LEVY’S THEOREM AND STRONG CONVERGENCE
OF MARTINGALES IN A DUAL SPACE

M. SAADOUNE

ABSTRACT. We prove Levy’s Theorem for a new class of functions taking values from a dual space
and we obtain almost sure strong convergence of martingales and mils satisfying various tightness
conditions.

1. INTRODUCTION

This work is devoted to the study of strong convergence of martingales and mils in the space
LY. [X](, F, P) of X-scalarly measurable functions f such that w — || f(w)|| is P-integrable, where
(Q, F, P) is a complete probability space, X is a separable Banach space and X* is its topological
dual without the Radon-Nikodym Property. By contrast with the well known Chatterji result
dealing with strong convergence of relatively weakly compact L3, (2, F, P)-bounded martingales,
where Y is a Banach space, the case of the space Li.[X](Q,F,P) considered here is unusual
because the functions are no longer strongly measurable, the dual space is not strongly separable.
Our starting point of this study is to characterize functions in Li..[X](Q, F, P) whose associated
regular martingales almost surely strong converge, by introducing the notion of o-measurability.
We then proceed by stating our main results, which stipule that under various tightness conditions,
LY. [X](Q,F, P)-bounded martingales and mils almost surely converge with respect to the strong
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topology on X*. Further, we study the special case of martingales in the subspace of Li..[X](F) of
all Pettis-integrable functions that satisfy a condition formulated in the manner of Marraffa [25].
For the weak star convergence of martingales and mils taking values from a dual space, the reader
is referred to Fitzpatrick-Lewis [20] and the recent paper of Castaing-Ezzaki-Lavie-Saadoune [7].

The paper is organized as follows. In Section 2 we set our notations and definitions, and sum-
marize needed results. In section 3 we present a weak compactness result for uniformly integrable
weak tight sequences in the space L%..[X](, F, P) as well as we give application to biting lemma.
These results will be used in the next sections. In Section 4 g-measurable functions are presented
and Levy’s theorem for such functions is stated. In Section 5 we give our main martingale almost
surely strong convergence result (Theorem 5.1) accompanied by some important Corollaries 5.1—
5.3. A version of Theorem 5.1 for mils is provided at the end of this section (Theorem 5.2). Finally,
in Section 6 we discuss the special case of bounded martingales in LY. [X](2, F, P) whose members
are also Pettis integrable. It will be shown that for such martingales it is possible to pass from
convergence in a very weak sense (see [25], [17], [4]) to strong convergence (Proposition 6.1).

2. NOTATIONS AND PRELIMINARIES

In the sequel, X is a separable Banach space and (z¢),>1 is a fixed dense sequence in the closed
unit ball Bx. We denote by X* the topological dual of X and the dual norm by ||.||. The closed
unit ball of X* is denoted by Bx-. If t is a topology on X*, the space X* endowed with ¢ is
denoted by X;. Three topologies will be considered on X*, namely the norm topology s*, the
weak topology w = o(X*, X**) and the weak-star topology w* = o(X*, X).

Let (Cpn)n>1 be a sequence of subsets of X*. The sequential weak upper limit w — s C,, of (Cy,)

is defined by
w—IlsCh={z€X": z=w— lim z,, z,, €Cy;}

Jj—+o0



and the topological weak upper limit w — LS C,, of (Cy,) is denoted by w — LS C,, and is defined by
w—LSCp= (| w—cl|]JCn,
n>1 k>n
where w — cl denotes the closed hull operation in the weak topology. The following inclusion
w—1sC, Cw—LSC,

is easy to check. Conversely, if the C), are contained in a fixed weakly compact subset, then both
sides coincide.

Let (2, F, P) be a complete probability space. A function f: Q — X* is said to be X-scalarly
F-measurable (or simply scalarly F-measurable) if the real-valued function w —< z, f(w) > is
measurable with respect to (w.r.t.) the o-field F for all x € X. We say also that f is weak*-F-
measurable. Recall that if f: Q — X* is a scalarly F-measurable function such that (z, f) € LL(F)
for all x € X, then for each A € F, there is * € X* such that

Vo € X, (x, ") = / (x, fYdP.
A

The vector z* is called the weak* integral (or Gelfand integral) of f over A and is denoted sim-
ply [, fdP. We denote by L%.[X](F) (resp. L.[X](F)) the space of all (classes of) scalarly
F-measurable functions (resp. scalarly F-measurable functions f such that w — || f(w)]| is P-
integrable). By [14, Theorem VIIL5] (actually, a consequence of it) (see also [3, Proposition 2.7]),
L%.[X](F) endowed with the norm N; defined by

Ma(f) == /Q IF1dP,  f e Lk [X)(F),

is a Banach space. For more properties of this space, we refer to [3] and [14].



Next, let (F,,)n>1 be an increasing sequence of sub-o-algebras of F. We assume without loss of
generality that F is generated by U,F,. A function 7: Q@ — NU {+oo} is called a stopping time
w.r.t. (F,) if for each n > 1, {T = n} € F,,. The set of all bounded stopping times w.r.t. (F,) is
denoted T'. Let (fn)n>1 be a sequence in L. [X](F). If each f,, is F,-scalarly measurable, we say
that (f,) is adapted w.r.t. (F,). For 7 € T and (f,) an adapted sequence w.r.t. (F,) recall that

max(7)
fr = Z filgr=ry and Fr={AcF:AN{r =k} € F, Vk>1}.
k=min(7)

It is readily seen that f, is F,-scalarly measurable. Moreover, given a stopping time o (not
necessarily bounded), the following useful inclusion holds

1) {o0 =40} NF C a(UnFonn),
which is equivalent to
(1) {0 =400} NF C o(UpFopn), forall m > 1,

where o A n is the bounded stopping time defined by o A n(w) := min(o(w),n) and o(U,Fonn) is
the sub-o-algebra of F generated by U, F,nn. To verify (1), fix A in F,,, and consider the sequence
(fn) defined by f,, := 14 if n = m, 0 otherwise. Then (f,,) is adapted w.r.t (F,,) and it is easy to
check the following equality

1{0=+oo}f0/\m = 1{0=+oo}ﬁA
with 1p = 0. As {0 = +o0} € 0(UpFonn) (because {o < 400} = U,{oc =n} and {oc = n} € Fonn,
for all n > 1), it follows that 1{o—4 o0} foam is measurable w.r.t. o(U,Fonn) and so is the function
1{o—tootna- Equivalently {0 = +00} N A € 0(UpFonn). Thus {0 = 400} N Fp C 0(UnFonn)-
Since this holds for all m > 1, the inclusion (i)’ follows.
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Definition 2.1. An adapted sequence (f,,),>1 in L. [X](F) is a martingale if

AﬁAP=AﬁHmP

for each A € F,, and each n > 1. Equivalently E¥»(f,11) = f,, for each n > 1.

