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RANDOM CHORDS AND POINT DISTANCES IN
REGULAR POLYGONS

U. BASEL

ABSTRACT. In this paper we obtain the chord length distribution function for any
regular polygon. From this function we conclude the density function and the
distribution function of the distance between two uniformly and independently
distributed random points in the regular polygon. The method calculating the
chord length distribution function is quite different from those of Harutyunyan and
Ohanyan. It uses only elementary methods and provides the result with only a few
natural case distinctions.

1. INTRODUCTION

A random line g intersecting a convex set K in the plane produces a chord of
K. The length s of this chord is a random variable. If the motion invariant
line measure (see below) is used for the definition of the line, the expectation
of the chord length is equal to mA/u where A is the area of I and w is the
length of its perimeter [19, p. 30]. The chord length distribution function of a
regular triangle was calculated by Sulanke [20, p. 57]. Harutyunyan and Ohanyan
[13] calculated the chord length distribution function for regular polygons using
Dirac’s d-function in Pleijel’s identity. Bertrand’s paradox associated with the
chord length distribution of a circle is well-known [8, pp.116-118], [16, pp. 172—
179].

The distance t between two points chosen independently and uniformly at ran-
dom from K is also a random variable. Borel [4] considered this distance in ele-
mentary geometric figures such as triangles, squares and so on (see [17, p.163]).
The expectations for the distance between two random points for an equilateral
triangle and a rectangle are to be found in [19, p.49]. Ghosh [11] derived the
distance distribution for a rectangle. Bailey, Borwein & Crandall [3] studied the
expected distance between two random points in the unit n-cube giving closed
form expressions for the cases n = 1,...,5 (see also [5], especially Example 14).
There are a lot of results concerning the distance ¢ within a convex set or in two
convex sets (see Chapter 2 in [16], and [7]).
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The moments of s and ¢, resp., are closely connected by a simple formula
[19, pp.46-47]. The second moments of the chord length for regular polygons
were obtained by Heinrich [14].

For practical applications of chord lenghts and point distances of convex sets in
physics, material sciences, operations research and other fields see [12] and [15].

The first aim of the present paper is to derive the chord length distribution
function for any regular polygon in a simple form with only a few natural case
distinctions using a method that requires only elementary geometric considerations
and elementary integrations (especially not using Dirac’s d-function in Pleijel’s
identity as done in [13]). Our method is also suitable for irregular and even (with
slight modifications) non-convex polygons as shown in [2]. The second aim is to
conclude the density function and the distribution function of the distance between
two random points in every regular polygon. This result is new to the author’s
knowledge. By P,,,» we denote the regular polygon with n sides and circumscribed
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Figure 1. The polygon P, (example n = 7).

circle with radius r and centre point in the origin O (see Fig.1). A straight line
g in the plane is determined by the angle ¢, 0 < ¢ < 2w, between the direction
perpendicular to g and a fixed direction (e.g., the z-axis), and by its distance p,
0 < p < o0, from the origin O

g=9p,¢) ={(z,y) €R*: zcos¢ +ysing = p}.

The measure p of a set of lines g(p, ¢) is defined by the integral, over the set, of
the differential form dg = dpd¢. Up to a constant factor, this measure is the only
one that is invariant under motions in the Euclidean plan [19, p. 28].
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The chord length distribution function of P, , is usually defined as

F(s)= = u({g 90 Pur #0, [x(0)| < 5}).

where x(g) = g NPy, is the chord of P, ., produced by the line g, |x(g)| is the
length of x(g), and u is the length of the perimeter of P, . (The measure of all
lines ¢ that intersect a convex set is equal to its perimeter [19, p. 30].) We use the
distribution function in the form

1) F)=1- L ullg: 90 #0. o)l > 5)

(cf. [1, p.161]). So it remains to calculate the measure of all lines that produce a
chord of length |x(g)| > s. Using the abbreviation

S(g:s):={g9: gNPnr #0, Ix(g)| > s},

w(S(g:)) :/S(g:s) dg:/s(gzs) dpde.

