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ON THE RECURSIVE SYSTEM xn+1 = A+ xn−m

yn
, yn+1 = B + yn−m

xn

QIANHONG ZHANG, LIHUI YANG and JINGZHONG LIU

Abstract. In this paper, we investigate the boundedness, persistence and global asymptotic stability
of positive solutions of the system of two nonlinear difference equations

xn+1 = A+
xn−m

yn
, yn+1 = B +

yn−m

xn
, n = 0, 1, · · · ,

where A,B ∈ (0,∞), xi ∈ (0,∞), yi ∈ (0,∞), i = −m,−m+ 1, . . . , 0.

1. Introduction

The study of dynamical behavior of various nonlinear differences is not only of interest in their
own right, but the results can help establish the general theory of nonlinear difference equations.
Amleha, Grovea, Ladasa, et al. [1] investigated the global stability, the boundedness character
and the periodic nature of the difference equation

xn+1 = α+
xn−1

xn
, n = 0, 1, . . . ,

where x−1, x0 ∈ R and α > 0.
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Elowaidy, Ahmed and Mousa [2] investigated local stability, oscillation and boundedness char-
acter of the difference equation

xn+1 = α+
xpn−1

xpn
, n = 0, 1, . . . ,

where α, p ∈ (0,+∞). Also Stevic [3] studied dynamical behavior of this difference equation.
Other related difference equation readers can refer to references [4]–[10].

In recent years, nonlinear difference equation systems have attracted considerable interest [11]–
[18]. In particular, Papaschinopoulos and Papadopoulos [13] studied the dynamics of the system
of rational difference equations

xn+1 = A+
xn
yn−m

, yn+1 = B +
yn

xn−m
, n = 0, 1, . . .(1.1)

for the case (I) A > 1 and B > 1, and (II) A < 1 and B < 1; while Camouzis and Papaschinopoulos
[14] studied system (1.1) for the case A = B = 1.

Papaschinopoulos and Schinas [15] studied the system of two nonlinear difference equations

xn+1 = A+
yn
xn−p

, yn+1 = A+
xn
yn−q

, n = 0, 1, · · · ,(1.2)

where p, q are positive integers and A > 0.
Zhang and Yang, Evans and Zhu [18] investigated the system of rational difference equations

xn+1 = A+
yn−m
xn

, yn+1 = A+
xn−m
yn

, n = 0, 1, . . . ,(1.3)

where A ∈ (0,∞) and the initial conditions xi ∈ (0,∞), yi ∈ (0,∞), i = −m,−m+ 1, . . . , 0, are
arbitrary nonnegative numbers.
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Our aim in this paper is to investigate the boundedness, persistence and global asymptotic
stability of positive solutions of the system of difference equations

xn+1 = A+
xn−m
yn

, yn+1 = B +
yn−m
xn

, n = 0, 1, . . . ,(1.4)

where A,B ∈ (0,∞), and initial conditions xi, yi ∈ (0,∞), i = −m,−m+ 1, . . . , 0.

2. The case A < 1 and B < 1

In this section, we are concerned with the asymptotic behavior of positive solution of (1.4) for case
A < 1, B < 1.

Theorem 2.1. Suppose that 0 < A < 1, 0 < B < 1. Let {(xn, yn)} be an arbitrary positive
solution of (1.4). The following statements are true:

(i) If m is odd and 0 < x2k−1 < 1, 0 < y2k−1 < 1, x2k > 1
1−B , y2k > 1

1−A for k =
1−m

2 , 3−m
2 , . . . , 0, then

lim
n→∞

x2n =∞, lim
n→∞

y2n =∞, lim
n→∞

x2n+1 = A, lim
n→∞

y2n+1 = B.

(ii) If m is odd and 0 < x2k < 1, 0 < y2k < 1, x2k−1 > 1
1−B , y2k−1 > 1

1−A for k =
1−m

2 , 3−m
2 , . . . , 0, then

lim
n→∞

x2n = A, lim
n→∞

y2n = B, lim
n→∞

x2n+1 =∞, lim
n→∞

y2n+1 =∞.