E7n denotes the (Gelfand) conditional expectation w.r.t. F,. It must be noted that the
conditional expectation of a Gelfand function in LY .[X](F) always exists, (see [32, Proposition 7,
p. 366] and [35, Theorem 3]).

Definition 2.2. An adapted sequence (f,)n>1 in L. [X](F) is a mil if for every ¢ > 0, there
exists p such that for each n > p, we have

P( sup |fy—E"full >¢) <e.
n>q>p

It is obvious that if (f,),>1 is a mil in L.[X](F), then for every z in By, the sequence
((z, fa))n>1 is a mil in L (F).

We end this section by recalling two concepts of tightness which permit us to pass from weak
star to strong convergence. For this purpose, let C = cwk(X}) or R(X%), where cwk(X,) (resp.
R(X)) denotes the space of all nonempty o(X*, X**)-compact convex subsets of X (resp. closed
convex subsets of X/ such that their intersections with any closed ball are weakly compact). A
C-valued multifunction I" : Q = X* is F-measurable if its graph Gr(T") defined by

Gr(l) :={(w,2") e A x X" : 2" € T(w)}
belongs to F ® B(X;-).



Definition 2.3. A sequence (f,,) in L%..[X](F) is C-tight if for every ¢ > 0, there is a C-valued
F-measurable multifunction I'; : Q = X* such that

i%fP({w €Q: frlw) el (w)}) >1—e.

In view of the completeness hypothesis on the probability space (€2, F, P), the measurability of
the set {w € Q: f(w) € Te(w)} is a consequence of the classical Projection Theorem [14, Theorem
II1.23] since X7*. is a Suslin space and I'. has its graph in F ® B(X:.) (see [8, p. 171-172] and
also [6, 11]).

Now let us introduce a weaker notion of tightness, namely S(C)-tightness. It is a dual version
of a similar notion in [6] dealing with primal space X.

Definition 2.4. A sequence (f,) in L%.[X](F) is S(C)-tight if there exists a C-valued F-
measurable multifunction I': Q = X™* such that for almost all w € 2, one has

*) fn(w) € T'(w) for infinitely many indices n.

The following two results reformulate [6, Proposition 3.3] for sequences of measurable functions
with values in a dual space.

Proposition 2.1. Let (f,) be an R(X})-tight sequence. If it is bounded in L.[X]|(F), then
it is also cwk(X})-tight.

Proof. Let € > 0. By the R(X)-tightness assumption, there exists a F-measurable R(X)-
valued multifunction I';: Q = X* such that

(2.1) i%f Plwe: fo(w) el (w)}) >1—c¢.



On the other hand, since (|| f,) is bounded in L, (F), one can find r. > 0 such that
(2.2) sup P({[| full > 7e}) <e.

For each n > 1, put _
Ap o ={weQ: fo(w) eTe(w)NB(0,7.)}
and let us consider the multifunction A, defined on 2 by
A == s"-clco| U {1a,. . fa}]-
n>1

The values of multifunction A, are cwk(X;)-valued, because A.(w) C s*-clco({0} U[T:(w) N

B(0,7.)]) and I'c(w) € R(XY), for all w. Therefore, A, is F-measurable (see [6], [10]). Finally,
using (2.1), (2.2) and the following inclusions

Ape C{w e fu(w) € Ac(w)}, n2=1,

we get
PHweQ: fu(w) € Ac(w)}) >1—2¢ for all n.

Proposition 2.2. FEvery C-tight sequence is S(C)-tight.

Proof. Let (fa) be a C-tight sequence in L%.[X](F) and consider &, := 7, ¢ > 1. By the
C-tightness assumption, there is a F-measurable C-valued multifunction I';, : Q@ = X™ denoted
simply I'y such that
(2.3) inf P(Ap ) > 1— ¢,

n

where
Ap g ={weN: fr(w) € Ty(w)}.



Now, we define the sequence (£2;),>1 by

Qg = limsup 4, 4

n—-—o00
and the multifunction I" on 2 by
D=1g Ty + ) 1o Ty,
q=2

where ) = Qy and Q = Qg \ Ui, for all ¢ > 1. Then inequality (2.3) implies

P(Q) = lim P(|J Amg) 21-¢4— 1.
m>n

Further, for each w € Q,, one has
weAps={weQ: f(w) eT(w)} for infinitely many indices n.

This proves the S(C)-tightness. O

Remark 2.5. By the Eberlein-Smulian theorem, the following implication
Go back (fn) S(ka(X:)))-tlght = w—ls fn 7é 0 as.

holds true. Conversely, if w — Is f, # 0 a.s. then the condition (*) in Definition 2.4 is satisfied,

Full S
ur >ereen but the multifunction C may fail to be F-measurable.

Close Actually, in all results involving the S(C)-tightness condition, the measurability of the multi-

function I' is not essential.
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3. WEAK COMPACTNESS IN THE SPACE L. [X](F)

We recall first the following weak compactness result in the space Li.[X](F) due to Benabdellah
and Castaing [3].

Proposition 3.1. ([3, Proposition 4.1]) Suppose that (f,)n>1 s a uniformly integrable sequence
in LY. [X](F) and T is a cw(X})-valued multifunction such that

fo(w) € T(w) a.s. for alln > 1,
then (fn) is relatively weakly compact in L.[X](F).

Proceeding as in the primal case (see [5], [1], [30]), it is possible to extend this result to uniformly
integrable R (X} )-tight sequences in L%..[X](F)

Proposition 3.2. Suppose that (fn)n>1 is a uniformly integrable R(X,)-tight sequence in
LY [X](F). Then (fn) is relatively weakly compact in Li.[X](F).

