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TWO-PERIODIC TERNARY RECURRENCES
AND THEIR BINET-FORMULA

M. ALP, N. IRMAK AND L. SZALAY

ABSTRACT. The properties of k-periodic binary recurrences have been discussed by several authors.
In this paper, we define the notion of the two-periodic ternary linear recurrence. First we follow
Cooper’s approach to obtain the corresponding recurrence relation of order six. Then we provide
explicit formulae linked to the three possible cases.

1. INTRODUCTION

Let a,b,c,d, and qg,q1 denote arbitrary complex numbers, and consider the the sequence {g,}
(n € N) defined by

(1) | agn—1+bgn—o if nis even
n = CGn—1 + dg,_o if n is odd.

The sequence {g,} is called two-periodic binary recurrence. It was first described by Edson and
Yayenie in [2]. The authors discussed the specific case g9 = 0, g1 = 1 and b = d = 1, gave the
generating function and Binet-type formula of {g,}, further they proved several identities among
the terms of {¢, }. In the same paper the sequence {q, } was investigated for arbitrary initial values
qo and ¢, but b = d = 1 were presumed.
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Later Yayenie [6] determined the Binet’s formula for {g, }, where b and d were arbitrary numbers,
but held for the initial values ¢o = 0 and ¢; = 1.
The k-periodic binary recurrence

aoGn—1 + boGrn—o ifn=0 (mod k)

a1Gn—1 + b1Gn_o ifn=1 (mod k)
(2) dn = . .

Ap—1qn-1 + bk—1gn—2 ifn=k—1 (mod k)

was introduced by Cooper in [1], where mainly the combinatorial interpretation of the coefficients
Ay and By, appearing in the recurrence relation ¢, = Aggn—r + Brgn—or was discussed. Edson,
Lewis and Yayenie [3] also studied the k-periodic extension, again with ¢g = 0, ¢ = 1 and with
the restrictions by = b; = --- = bp_1 = 1.

The main tool in [2] and [6] is to work with the corresponding generating functions. Later we
suggested a new approach (see [4]), namely to apply the fundamental theorem of homogeneous
linear recurrences (Theorem 1). This powerful method made us possible to give the Binet’s formula
of {g,} for any b, d and for arbitrary initial values. Moreover, we were able to maintain the
remaining case when the zeros of the polynomial

p2(z) = 2% — (ac+ b+ d)x + bd
coincide. We showed that the application of the fundamental theorem of linear recurrences was
very effective and it could even be used at k-periodic sequences generally.
Now define the two-periodic ternary recurrence sequence by

3) _ ) a1+ bYn—2 + ¢yn—3 if n is even
Rl dVp-1+ €Yn—z + fYn_s if nis odd



with arbitrary complex coefficients and initial conditions g, ;.

In this paper, we provide a recurrence relation of order six for «,, and then give the corresponding
Binet-formulae (Theorem 2-4) by using the fundamental theorem of linear recurrences. According
to the relation between the zeros of the characteristic polynomial of the recurrence we need to
distinguish three principal cases (Case I, IT and III).

At the end of the first section we recall a theorem for linear recurrences. A homogeneous linear
recurrence {G,, }52, of order k (k > 1,k € N) is defined by the recursion
(4) Gn = AlGn—l + A2Gn—2 SF ooo IF Aan—k: (n 2 k) )

where the initial values Gy, . .., Gx_1 and the coefficients Ay, ..., Ay are complex numbers, Ay #£ 0
and |Go|+ - -+ |Gr_1| > 0. The characteristic polynomial of the sequence {G,,} is the polynomial

glx) = x* — Ayzh=t — ... — A,
Denote by aq,...,a; the distinet zeros of the characteristic polynomial g(x) which can there be
written in the form
(5) 9(@) =(z —on)® -+ (z — o)™ .

The following result (see e.g. [5]) plays a basic role in the theory of recurrence sequences, and
here in our approach.
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Theorem 1.1. Let {G,} be a sequence satisfying the relation (4) with Ay, # 0, and g(x) its char-

acteristic polynomial with distinct roots a, ..., ap. Let K=Q(au, ..., A1, ..., Ag, Go, ..., Gr—1)
denote the extension of the field of rational numbers and let g(x) be given in the form (5). Then
there exist uniquely determined polynomials g;(x) € K[x] of degree less than e; (i = 1,...,t) such
that

Gn=gi(n)eg +--- +g(n)ay  (n>0)
2. TWO-PERIODIC TERNARY RECURRENCE

Let a,b,c,d, e, f and 79,71 denote complex numbers satisfying cf # 0 and |yo| + |71] # 0. Recall
the sequence {~,} defined by (3).

Supposing that n is even, by Cooper’s method (see [1]), we can built up the tree of v, (see
Figure 1). For n odd we obtain a similar tree which leads to the same recurrence relation. Thus
sequence {v,} satisfies the recurrence relation

(6) Yn = (ad +b+e)yn—2 + (af —be + cd) yn—a + cfrn—s
of order six.