(iii) If m is even and 0 < x2k−1 < 1, y2k−1 > 1
1−A , x2k > 1

1−B , 0 < y2k < 1 for k =
2−m

2 , 4−m
2 , . . . , 0 and x−m > 1

1−B , 0 < y−m < 1, then

lim
n→∞

x2n = A, lim
n→∞

y2n =∞, lim
n→∞

x2n+1 =∞, lim
n→∞

y2n+1 = B.
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(iv) If m is even and 0 < x2k < 1, y2k > 1
1−A , x2k−1 > 1

1−B , 0 < y2k−1 < 1 for k =
2−m

2 , 4−m
2 , . . . , 0 and 0 < x−m < 1, y−m > 1

1−A , then

lim
n→∞

x2n =∞, lim
n→∞

y2n = B, lim
n→∞

x2n+1 = A, lim
n→∞

y2n+1 =∞.

Proof. (i) It is clear that

0 < x1 = A+
x−m
y0

< A+
1

y0
< A+ (1−A) = 1,

0 < y1 = B +
y−m
x0

< B +
1

x0
= B + (1−B) = 1.

x2 = A+
x1−m

y1
> x1−m >

1

1−B
,

y2 = B +
y1−m

x1
> y1−m >

1

1−A
.

By induction for n = 1, 2, . . . , we have

0 < x2n−1 < 1, 0 < y2n−1 < 1, x2n >
1

1−B
, y2n >

1

1−A
.(2.1)

So, for n ≥ (m+ 2)/2.

x2n = A+
x2n−(m+1)

y2n−1
> A+ x2n−(m+1) = 2A+

x2n−(2m+2)

y2n−(m+2)
> 2A+ x2n−(2m+2),

y2n = B +
y2n−(m+1)

x2n−1
> B + y2n−(m+1) = 2B +

y2n−(2m+2)

x2n−(m+2)
> 2B + y2n−(2m+2),
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from which we obtain limn→∞ x2n = ∞, limn→∞ y2n = ∞. Noting (2.1) and taking limits on
both sides of the system

x2n+1 = A+
x2n−m

y2n
, y2n+1 = B +

y2n−m

x2n
,

we obtain limn→∞ x2n+1 = A, limn→∞ y2n+1 = B.
The proof of affirmations (ii), (iii) and (iv) are similar, we omit it. �

3. The Case A = 1 and B = 1

In this section, we discuss the boundedness and persistence of positive solutions to system (1.4)
for the case A = 1, B = 1.

Theorem 3.1. Suppose that A = B = 1. Then every positive solution of system (1.4) is bounded
and persists.

Proof. The proof of Theorem 3.1 is similar to [18]. Let {(xn, yn)} be a positive solution of (1.4).
Clearly, xn > 1, yn > 1 for n ≥ 1. So we have

xi, yi ∈
[
M,

M

M − 1

]
, i = 1, 2, . . . ,m+ 1,

where M = min{µ, ν/(ν − 1)} > 1. Then

M = 1 +
M

M/(M − 1)
≤ xm+2 = 1 +

x1

ym+1
≤M +

M/(M − 1)

M
=

M

M − 1
,

M = 1 +
M

M/(M − 1)
≤ ym+2 = 1 +

y1

xm+1
≤M +

M/(M − 1)

M
=

M

M − 1
,
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By induction, we get

xi, yi ∈
[
M,

M

M − 1

]
, i = 1, 2, . . . ,

This completes the proof of Theorem 3.1. �

4. The Case A > 1 and B > 1

This section concerns itself with the global asymptotic stability of the unique equilibrium point of
(1.4) for the case A > 1, B > 1.

Theorem 4.1. Suppose that A > 1, B > 1. Then for n = km + i, every positive solution
{(xn, yn)} of (1.4) satisfies

A ≤ xkm+i ≤
1

Bk

(
xi−k −

AB

B − 1

)
+

AB

B − 1
, i = k −m, k −m+ 1, . . . , k,

k ∈ {1, 2, . . . , },

B ≤ ykm+i ≤
1

Ak

(
yi−k −

AB

A− 1

)
+

AB

A− 1
, i = k −m, k −m+ 1, . . . , k,

k ∈ {1, 2, . . . , }.