Proof. By Proposition 2.1, (f,) is cwk(X})-tight since it is bounded and R(X})-tight. Con-
sequently, for every g > 1, there is a F-measurable cwk(X},)-valued multifunction I'1 : Q = X*,
q
denoted simply I'y, such that

inf P(Ang) > 1— 2,
® q

where
Apg ={weQ: fo(w) eTq(w)}.
Now, for each g > 1, we consider the sequence (f,, ,) defined by

fn,qzlAn,qfn n > 1.



By Proposition 3.1, the sequence (f,,) is relatively weakly compact in L.[X](F) since it is
L. [X](F)-bounded and f, 4(w) belongs to the w-compact set I'(w) for all w € Q and all n, ¢ > 1.
Furthermore, we have the following estimation

sup /Q 1 = Fugll dP < sup /Q Iull 4P

n,q
for all ¢ > 1. As (fy) is uniformly integrable and inf,, P(A4, 4) > 1 — (11, we get

lim sup/ | folldP = 0.
q—o0 n Q\ Dol
Hence

dP = 0.

lim sup/ | fn = frq

q—x0 pn Q
Consequently, by Grothendieck’s weak relative compactness lemma ([22, Chap. 5, 4, n°1]), the
sequence (f,) is relatively weakly compact in L. [X](F). O

Now, we provide the following version of the biting lemma in the space L. [X](F). See [13] for
other related results involving a weaker mode of convergence; see also [9] dealing with the primal
case.

Proposition 3.3. Let (f,) be a bounded R(X},)-tight sequence in L%.[X](F). Then there
ezist a subsequence (f1) of (fn), a function fo € L\.[X](F) and an increasing sequence (B,) of
measurable sets with lim, .o, P(B,) = 1 such that (1, f},) converges to 1p, foo in the weak topology
of LY. [X](F) for allp > 1.

Proof. In view of the biting lemma (see [21], [33] [31]), there exist an increasing sequence
(Bp) of measurable sets with lim,_,., P(B,) = 1 and a subsequence (f,) of (f) such that for all
p > 1, the sequence (1p, f},) is uniformly integrable. It is also R(X)-tight. Consequently, by



Proposition 3.2, for each p > 1, (1, f},) is relatively weakly compact in L. [X](F). By applying
the Eberlein-Smulian theorem via a standard diagonal procedure, we provide a subsequence of
(f}), not relabeled, such that for each p > 1, (15, f}) converges to a function fs, € L. [X](F)
in the weak topology of L% .[X](F), also denoted o(L%..[X]|(F), (L. [X](F))). Finally, define

p=00
foo = Z 1Cpfoo,p7
p=1
where
Cy:= By and C), := B, \ Ui, B; for p> 1.
It is not difficult to verify that (1p, f;) converges to 1p, foo in the weak topology of L. [X](F).
Since the norm Ni(.) of LY. [X](F) is o(LY.[X](F), (L%.[X](F))")-lower semi-continuous, we
have
/ [ fool AP < liminf/ IfLlldP < Sup/ [ full dP < oo for all p > 1.
B n—eo JB, n JQ

Aslim,_.o P(B,) = 1, we deduce that || fo|| € LE(F). This completes the proof of Proposition 3.3.
O

As a consequence of Proposition 3.3 and Mazur theorem we get the following corollary.

Corollary 3.1. Let (f,) be a bounded R(X})-tight sequence in L .[X|(F). Then there exist
a sequence (g,) with g, € co{f; 11> n} and a function fo € L%.[X](F) such that
(gn) 8™ -converges to foo a.s.
Proof. By the assumptions and Proposition 3.3, there exist a subsequence (/) of (f,,), a function

Joo € L% [X](F) and increasing sequence (B,) of measurable sets with lim,_,~ P(B,) = 1 such
that for all p > 1, (1p, f,) converges to 1p, foo in the weak topology of L.[X](F). So, appealing



to a diagonal procedure based on successively applying Mazur’s theorem (see [10, Lemma 3.1]),
one can show the existence of a sequence (g,) of convex combinations of (f},), such that for all
p > 1, (1p,9n) s*-converges almost surely to 1p, fo and also strongly in L%.[X](F). Since
limy_,oo P(Bp) =1, (gn) s*-converges almost surely to f. O

4. LEVY’S THEOREM IN L. [X](F)

In this section, we present a new class of functions in Li..[X](F) whose associated regular mar-
tingales almost surely converge with respect to the strong topology of X*.

Definition 4.1. A function f in L%.[X](F) is said to be o-measurable, if there exists an
adapted sequence (I'y)n>1 (that is, for each integer n > 1, T',, is F,,-measurable) of R(X)-valued
multifunctions such that f(w) € s*-clco(U,I'),) a.s.

Remark 4.2. The sequence (I';,) given in this definition can be assumed to be adapted w.r.t.
a subsequence of (F,).

Remark 4.3. As a special case note that every strongly measurable function f: Q — X* is
o-measurable. Indeed, if (§,),>1 is a sequence of measurable functions assuming a finite number
of values and which norm converges a.s. to f, then f(w) € s*-cl(Up>1£,(92)) a.s., (I, := £,()).

Proposition 4.1. Let f € L%.[X]|(F) and suppose there exists a sequence (I'y)n>1 of
R(X)-valued multifunctions which is adapted w.r.t. a subsequence of (Fp) such that f(w) €
s*-clcow-LST,, a.s., then f is o-measurable.

Proof. Indeed, since

w-LST,, := ﬂ w-cl( U r,)cC ﬂ s*-clco( U ') C s*-clco(U I),

k>1 n>k E>1 n>k n>1
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we have
s*-clcow-LST,, C s*-clco ( U I).

n>1

In particular, we have the following result.

Corollary 4.1. Let f € L%.[X](F). Ifthere exists a sequence (fr,) in L%.[X](F), adapted w.r.t.
a subsequence of (F,) which weak converges a.s. to f, then f is o-measurable.

The following proposition will be useful in this work.

Proposition 4.2. Let (f,)n>1 be an adapted S(cwk(X}))-tight sequence in L%.[X](F) and
foo a function in LS. [X])(F) such that

nlLIlgo(mg,fn) = (24, foo) @.s. for all .
Then fs is o-measurable.
Proof. S(cwk(X?))-tightness and Remark 2.5 imply
w-ls f, 0 a.s.