Let
(7) p(t)=t>—(ad+b+e)t? — (af —be+cd)t —cf

denote the polynomial determined by the characteristic polynomial
25 — (ad +b+e)z* — (af — be + cd) x? — cf

of the recurrence (6) by the substitution ¢t = z%. According to the coefficients of p (), we must
distinguish the following cases: the polynomial p(t) can possesses 3 or 2 or 1 different zeros (Case 1,
2 and 3, respectively). At this point, we apply Theorem 1 and obtain an appropriate Binet-formula.
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Suppose first that n is even. Then we obtain

Yo = (k1 + K2) (VE)" + (11 + 72) (V7)™ + (1 + p2) (Vi)™

which after considering the cases n = 0, 2 and 4 in order to determine k;, 7; and p; (i = 1, 2),
leads to the explicit formula

S el e i el (O S Vel G ) o e it I

T T kw1 =m)(—r) "
L= (Bt r)wt s g
C-mE—m

Contrary, suppose that n is odd. In similar manner it leads to
= 35— (utT)ys+pn o V= (K+T)13+K™N 2
T Ve(k—p) (k1) VI (=) (1 = K)
75— (+K) Y3+ pEm g
VT (T = 8) (T — )

Comparing the two results above we proved the following theorem.

+

Theorem 2.1. Let &, =n — 2 L%J Suppose that the three different roots of (7) are k,u and
7. Then the terms of the sequence {v,} satisfy

_ Yaen = (B D) Yore, F ATV 3] | Vet = (B T) Vore, + BT, MEY
(k=p)(k=1) (b =7) (= K)
Yaren = (B K)Yore, + 1KY, 2]
(r—r) (T —p)

Tn

+




. Case 2

In this case, we suppose that there are two distinct zeros of the polynomial (7). Say that k = 7
and g # 7. Thus by Theorem 1, it results that ,, can be written in the form

(8) Yo = (k1 +71) (VE)" + (k2n +72) (—VE)" + p1 (V)" + p2 (—v/B)"
Firstly suppose again that n is even. Then we obtain
(9) = (51 + R2) 0+ (11 +72)) (VE)" + (11 + p2) (V)" -

Observe that (9) at n = 0, 2, 4 is a system of three equations in k1 + ko, 71 + 72 and ug + p2. One
can easily get the solution

—(k+ + K — 2ky2 + (265 — p?
Kyt g = A (2 1) Y2 aly = A Y2+ ( ;; 1) Yo
ok —p) (k — 1)

and

Y4 — 2672 + K20
(5 — )’

M1+ pe =

Now, suppose that n is odd. Thus we obtain
T = (k1 = K2)n+ (1 = 72)) (VE)" + (11 — p2) (V)"
where similarly to the previous case, one can determine

_ Y5 — (K+p)ys + Kkum =263+ K
R1 — K2 = 3 ) I'Ll_ll’2_ 1 2
262 (K — p) ©? (k= p)




and
(1 —3r) v + (562 — 1) v3 + (3kp® — 5K%p) M
23 (k — ) '

T — T2 =

Hence we proved the following theorem.

Theorem 2.2. If the polynomial p(x) possesses two distinct zeros k and p, among them x has
the multiplicity 2, then the explicit formula

_ Jrare, — (54 1) Yare, + B,

Tn = T n
261 (5 — )

ennn (1= 36)" qage, + (=26)5*" (552 — i?)

2614 (5 — p)?

&n &n

N e N R A

21 (5 — p)?
Vaten = 26%21¢, + E2%e, 2]
[ 2 K :
w= (K —p)

describes the nth term of the sequence {v}.

5"1
Y2+é&n

+(=1)

+ (=1

+

. Case 3
In the last part, we suppose that the zeros of (7) coincide. Again by Theorem 1,

(10) Yo = (k1n® + 1in + p1) (VE)" + (kan® + mon + p2) (=vk)"
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If n is even, then
Yo = ((k1 + K2)n? + (11 + T2) n + (1 + p2)) (V)"
holds, where

Y4 — 2672 + K% 74— 4Ry2 + 3K
8k2
Assuming odd n, (10) returns with

T = (51— K2) 0 + (11 — T2) n+ (1 — p2)) (V&)"

K1 + Kg =
4r2

where
v5 — 2673 + KN o~ (75 — 3K73 + 26%1)
y 11 — 72 —
8k 23

K1 — K2 =

(SIS

and
3vs — 10k7y3 + 15Ky,

8k
Thus the proof of the forthcoming theorem is complete.

M1 — H2 =

M

Theorem 2.3. If p(z) has only one zero with multiplicity 3, say k, then

_(varen = 267206, +Ee )\ 2
Tn = T n
8:"’»’2+ o)

- (74+sn — 45135 kg, + 3% 25"“*6275”) n
26n Q2+

&n
tns1 (375 — 10K7y3 4 1567y |21
+ ’YO ( 8H2+%& KL2 o

» 1t T2 = and 1 + p2 = 7.
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