Proof. Let {(xn, yn)} be arbitrary positive solution of (1.4). Clearly, we have xn ≥ A > 1,
yn ≥ B > 1 for n = 1, 2, . . .. Moreover using (1.4), we have

xn+1 = A+
xn−m
yn

≤ A+
1

B
xn−m,

yn+1 = B +
yn−m
xn

≤ B +
1

A
yn−m, n ≥ 1.

(4.1)
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Let vn, wn be the solution of the equation

vn+1 = A+
1

B
vn−m, wn+1 = B +

1

A
wn−m, n ≥ 1.(4.2)

such that
v−m = x−m, v1−m = x1−m, . . . , v0 = x0,

w−m = y−m, w1−m = y1−m, . . . , w0 = y0.
(4.3)

We prove by induction that for n = km+ i,

xkm+i ≤ vkm+i, ykm+i ≤ wkm+i, k ∈ {1, 2, . . . , },
i = k −m, k −m+ 1, . . . , k.

(4.4)

Suppose that (4.4) is true for k = p ≥ 1. Then from (4.1) and (4.2) we get

x(p+1)m+i ≤ A+
1

B
xpm+i−1 ≤ A+

1

B
vpm+i−1 = v(p+1)m+i,

y(p+1)m+i ≤ B +
1

A
ypm+i−1 ≤ B +

1

A
wpm+i−1 = w(p+1)m+i.

Therefore (4.4) is true. From (4.2) and (4.3), we have

vkm+i =
1

Bk

(
xi−k −

AB

B − 1

)
+

AB

B − 1
, k ∈ {1, 2, . . . , },

i = k −m, k −m+ 1, . . . , k.

(4.5)

wkm+i =
1

Ak

(
yi−k −

AB

A− 1

)
+

AB

A− 1
, k ∈ {1, 2, . . . , },

i = k −m, k −m+ 1, . . . , k.

(4.6)

Then from (4.4), (4.5) and (4.6), the statement of Theorem 4.1 is true. �
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Theorem 4.2. Suppose that A > 1, B > 1. Then the positive equilibrium

(x̄, ȳ) =

(
AB − 1

B − 1
,
AB − 1

A− 1

)

of (1.4) is globally asymptotically stable.

Proof. The linearized equation of system (1.4) about the equilibrium point

(x̄, ȳ) =
(

AB−1
B−1 ,

AB−1
A−1

)
is

(4.7) Ψn+1 = EΨn

where

Ψn =



xn
...

xn−m
yn
...

yn−m


,
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E = (eij)(2m+2)×(2m+2) =



0 . . . 0 1
ȳ − x̄

ȳ2 . . . 0 0

1 . . . 0 0 0 . . . 0 0
. . .

0 . . . 1 0 0 . . . 0 0
− ȳ

x̄2 . . . 0 0 0 . . . 0 1
x̄

0 . . . 0 0 1 . . . 0 0
. . .

0 . . . 0 0 0 . . . 1 0


.

Let λ1, λ2, . . . , λ2m+2 denote the 2m+ 2 eigenvalues of Matrix E. Let D = diag(d1, d2, . . . , d2m+2)
be a diagonal matrix, where d1 = dm+2 = 1, d1+k = dm+2+k = 1− kε, 1 ≤ k ≤ m. and

ε = min

{
1

m
,

1

m

(
1− ȳ

ȳ2 − x̄

)
,

1

m

(
1− x̄

x̄2 − ȳ

)}
.



JJ J I II

Go back

Full Screen

Close

Quit

Clearly, D is invertible. Computing DED−1, we obtain

DED−1

=



0 . . . 0 d1

ȳ d
−1
m+1 − x̄

ȳ2 d1d
−1
m+2 . . . 0 0

d2d
−1
1 . . . 0 0 0 . . . 0 0

. . .