Since limy, o0 (@p, fr) = (@¢, foo), it is easy to prove that

w-ls fr, = {foo} a.s.

Thus f., is o-measurable, in view of Proposition 4.1 O

There are two significant variants of Proposition 4.2. involving the R(X} )-tightness condition.
The first one is essentially based on Proposition 3.2.
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Proposition 4.3. Let (f,)n>1 be a uniformly integrable R(X)-tight adapted sequence in
LY [X)(F) and fso a function in LY. [X](F). Suppose there exists a sequence (gn) in L.[X](F)
with g, € co{f; : i > n} such that

lim (x4, gn) = (z¢, foo) a.s. for all L.

n—oo

Then fs is o-measurable.

Proof. Let (gp,) be given as in the proposition. By Proposition 3.2 and Krein-Smulian theorem,
the convex hull of the set {f, : n > 1} is relatively weakly compact in L%.[X](F); hence (g,) is
relatively weakly compact in Li.[X](F). Consequently, by the Eberlein Smulian theorem, there
exists a subsequence of (g,), not relabeled, such that for each p > 1, (g,,) converges to a function
flo € L% [X](F) in the weak topology of L.[X](F). So, invoking Mazur’s theorem it can be
shown the existence of a sequence of convex combinations of (gy,,), still denoted in the same manner
such that (g,) s*-converges almost surely to f. . As lim, oo (Z¢, gn) = (T4, foo) a.s. for all £, we
get foo = fLo a.s. Therefore, since (g,) is adapted w.r.t. a subsequence of (F,), it follows that foo
is o-measurable. |

The second variant is a consequence of the proof of Corollary 3.1.

Proposition 4.4. Let (f,)n>1 be a bounded R(X})-tight adapted sequence in L.[X]|(F) and
Joo a function in LY. [X]|(F) such that the following condition holds.

For any subsequence (f),) of (fn), there is a sequence (g,) in L .[X](F) with g, € co{f! :i >n}
such that

lim (24, gn) = (z¢, foo) a.s. for all L.
Then fs is o-measurable.

Now our main result comes and shows that a regular martingale associated to a o-measurable
function in LY. [X](F) norm converges a.s.



Proposition 4.5. Let f be a function in L%.[X|(F). Then the following two statements are
equivalent:

(a) (ETn(f)) s*-converges a.s.to f;
(b) [ is o-measurable.

Proof. Step 1. The implication (a) = (b) is trivial. Conversely, suppose that f is o-measurable.
Then there exists an adapted sequence (I'y,) of R(X} )-valued multifunctions such that

(4.1) flw) e s*—clco(U I'n(w)) as.

Without loss of generality, we may suppose that 0 € T';,(w), for all w €  and all n > 1. For each
n,p > 1, define the multifunction I'? by

I? :=T, N Bx(0,p).

Since this multifunction is F,-measurable, namely Gr(I'2) € F,, ® B(X.) and X;. is a Suslin
space, invoking [14, Theorem III.22], one can find a sequence (0’7’;71-)1'21 of scalarly F,-measurable
selectors of I'2 that are also L. [X](F)-integrable (because the multifunctions I'? are integrably
bounded) such that for every w € Q,

w” — (I (w)) = w* — ({0, ;(w)}iz1)-
Equivalently
I (w) = w = cl({oy, ;(w)}iz1),

since I'? is w-compact valued. So

(4.2) I (w) C w —cleo({oy, ;(w)}iz1) = s™-cleo({oh, ;(w)}ix1)-



Let (Sm)m>1 be the sequence of all linear combinations with rational coefficients of o

1). It is easy to check that
s"-clco({oy, ;(W)}n.ip=1) C 8" = cl({sm(w)}m>1)-

Combining this with (4.2) we get

s*-cleo(| JTn(w)) = s*-cleo(| JJTE(w)) C s* — cl({sm(w)}tm>1),

whence, by (4.1)
(4.3) fw) € 8" —cl{sm(w)}m>1) as.

Now, for each ¢ > 1, let us define the sets

1
By = {we f@-sm@l <1} (m21)
Qf:= BY, 0L = | B for m > 1
<m

and the function

+oo
g = E 1ga 5.
m=1

p

n,i?

(n,p,i >

Since the functions w — || f(w) — sm (w)|| are F-measurable, B, € F, for all m > 1, and then each
fq is scalarly F-measurable. Further, from (4.3) it follows that U, B, = Q a.s., so that (%),
constitutes a sequence of pairwise disjoint members of F which satisfies U,, 24, = Q a.s., and so
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we have

(4.4) | f(w) = fa(w)] < 3 for almost all w € Q.

Next, we claim that
lim [|EZ(f) - f|| =0 as.
n—oo
First, observe that by construction of the s,,’s, we can find a strictly increasing sequence (p;,) of

positive integers such that (s,,) is adapted w.r.t. (F,,,). Now, let k& > 1 be a fixed integer. For
each n > pi, one has

m=k m=k
E7r (ymet gz fo) = BT (lumesos, fo) = BZ* D log sm = D (B"1gg )sm,

m=1 m=1
whence by the classical Levy theorem
m=k

(4.5) lim B (1m=tpa fq) = log, §m = lym=tpa fy as.

n—oo

Il
—

m

w.r.t. the norm topology of X*. On the other hand, from (4.4) we deduce the following estimation

||Ef"(1ug§’;33nf) —1ym=kpa fl < ||Ef"(1ug§’f33nf) - Ef"(lunggnfq)“
+ ||E]:"(1um§‘f3quq) — lym=rpa, fqll

+ 1ym=rps, f(w) = Lum=rpg fo(w)]|

2
< ||E}—"(1uﬁ§’f3;lnfq) - 1um;’fB$nfq|| + aa



which leads to
IEF=(f) = fIl < ||Ef"(1umz’fBg@f) = Lym=k g, fll
+ ||Ef"(19\uim=§133nf) — Lovum=rng, fll
2
< ”E]:" (1U$§§B$nfq) - 1uij$nfq” + a
+ Ef"(lﬂ\ugz’fan I£1) + 1a\um=r B, If1]-
Consequently, from (4.5) and the classical Levy Theorem (|| f|| being in L% (F)), it follows that

. 1
limsup | E%(f) — f < 2 (mwmzwgnnfn n 5) ,

n—oo

a.s. for all k > 1 and all ¢ > 1. Since P(U,,BY,) = 1, by passing to the limit when k¥ — oo and
q — 00, respectively, we get the desired conclusion, and the proof is finished. O

5. STRONG CONVERGENCE OF MARTINGALES IN L. [X](F)

The main result of this section asserts that under the S(R(X},))-tightness condition every bounded
martingale in L. [X](F) norm converges a.s. We begin with the following decomposition result
for martingales which is borrowed from [7]. For the convenience of the reader we give a detailed
proof.