We consider all lines g, having a direction perpendicular to a fixed angle ¢ € [0, 7)
with gNP,,,» # 0. In almost all cases among these lines there are two lines g; and
g2 with chords of equal length s (see Fig.1). All parallel lines g lying in the strip
between g; and go have a chord with length |x(g)| > s. The breadth of this strip
is equal to d(s,®) + d(s, ¢ + ), where d(s,¢) and d(s,¢ + ) are the distances
between O and g; and O and go, repectively. So we have

@) W(S(g:s)) = / " [d(s. ) + d(s, 6 + )] do.

we have

2. THE DISTANCE FUNCTION

In the following we determine the distance function in formula (2)
3) d: [0,max(s)] x [0,00) = [0,7], (5,6) — d(s,0),

where max(s) is the maximum chord length s in P,, ,. If no chord of length s in
the direction perpendicular to ¢ exists, we put d(s,¢) = 0. Of course for fixed
value of s, d(s, - ) is a 27 /n-periodic function.

We put
P {n - 2J ’
2
where |-| is the integer part of -, and define the function m: N x N — N by

(ko) = kmodn if kmodn#0,
B = n if kmodn=20.

The angle d;, (see Fig.2) between the lines ¢ and m(i + k,n) containing the sides
i,i=1,...,n, and m(i + k,n) of P, , is given by

2
5k=(1—k)7T, kzl,...,K*,
n
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vertex m(i+k+1,n)

side m(i +k,n)

vertex m(i +k,n)

Figure 2. Chords x between side i and side m(i + k, n).

where

K if n is even.

K*:{ K+1 ifnisodd,

The distance ¢ between the vertices ¢ and m(i + k, n) is for k = 0,..., K + 1
given by

k
l, = 2rsin—7r.
n

The maximum chord length in P, , is equal to {x;. For the distance  between
one point of side 7 and one point of side m(i + k,n), k = 1,..., K*, we have
U1 <@ < lq1, and < x < 4o for the analogous distance of the sides ¢ and
m(i+ k + 1,n). Therefore, a chord of length s, £, <s < {,41, is a chord between
two sides i and m(i 4+ k,n) or two sides ¢ and m(i + k + 1,n).

In the first step we derive formulas for the distance dj (s, ) between O and a
chord x of length s, £, < s < lx11, k =0,..., K, where ¢ denotes the oriented
angle between the segment from O to the intersection point I of the lines 7 and
m(i+ k,n) and the line perpendicular to x (Fig.2). We only consider the interval
0 <1 < w/n. It is necessary to distinguish the following cases:

Case 1
ke{l,...,K —1}if nis even,

k‘e{1,...,K}ifnisoddandsﬁQrcosQQL.
n

(4) b < s < lpy1 with {
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For 0 < ¢ < ag(s) (e.g., for position x; of x in Fig.2) the distance dj (s, )
between O and Y is equal to

k k k
(5) qx(s,v) :=rcos T sec 21 cos ) — s (tan T cos? 1) — cot BT in2 1[1).
n n 2 n n
The angle oy is determined by the position yo of x with the upper end-point in
the vertex m(i + k+ 1,n)

(6) ay(s) = arcsin <2$r sin kr sin W) _km .

n n n

For ay(s) <1 < m/n, x is a chord between the sides i and m(i + k 4+ 1,n). So we
find

T dt(s.0) = ax(s,v) if 0<<ag(s),
o Qer1(s, 0 —m/n) if ap(s) <y <m/n.

Case la

(8) 0=40y<s<¥{ and s<2rc05227r

We have ag(s) = 0 if s # 0, and the limit of ag(s) at s = 0 is 0. Therefore, we get
(9) do(s,9) = q1(s, ¢ —m/n) for 0 <4 <m/n

as special case of case 1 with ag(s) = 0 in formula (7).

Case 2

(10) nis even and £ < s < /lxi1

A chord x in the direction perpendicular to 1 does not exist if ax(s) < ¢ < 7/n,
therefore

) Gy | AKE0) T 0Sv<ax(),
o 0 i a(s) < </n.