0 . . . dm+1d
−1
m 0 0 . . . 0 0

− ȳ
x̄2 dm+2d

−1
1 . . . 0 0 0 . . . 0 dm+2

x̄ d−1
2m+2

0 . . . 0 0 dm+3d
−1
m+2 . . . 0 0

. . .

0 . . . 0 0 0 . . . d2m+2d
−1
2m+1 0


The following two chains of inequalities

dm+1 > dm > . . . > d2 > 0, d2m+2 > d2m+1 > . . . > dm+3 > 0

imply that

d2d
−1
1 < 1, d3d

−1
2 < 1, . . . , dm+1d

−1
m < 1,

dm+3d
−1
m+2 < 1, dm+4d

−1
m+3 < 1, . . . , d2m+2d

−1
2m+1 < 1.

Furthermore,

d1

ȳ
d−1
m+1 +

x̄

ȳ2
d1d
−1
m+2 =

1

ȳ
d−1
m+1 +

x̄

ȳ2
=

1

ȳ(1−mε)
+

x̄

ȳ2
< 1,

dm+2

x̄
d−1

2m+2 +
ȳ

x̄2
dm+2d

−1
1 =

1

x̄
d−1

2m+2 +
ȳ

x̄2
=

1

x̄(1−mε)
+

ȳ

x̄2
< 1.
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It is well known that E has the same eigenvalues as DED−1, we obtain that

max
1≤k≤2m+2

|λk| = ‖DED−1‖

= max
{
d2d
−1
1 , . . . , dm+1d

−1
m , dm+3d

−1
m+2, . . . , d2m+2d

−1
2m+1,

d1

ȳ
d−1
m+1 +

x̄

ȳ2
d1d
−1
m+2,

dm+2

x̄
d−1

2m+2 +
ȳ

x̄2
dm+2d

−1
1

}
< 1

Hence, the equilibrium of (4.1) is locally asymptotically stable. This implies that the equilibrium
(x̄, ȳ) of (1.4) is locally asymptotically stable.

Next we prove that every positive solution (xn, yn) of (1.4) converges to (x̄, ȳ). Let (xn, yn) be
an arbitrary positive solution of (1.4) Let

L1 = lim
n→∞

sup{xn, xn+1, . . .}, l1 = lim
n→∞

inf{xn, xn+1, . . .},

L2 = lim
n→∞

sup{yn, yn+1, . . .}, l2 = lim
n→∞

inf{yn, yn+1, . . .}.

From Theorem 4.1, we have 0 < A ≤ l1 ≤ L1 < +∞ and 0 < B ≤ l2 ≤ L2 < +∞. This and (1.4)
imply

L1 ≤ A+
L1

l2
, L2 ≤ B +

L2

l1
,

l1 ≥ A+
l1
L2
, l2 ≥ B +

l2
L1
.

Which can be written as
L1l2 ≤ Al2 + L1, L2l1 ≤ Bl1 + L2,

l1L2 ≥ AL2 + l1, l2L1 ≥ BL1 + l2.
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From them we have

L1L2 ≤ l1l2.

So

(4.8) L1L2 = l1l2.

We claim that

(4.9) L1 = l1, L2 = l2.

Suppose on contrary that l1 < L1. Then from (4.8) we have L1L2 = l1l2 < L1l2 and so L2 < l2,
which is a contradiction. So L1 = l1. Similarly, we can prove that L2 = l2. Therefore, (4.9) are
true. So limn→∞ xn = x̄, limn→∞ yn = ȳ. Hence the equilibrium (x̄, ȳ) is globally exponentially
stable. �

5. Conclusion and remarks

In this paper, we study the system of two nonlinear difference equations (1.4) under different
conditions. When A < 1 and B < 1, we concern ourselves with the asymptotic behavior of positive
solution to (1.4). We show that every positive solution is bounded and persistence if A = B = 1.
Finally we investigate the unique positive equilibrium which is globally asymptotically stable if
A > 1 and B > 1.

At the end we propose the following open problem.

Open problem. Let A > 1 and B < 1 or A < 1 and B > 1, discuss the behavior of positive
solution of system (1.4).
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