Proposition 5.1. Let (f,)n>1 be a bounded martingale in L.[X](F). Then there exists foo €
LY. [X](F) such that
lim ||f, — EX" fool =0 a.s and,

(fn) w*-converges to foo a.s.



Proof. As (f,) is a bounded martingale in L. [X](F) for each z € X, ((, f,)) is a bounded real
martingale in L} (F), hence it converges a.s. to a function r, € LL(F) for every z € X. By using
[11, Theorem 6.1(4)], we provide an increasing sequence (Ap),>1 in F with lim, .., P(4,) =1, a
function fe € L%.[X](F) and a subsequence (f},),>1 of (f) such that

ti [ f)ap = [ G gap
n—oo Ap Ap

for all p > 1 and all h € L (F). So by identifying the limit, we get r, = (2, fs) a.s. Hence

(5.1) lim (z, fn) = (z, fx), as. forall z € X

and then in view of the classical Levy’s theorem

lim [(z, fn) — (x, BT (f))] = 0 a.s. for all z € X.

n—oo

Furthermore, {((z¢, fn) — (z¢, B7"(fx)))n>1: £ > 1} is a countable family of real-valued L (F)-
bounded martingales, thus invoking [28, Lemma V.2.9], we see that

nh—>ngo ||fn - E}-nfoo” = nh—>ngo igll)lev fn> - <‘T4a E}-"(foo)))]

= sup lim [(z¢, fu) — (ze, 7" (fo))] = 0.

71 0=e9

(5.2)

Since
-F'n. ‘F”l
sup | B (foo)|| < sup B || foo || < 00,
n n

equation (5.2) entails

sup || fn]] < oo a.s.
n
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Invoking the separability of X and (5.1), we get
(fn) w*-converges to f a.s.,

by a routine argument. This completes the proof. O

Propositions 4.5 and 5.1 together allow us to pass from weak star convergence to strong conver-
gence of martingales.

Theorem 5.1. Let (fn)n>1 be a bounded martingale in LY.[X]|(F) satisfying the following
condition.

(7T) There ezists a S(R(X}))-tight sequence (gn) in L. [X](F)
with g, € co{f;: i > n}.
Then there exists foo € L. [X](F) such that
(fn) s*-converges to f a.s.

Proof. Let (g,,) be as in condition (7). By Proposition 5.1, there exists fo € Li.[X](F) such
that

(a) Ifa = EZ*(f-0)ll = 0 as.
(b) (fn) w*-converges to fo a.s.

By (b), (fn) is pointwise bounded a.s., and so is the sequence (g,). Consequently, (g,) is
S(cwk(X}))-tight, since it is S(R(X}))-tight (by (7)). Furthermore, we have

(gn) w*-converges to foo a.s.
Therefore, noting that (g,) is adapted w.r.t. a subsequence of F,, we conclude that f., is

o-measurable in view of Proposition 4.2. In turn, by Proposition 4.5, this ensures the a.s.
s*-convergence of E7(f.) to fs. Coming back to (a), we get the desired conclusion. O



An alternative proof of Theorem 5.1 via a standard stopping time argument is also available.
We want to emphasize that some of the arguments used in this proof will be helpful in the next
section.

Second proof. Reasoning as at the beginning of the proof of Proposition 5.1 we find a function
foo € LY. [X](F) such that

(5.3) lim (z, f,(w)) = (2, foo(w)) a.s. for all z € X.

n— oo

1) Suppose that sup,, || fa|| € L& (F). Then equation (5.3) implies

lim [ (x, f,)dP = / (@, foo) dP
A

n—0o0 A

for all z € X and for all A € F. Since (f,) is a martingale, it follows that

/A @ f)dP =  lim / (2, f) AP

n—oo,nzm | 5
— [ @ 1) P = [ (o, B (1)) 2P
A A
forallz € X, m>1 and A € F,,. Hence
fm = BT (fs) a.s. for all m > 1,

by the separability of X. On the other hand, the sequence (g,) appearing in the condition (7)
above is S(cwk(X))-tight, since it is S(R(X}))-tight and point-wise-bounded almost surely in
view of the inequality

sup [|gn (W) < sup [[fn(w)]| < oo aus.
n>1 n>1



Further, from (5.3) it follows

im (2, g) = (1, foc) 85,
for every x € X. Taking into account Proposition 4.2, it follows that f., is o-measurable.Therefore,
by Proposition 4.5, (f,,) s*-converges a.s. to foo.

2) The case sup,, [q, || fnl| dP < co. For each ¢t > 0, define the following well known stopping time
n if |fi(w)]] <t, fori=1,...,n—1and | fn(w)| > ¢,
at(w =
oo if || fi(w)]| <¢, for all 4.

Then, following the same lines as those of the LL(F) case ([15], [19]) we show that:

() (foonns Foonn) is a Li.[X](F)-bounded martingale.
(ii) The function w — sup,, || fo,An(w)]| is integrable.
(i) P(A; :={w:ot(w) =o0}) = 1 ast — oo.

Moreover, using (5.3) it is not difficult to check that
(5.4) T (2, fo,pn(@)) = (@, f (@), as.

for every z € X, where
i I foo(w) if w EAt,
Foolw) := { Jou(w)(w) otherwise.

By (5.4), it is clear that f% is scalarly F-measurable. Furthermore, one has
£l < liminf || fo, an | a.s.
n—+00

which in view of (i) and Fatou’s lemma (or (ii)) shows that ||f% || is integrable. Thus fi €
LY [ X(F).



