result (3.10) is the q-extension of the
known result due to Srivastava and Goyal [8, p. 649, eqn. (3.6)] (see also Saigo and Raina [6]).

Example 3. Finally, if we set

(3.12) C(m1, . . . ,mn) =
(α; q)M1

(µ; q)M1

n∏
j=1

{
(σj ; q)mj

(q; q)mj

}
,

where as before M1 is given by (2.8), then (2.7) of Corollary 1 and (2.13) of Corollary 2 yield, re-
spectively the following operational formulae involving the basic Lauricella function Φ(n)

D (·) defined
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by (3.11) and the basic Kampé de Fériet function of n variables defined by (1.8)

(3.13)
Ω

{
Φ(n)
D [α, σ1, . . . , σn;µ; q;xz1, . . . , xzn]

}
=

p∏
j=1

{
Γq(αj + µj)

Γq(αj + µj + λj)

}
xαp−1

Φp+1:1;...;1
p+1:0;...;0

(
(αp + µp), α : σ1; . . . ;σn
(αp + µp + λp), µ : ; . . . ; ; q, xz1, . . . , xzn

)
and

(3.14)
Ω∗

{
Φ(n)
D [α, σ1, . . . , σn;µ; q;xz1, . . . , xzn]

}
=

p∏
j=1

{
Γq(αj)
Γq(βj)

}
xβp−1

Φp+1:1;...;1
p+1:0;...;0

(
(αp), α : σ1; . . . ;σn
(βp), µ : ; . . . ; ; q, xz1, . . . , xzn

)
,

provided that both sides of (3.13) and (3.14) exist.

We conclude by the remark that the results established in this paper are in general forms and one
can deduce several operational formulae involving the Riemann-Liouville and Kober type fractional
q-integral operators associated with the basic Lauricella functions, basic Kampé de Fériet function,
basic Appell functions, basic Horn’s functions and basic confluent hypergeometric functions.
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