Case 3

(12) n is odd and £ < s < 11 and s > 2r cos® %

A chord x in the direction perpendicular to ¢ does not exist if

Bls) < < - = B(s).
with

9 T

2
(13) B(s) = % — arccos (; cos 2n> )
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therefore,
QK(SJ/J) if 0§’l/1<0£}((8),
« _ qK+1(57'(/)_7T/n) if aK(5> §¢§5(5)>

gr+1(s, 0 —m/n) it w/n—PB(s) <y <7w/n.
Due to the symmetry of the graph of dj(s,1) with respect to the line ¢ = 7/n,
the values in the interval 7/n < ¢ < 27/n can be easily calculated from (7), (9),
(11) and (14) with

Since dj(s,) is a 2w /n-periodic function, we get the values for 2n/n < ¢ < oo
with the translation

Yo —8(¥) with §() = {W’JQ”

2r | n

In the case of even n, the substitution ¢» = ¢ + w/n yields the distances for
angle ¢ starting from a vertex as shown in Fig.1. In the case of odd n we have
1 = ¢. So we get the following lemma.

Lemma 1. The restrictions dy(s, ) = d(s, d)|e, <s <y, of the distance func-
tion d are given by

d; (5,6 — 8(9)) if n is odd,

d =

k(s,9) dz<57¢+7f5<¢+ ”)) if n is even,
n n

fork=0,...,K, where

2r | n

and dj, according to the formulas (7), (11), (14) and (15) with ay and § according
to (6) and (13), respectively.

5() = {”JZW

3. CHORD LENGTH DISTRIBUTION FUNCTION

So we can write the chord length distribution function (1) in the form

0 if —co<s<¥yp=0,
F(s) =< Hp(s) if €y <s<dlpys for k=0,... K,
1 if £K+1§8<OO,

Hp(s) =1 O with g (s) := /07r [di(s,®) + di(s, ¢+ m)] do.

 2nrsin(r/n)
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With (%) the 27 /n-periodicity of di(s,¢) and (¢) the symmetry of di(s, ) with
respect to the line ¢ = 7/n, for odd and even n, we find

ir(s) = / " [di(s,6) + du(s, &+ m)] do

*

27 /n
| et + oo m) o

27r/n 27_[_
/ [dk(s,(zﬁ)—i-dk(&(b—l-n)} d¢
0 n

27 /n o T/n
[ asodsm [ o).
0 0

Note that this integral formula (together with the piecewise definition of the dis-
tance function) allows us to calculate the distribution function of every regular
polygon in a rather simple way.

The indefinite integral of the function g (see (5)) is given by

Ji(s,¢) = /qk(s,gb)d(b:rcos%sec]%rsingb

o3 o3

*

3

s . km . km
(16) ~3 {(2(;5 + sin 2¢) tan - (2¢ — sin 2¢) cot n} .

In case 1 (see (4)) we get with ag = a(s)

Mk(s)_ o i
W_/o dk(s,¢)d¢+/ak di(s,¢)d¢

w/n
- [Catotor [Can(so-T)u

and with the substitution ¢* = ¢ —7/n

1 (s) = /0 qk(s,¢)d¢+/ Qrt1(s,0") do”

2n k—7/n

™
= Jk(S, Ozk) — Jk(S,O) + Jk+1(570) — Jrt1 <S,Oék — n)
T
= Jr(s,ar) = Jry1 (870% - n) ;

since Ji(s,0) = 0. In case la (see (8)), one finds with ag(s) = 0 and Ji(s,—¢) =

—Ji(s, d)
(s (s ).

Putting Jy(s,0) = 0, this formula can be considered as a special case of the formula
for case 1. In case 2 (see (10)), one easily finds

pr ()
2n

= Jk(s,ak)



8 U. BASEL

and in case 3 (see (12)) with 8 = 3(s), we have

-l / [T ] atsoras

:U / //n ]dK ¢)d¢

:/0 K(s,@ d¢+{/@}( /ﬂ/n }qK-H( ¢ —m/n)de
w/n

- aKqK(s,gb)dqﬁ—i- + ’ ax+1(s,¢") do”
J L))

= Jk(s,ax) — Jr41 (S ag — > + Jr 41 (S B — > + Jry1(5,8) -

The function Ji (see (16)) can be written as

km 2km 2k
Ji(s,¢) = rco&%sec?smd)—# <2¢ ot— — sin(2¢) cscﬂ>
Furthermore, we write both functions ay (see (6)) and 8 (see (13)) in the form