Now, writing each g, in the form

’Cn kn
gnzz,uflfi Withoguﬁlgl and Z,uﬁlzl,
i=n i=n

we define
kn
gh(w) = pih forn(w), (t>0).

Observing that

(W) = gn(w) if we Ay,
In foi(w)(w) otherwise for all n > oy(w),

we conclude that (g} (w)) is S(R(X}))-tight and equation (5.4) entails the following convergence
Tim (2,g',(w)) = (@ L (@), as.

for every x € X. Consequently, by (i), (ii), (5.4) and the first part of the proof, it follows that
(fo,an) s*-converges a.s. to f . Since (fy,an) and fL respectively, coincide with (f,,) and fo on
At and P(A;) — 1 when t — oo (in view of (iii)), we deduce that (f,,) s*-converges a.s. to foo. O

Now here are some important corollaries.

Corollary 5.1. Let (fu)n>1 be a bounded martingale in L'.[X]|(F) satisfying the following
condition

(T1) There exists a R(X)-tight sequence (g,) with g, € co{f; : i > n}.
Then there ezists foo € L. [X](F) such that

(fn) 8" -converges a.s. to foo.



Proof. In view of Proposition 2.2, (7 ") implies (7). This implication is also a consequence of
Corollary 3.1. O

As a special case of this corollary we obtain the following extension of Chatterji result [16] (see
also [19, Corollary 11.3.1.7]) to the space Li..[X](F).

Corollary 5.2. Let (fn)n>1 be a bounded martingale in L.[X](F). Suppose there ezists a
cwk (X)) -valued multifunction K such that

fa(w) € K(w) foralln > 1.
Then there exists foo € L. [X](F) such that (f,) s*-converges a.s. to foo.

Corollary 5.3. Let (f,)n>1 be a bounded martingale in L. [X](F) and let foo € L. [X](F)
be such that

(%) nango(xe,fn(w)> = (x4, foo(w)) a.s. for all £> 1.

Then the following statements are equivalent

(1) (fn) s*-converges to foo a.s.
(2) There exists a sequence (g,) with g, € co{f; : i > n} which a.s. w-converges to foo.
(3) foo is o-measurable.

Proof. The implication (1) = (2) is obvious, whereas (2) = (3) follows from Corollary 4.1.
(3) = (1): A close look at the first proof of Theorem 5.1 reveals that the condition (7°) may be
replaced with (%) and (3). O

It is worth to give the following variant of Proposition 5.1-Theorem 5.1.

Proposition 5.2. Let (f,)n>1 be a martingale in L. [X](F) satisfying the following two con-
ditions:



(C1) For each £ > 1, there exists a sequence (hy) with h,, € co{f; : i > n} such that ({(z¢, hy)) is
uniformly integrable.
(C2) liminf, o || o] € LE(F)
Then there exists foo € L. [X](F) such that

fn=FE""(fs) foralln>1 a.s. and
(fn) w*-converges to foo a.s.
Furthermore, if the condition (T ) is satisfied, then
(fn) s*-converges to f a.s.

Proof. Let £ > 1 be fixed and let (h,) be the sequence associated to ¢ according with (C1). As
the sequence ({x¢, hy,)) is uniformly integrable, there exist a subsequence (hy, ) of (h,) (possibly
depending upon ¢) and a function ¢, € L} (F) such that

lim (me,hnk)dP:/ pedP
A

k—oo A

for every A € F. Since h,, € co{f; : i > n} and ((z4, fn))» is a martingale, it is easy to check that

[ @ty ap = [ (e f)ap

A
for all K > m and A € F,,,. Therefore

/(:cz,fm>dP=/ @edP for all A€ Fp,
A A

which is equivalent to
(5.5) (4, frn) = ET™(p0) a.s.
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This holds for all £ > 1 and m > 1. Using the classical Levy’s theorem, we get
(5.6) lim (z¢, fn) = ¢ a.s. for all £> 1.

n—-+oo

On the other hand, by (Cs) and the cluster point approximation theorem [2, Theorem 1]), (see
also [18]), there exists an increasing sequence (73,) in T with 7,, > n for all n, such that

lim | f-, || = liminf || f,] a.s.
n— 00 n—o0

Then, for each w outside a negligible set N, the sequence (f-, (w)) is bounded in X*; hence it
is relatively w*-sequentially compact (the weak star topology being metrizable on bounded sets).
Therefore, there exists a subsequence of (f;, ) (possibly depending upon w) not relabeled and an
element z, € X* such that

(fr, (w)) w*-converges to x}.
Define foo(w) :=z, for w € Q\ N and foo(w) := 0 for w € N. Then, taking into account (5.6), we
get

(5.7) lim (24, frn) = (T4, foo) = e a.s. for all £ > 1.

n—-+4oco

This implies the scalar F-measurability of f.,. Furthermore, one has
ool < limind £ a5
which in view of (C) shows that || fw|| is integrable. Thus fo € L%.[X](F). Next, replacing ¢,
in (5.5) with (x¢, foo) (because of the second equality of (5.7)), we get
fn=FE""(fx) as. forall n > 1.
In particular, this yields
(5.8) sup || fn| < sup E7 | fooll < 00 as.



Using the separability of X, (5.7) and (5.8), we get

(fn) w*-converges to fo a.s.
Finally, if the condition (7) is satisfied, then, reasoning as in the first proof (or the first part of
the second proof) of Theorem 5.1, we deduce that (f,,) s*-converges a.s. t0 feo. O

We finish this section by extending Theorem 5.1 to mils. For this purpose the following decom-
position result is needed [7, Corollary 3.1].

Proposition 5.3. Let (fu)n>1 be a bounded mil in L%.[X]|(F). Then there exists foo €
LY. [X](F) such that
Il fo — EZ"(foo)|| — 0 a.s. and
(fn) w*-converges to foo a.s.
Proof. As (f,) is a bounded mil in L%.[X](F) for each z € X, ((z, f,)) is a bounded real
mil in L} (F), hence it converges a.s. to a function r, € LL(F). On the other hand, using [11,

Theorem 6.1(4)], we provide an increasing sequence (A,)y>1 in F with lim, .. P(4,) = 1, a
function fo € L.[X](F) and a subsequence (f}),>1 such that

lim [ (b f)dP = / (h, foo)dP
Ap

n—oo Ap
for all p > 1 and h € L (F). By identifying the limit, we get r, = (2, foo) a.s. Thus
.9) Tim (2, fa(e)) = (@, fo()) a5,

for every x € X. So the real mil ((z, f,, — E7"(f))) converges to 0 a.s. Consequently, it is possible
to invoke an important result of Talagrand, ([34, Theorem 6]) which gives

I fn — BT (foo)|| — 0 a.s.



sup | BZ" (foo)l| < sup B (|| o) < 00 as.,
n>1 n>1

we deduce that

sup || fn]l < o0 a.s.
n>1

Then, using (5.9), the separability of X and the point-wise boundedness of (f,,), we obtain the a.s.
w*-convergence of (f,) t0 feo- O

Theorem 5.2. Let (f)n>1 be a bounded mil in L. [X]|(F) satisfying the condition (7). Then
there exists foo € Li[X](F) such that

(fn) s -converges a.s. to foo.

Proof. The proof is similar to the one given in Theorem 5.1 by using Proposition 5.3 instead of
Proposition 5.1. O

6. THE SPECIAL CASE OF MARTINGALES IN THE SUBSPACE
oF LY.[X](F) OF ALL PETTIS-INTEGRABLE FUNCTIONS

In this section we provide a version of Theorem 5.1 in the special case of martingales in L. [X](F)
whose members are also Pettis-integrable and satisfy a condition formulated in the manner of
Marraffa [25]. For this purpose we need to recall a few extra definitions.

A function f : Q — X* is said to be X**-scalarly F-measurable if for each z** € X**, the real-
valued function (z**, f) is F-measurable. We say also that f is weakly F-measurable. If f : Q@ — X*
is a weakly F-measurable function such that (z**, f) € LL(F) for all z** € X**, then for each



A € F, there is 27" € X*** such that

@25 = [ @ P,

The vector %™ is called the Dunford integral of f over A. In the case that 2% € X* for all A € F,
then f is called Pettis-integrable and we write P — [ 4 fdP instead of 2" to denote the Pettis

integral of f over A. We denote by Pi.(F) the space of (equivalence class of) Pettis-integrable
X*-valued functions defined on (€2, F, P). Clearly, we have

P—/AfdP:/AfdP

for all A € F, whenever f is Pettis-integrable.

Before going further, we reformulate Corollary 3.1 under condition (7 ") for functions in the
subspace LY. [X](F) N Pi.(F).

Proposition 6.1. Let (f,)n>1 be a bounded sequence in L%.[X](F) whose members are also
Pettis-integrable. If (f,) satisfies the condition (7 ), then there exist a function fo € Li..[X](F)N
P (F) and a sequence (gy,) in L.[X](F) with g, € co{f; : i > n} such that

(gn) s*-converges to foo a.s.

Proof. Let (g,,) be as mentioned in (7 ). Since (f,,) is bounded in L. [X](F), so is the sequence
(gn) which is also R(X})-tight (by (7 7)). Consequently, using Corollary 3.1 and its proof, we
provide a sequence of convex combinations of the (g,,) not relabeled, a function fo € L. [X](F)
and an increasing sequence (B,,) of measurable sets with lim,_,., P(B,) = 1 such that

(i) (gn) s*-converges almost surely to foo.
(ii) For each p > 1, (1p,9n) converges strongly in L.[X](F) to 1p, feo-



Next, we will prove that f, is Pettis integrable. Noting that the functions g,, are Pettis integrable,
conclusion (i) shows that fo, is X**-scalarly F-measurable, and hence X **-scalarly integrable (that
is, for every ** € X**, the scalar function w — (z**, foo (w)) is integrable) because || foo || € Lk (F).
Consequently, (ii) implies

lim (:v**,prgn>dP:/(m**,prfoo>dP
Q

n—oo A

for all p > 1, z** € X** and A € F. This equation together with (ii) entails

(2 / 15, foo dP) — / (@**, 15, o) dP| = lim |(@**, / 15, foo dP) — / (&**, 15, ) dP|
A A n—oo A A

— lim |(w**,/ 1BpfoodP)—(x**,/ 15,gadP)| < lim ||/ 1BpfoodP—/ 15, g dP|
A A =9 A A

n— oo

n— oo

S lim ||1Bpfoodp_1Bpgn||dP:0
A

for all z** € X** and A € F. Hence 1p, fo is Pettis integrable for all p > 1. This yields to

@**,/AfoodP)—/A@**,foo}dP‘

(a:**,/Aprfoo dP) —/ﬂ(x**,ls,,foo)dP‘ +

IA

(™, /A Lo, foo dP) — /Q (™ 1o\ 5, foo) AP

IA

2/ Loy, || fooll AP
A



for all p > 1. Letting p — +00, we get

@, [ fmdP) = [ (o7 S aP,
A A
for all x** € X** and A € F, thus f, is Pettis integrable. O

Remark 6.1. If X does not contain any isomorphic copy of ¢; (or equivalently X* has the
weak Radon-Nikodym property (WRNP)), then, according to Theorem 3 of Musial [26], every
X-scalarly integrable function f: Q — X* (that is, for every x € X, (z, f) € LL(F)) is Pettis
integrable, and hence each member of L. [X](F) is Pettis-integrable, i.e. LY .[X]|(F) C Px.(F).

Now we are ready to state the main result of this section which can be seen as a dual variant of
[17, Theorem 3]. For this purpose, recall that a subset H C X** is total if it separates the points
of X*, that is, H is total if (z**,2*) = 0 for all z** € H implies z* = 0.

Proposition 6.2. Let (f,)n>1 be a bounded martingale in L. [X]|(F) whose members are also

Pettis-integrable satisfying the following condition.

(T~ ) There exist a total subset H of X**, a o-measurable function f in L%.[X](F) and an
increasing sequence (Bp) of measurable sets with lim, .., P(B,) = 1 such that for ev-
eryp > 1, 1g f € Px.(F) and to each corresponds a sequence (g,) in L.[X](F) with
gn € co{f; : i > n} satisfying

lim (", g,) = (™", f) a.s. for each ™" € H.
n—oo

Then f € L%.[X)(F) N Pi.(F) and we have
(fn) s*-converges to f a.s.