.oa
arcsin — — b
s

with
k k+1 k
(17) CL:Al(k):27‘Sin£Sinu7 b= By(k)= T
n n
for ay, and
s U 1
(18) CL:AQZZTCOSZ%, b=Bg:2<1—n)

for 8. Using some easy algebraic manipulations, one finds

7 _ 2
1J;C (57 arcsin —b) O1(k,a,b) s+ Oz(k, a, b) + O3(k,a,b) A
T

S S

+ O4(k,a b)sarcsmf : hi(s,a,b),
s

where
1 2k 2k
O1(k,a,b) = — csc T (sin(Qb) cse L 9pcot 7T> ,
4r n n n
k 2k
O3 (k,a,b) = a | cosbcot Tgecl - & sin(2b) csc T ese 250 )
(19) n n 2r n n
0 km a 0 2km
O3(k,a,b) = <sm bcot — sec — + — cos(2b) csc — csc ) ,
n n 2r n n
1 2k
O4(k,a,b) = — csc T ot 220
2r n n

In summary, we have proved the following theorem.
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Theorem 1. The chord length distribution function F of the reqular polygon
Pn,r is given by

0 if —oo<s</{y=0,
F(s)=1< Hp(s) if lp<s<Ulpy1 for k=0,..., K,
1 Zf ‘€K+1 <s< oo,
where L
Uy, — 9rsin & , K= {n—QJ
n 2
and
1 — hy(s, A1(k), B1(k)) + hgy1(s, A1(k), By (k) + 7/n)
if (niseven N ke€{0,...,K—1}) V (nisodd A s<MA),
H (S) . 1-— hK(S,A]_(K>7B1(K>) + hKJrl(S,Al(K),Bl(K) + 7T/’I’L>
* —hi1(s, A2, By +m/n) — hi (s, A2, B2)
if misodd N s> A,
1—hgi(s,A1(K),B1(K)) if niseven N k=K
with

T
A\ = 2rcos® — |

A1(k) and Bi(k) according to (17), As and Bs according to (18), and

hi(s,a,B) =4 -
FREYT Sl ek b) Lils,a) i k=1,2,...,

with ©;(k,a,b) according to (19), and

1 2 _ 42
Li(s,a) =s, L2(57a):g, Lg(S,a):%, L4(s,a):sarcsin%.

F' can be written in the form

F(s) = Ho(s) = {(l—ﬂ-cotw> cscﬂ-—i-ﬂ-secﬂls
n n non n | 4r

for0<s<Aifn=3,and 0<s</{;ifn=4,5,.... Note that this is a linear
equation of s (cf.[10, pp. 866-867]).

From [20, p.55, Satz2], it follows that the chord length distribution function
of a regular polygon is a continuous function.

4. POINT DISTANCES

In the following, we consider the distance between two uniformly and indepen-
dently distributed random points within the polygon P, , with perimeter u and

area A
9 . 2m
sin — .

. 1
u=2nrsin—, A= —-nr
n 2 n
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Theorem 2. The density function g of the distance t between two random
points in P, , s given by

2t U o, .
oft) = A[W+A(¢ ) =t)| i tel0,lrs1),
0 Zf tER\[O,EK_H),
where
k—1
¢*(t):ZJ:(£V7£V+1)+Jz(£kat) Zf £k§t<€k+1a k‘:OaaK
v=0
with
Ji(s,t) = Hy (1) — Hy(s),
where

t = hi(t, Ar(k), Ba(k)) + hig (£, A (R), By (k) + 7/n)
if (niseven AN ke{0,...,K—1}) V (nisodd N t <),

t—hi(t, A1(K), B1(K)) 4+ hj 4 (t, A1 (K), By (K) 4+ 7/n)
Hj(t)=q —hjy,(t, Ao, By +7m/n) — hi(t, As, Ba)
+h 1 (N Az, Bo+7/n) + by (A, Az, Bo)

if misodd N t> M\,

t—hi(t,A1(K),B1(K)) if niseven AN k=K

with
0 if k=0V (k#0At=0),

Ri(ta,b) =4 &
k(tab) S Oik,ab) Li(t,a) if kA0 At>0,

=1
2 '
Li(t,a) = R Li(t,a) =Int, Li(t,a) = Vt?—a? —i—aarcsin% )