Note that the function f in condition (7 ~) is necessarily weakly measurable, since the functions
1p,f (p > 1) are weakly measurable and lim, .., P(B,) = 1.



Remark 6.2. In view of Proposition 6.1, condition (7 ) is weaker than (7) when dealing
with bounded sequences in L. [X](F) whose members are also Pettis-integrable.

Taking account of Proposition 5.2, we deduce the following variant of Proposition 6.2.

Corollary 6.1. Let (f,)n>1 be a martingale in L.[X](F) N Pk.(F) satisfying the conditions
(C1), (Co) and (T~ ). Then the limit function f in (T~ ) belongs to L.[X](F) N Px.(F) and we
have

(fn) s*-converges to f a.s.

Remark 6.3. In Proposition 6.2 as well as in Corollary 6.1, condition (7))~ may be replaced
with 7-~.
(7~7) There exist a total subspace H of X**, a o-measurable function f in L%.[X](F) and an
increasing sequence (B,,) of measurable sets with lim, .., P(B,) = 1 such that, for every
p>1,1p,f € Px.(F), and (z**, f) is a cluster point of ((z**, f,)) a.s. for each z** € H.

Indeed, let H and f be as mentioned in (7~ ). Let ** € H be arbitrary fixed. Then (z**, f)
is a cluster point of ((z**, f,)) a.s. Further, f is weakly measurable. Consequently, by the cluster
point approximation theorem (Theorem 1, [2]), there exists an increasing sequence (7,,) in 7' (which
may depend on z**) with 7, > n such that

lim (z**, f.. ) = (™", f) as.

n—oo
On the other hand, as (f,) is a bounded martingale in L .[X](F) and each f,, is Pettis integrable,
it is easy to see that the sequence ((x**, f,,)) is a bounded real-valued martingale in LL(F). So it
converges a.s. to an integrable function in L} (F) which is necessarily a.s. equal to (z**, f). Thus
condition (7 ) is satisfied.



Proof of Proposition 6.2. As (f,) is a bounded martingale in L%.[X](F), by Proposition 5.1,
there exists fo, € L.[X](F) such that

(a) lim ||fn — EF" foo|| a.s.
(b) (fn) w*-converges to foo a.s.

Next, let H, f and (B),) be as mentioned in (7 ). We will show that fo, = f a.s.; once this is done
we can invoke (a), the o-measurability of f and Proposition 4.5 to conclude that (f,) s*-converges
to f a.s.

We will use again a standard stopping time argument. Let oy, A; and f! be defined exactly
as in the second proof of Theorem 5.1. First, by the expression fo,nn = Y pemitornn JiL{o An—t}
and since the functions f, are Pettis-integrable, it is clear that the functions f,, A, are also Pettis-
integrable. Further, from (b) it follows
(6.1) lim (@, foorn) = {(z, fL).

n—oo

Since (fy,An) is a uniformly integrable martingale, from (6.1) it follows

/A(az,fat/\m> dP = lim /A(x,fUt/\n>dP

n—oo,n>m
= / (z, fL)dP = / (z, ET=erm (£ ))dP
A A
for all z € X, m > 1 and A € F,, \my- Hence

foinm = EFeerm (£ ) aus. for all m > 1,



by the separability of X. Next, let 2** be an arbitrary fixed element in H. Then, by (7 ), there
exists a sequence (g,) of the form

kn kn
gnzz,uilfi with 0<pu’ <1 and Z,u;:l

such that
lim (2™, g,) = (", f)

n—oo

which implies

(6.2) lim (z*, gp,) = (&, f*),

n—oo

where
kn
t._ Z i ;
gn T /J'nfat/\z
i=n

and

ft(w) — { f(w) ifwe Ata

foi(w)(w) otherwise
(see the second proof of Theorem 5.1). As the function sup,, ||¢% || is also integrable, (by (ii) and
the inequality sup,, ||¢%|| < sup,, || fo,anl]) equation (6.2) entails

(6.3) lim [ (z** ¢)dP = / (x**, f1YdP for all A € F.
A

n—oo A




On the other hand, recalling that for each m > 1, fo, nm = EFoerm (fL) as. and foam € Pk« (F),
we obtain

kn
=SS s o e
A — A A
" [ fom dPY= @, [ B () aP) =, [ i aP)
A A A
for all m > 1, n > m and A € F,, am. Together with (6.3), we get

[ r1ap =@, [ riap)

for all m > 1 and A € Fy,nm. Since the functions (z**, f*) and || fL || are integrable, this equality
extends easily to all A € 0(U,Fy,an). In particular, for all p > 1 and for all A € F, we have

/ (z**, fYdP = (;c**,/ fL dP)
ANA'NB, ANA'NB,

because A; N F C 0(UnFy,an) in view of the inclusion (1) presented in Section 2. As 1a¢ff =
].Atfoo, 1Atft = 1Atf and 1Bp.f S P)l(* (.7'-) for all p=> 1, it follows that

@[ =@ fedp)
ANA*NB, ANAtNB,
for all p > 1 and A € F. Since this holds for all ** € H and H is total, we get

/1AmepfdP=/ 1AmepfoodP
A A
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for every p > 1 and A € F. Equivalently

latng, (z,f) = latng, (T, foo) as.

for every p > 1 and « € X. Since X is separable, P(B,) — 1 and P(A;) — 1 when p,t — oo, it
follows that

f=fx as.

Finally, to prove that f € Pi.(F), it suffices to repeat the arguments used at the end of the proof
of Proposition 6.1. O

We finish this work by providing the following result which extends Proposition 6.2 to mils. It
can be seen as a mil version of the Ito-Nisio theorem (the main implication of it) (see [23]) in the
framework of a dual space. For various martingale generalizations dealing with primal space, one
can look at the contributions of Marraffa [25], Bouzar [4] and Luu [24].

Proposition 6.3. Let (f,)n>1 be a bounded mil in L. [X|(F) whose members are also Pettis-
integrable satisfying the condition (T~ ). Then f is a member of L.[X](F) N Px.(F) and we
have

(fn) s*-converges to f a.s.,

where f is the limit function in (T~ ).

For the sake of shortness, we refrain from giving the details of proofs and refer to our forthcoming
work [29].
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