1
Ly(t,a) = 3 (a V12 — a2 + t* arcsin %) .

Proof. According to Piefke [18, p.130], the density function of the distance is
given by
Qut [
o) =5 [ 5= s,
t

where f is the density function of the chord length. From integral geometry it is

well-known that ,
K+1 A
/ sf(s)ds = Gl
0

u
(see [19, p. 47], [16, p. 94]), hence
L1 A
/ sf(s)ds T
¢

Il
|
|
O\N
»
~
—~
VA
S~—"
[}
Vo)
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Using integration by parts, we have

t

/Otsf(s)ds:sF(S) _/OtF<5>d3:tF(t)—/OtF(s)ds_

0

Therefore, we obtain
g(t) = % {w % <t/OtF(s)ds)] - % [er%(gb*(t) —t)}

d*(t) = ; F(s)ds.

For ¢, <t < lp41, k=0,..., K, this yields

with

k—1 Lot t
() = H,(s)d H d
& (1) 2_3/@ (@as+ | Hio)as

(in case k = 0, the sum is empty). With
HE(t) = / Ho@®)dt wnd  J:(s,t) = HX(8) — Hi(s)

it follows that

k—1
¢*(t) = > [Hy(ir) — Hi(6,)] + Hi (1) — H(4)
v=0
k—1
= Z J:(gmgu-‘rl) + Jg(ekat) .
v=0

Furthermore, if kK # 0 and ¢t > 0,

4
i (t, a,b) == /hk(t,a,b) dt = Z@i(k,a,b)/Li(t,a) dt
1

i=

0;(k,a,b) L} (t,a)

-

Il
-

?

with the indefinite integrals

t2 1
Li(t,a) = /tdtz;, L;(t,a):/gdt:lnt,

2 _ 42
Lita) = /Lt“dt:

L a
t2 — a? + g arcsin n

11
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(see [6, p. 48, Eq. 217]) and using integration by parts,
Li(t,a) = /L4(t, a)dt = /tarcsin% dt
-1 t2arcsing+a/4 dt
2 t V2 — o2
1
=3 (t2 arcsin% +avt?— a2) .
For odd n, the function
Hi (1) if t<\,
Hi(t) = R :
Hi o(t) if t> A
with
H;(, l(t) =1t- h*K(t7 A1<k)7 Bl(k)) + h%+1(t’ Al(K)7 Bl(K) + 7T/7’L) )
Hi 5(t) :=t = hi(t, A1 (K), Bi(K)) + hic 1 (t, A1 (K), By(K) 4 7/n)
- h}(+1(t7 A27 BQ + 7T/TL) - >kK+1(ta A2a BQ)
is not continuous in ¢ = A. This causes a false result when calculating the integral
Jr(lr,A) = Hig(A) — Hy (€k ) -
In order to avoid this problem (and unnecessary case distinctions), we define
Hie o(t) = Hpe o(t) = Hie o(A) + Hg 1(A)
= Hie o(t) + P 1 (A, Ao, Bo +7/n) + hic 4 (A, Az, Ba)

and put
Hy () if t<A,
Hi(t) == _
Hy o(t) if t> A,
so that Hj is now a continuous function. This completes the proof. O

Corollary 1. The distribution function G of the distance t between two random
points in Py, s given by

0 if —oo<s<0,
1 2u 2u .
G(t): A|:t2 <7T_3At)+A¢h(t):| if 0<t<{lii1,
1 if t>0kq1
with
k—1
() = Ky(lysr) + Ki(t) if Ly <t<lpp, k=0,... K,
v=0
where
1 k—1
Ki(t) = 3 (t2 — gi) (Z Jr(ly, lyy1) — H,f(ﬁk)> + J,i(fk,t)
v=0
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with Ji; and H} according to Theorem 2 and

Ji(s,t) = H{(t) — Hi(s),

where
t3
3~ Pt Ar(R), Bi(k)) + by (8, A1 (), Bi() +7/m)
if (niseven N ke{0,...,K—1}) V (nisodd N t <),
43
5 = Wt AL (), Bu() + B 8, Au(K), By (K) + /)
H]i(t) = _hI}(+1(t7A2)B2+7T/n) _hi(+1(t7A27B2)

t2
+ 5 [h*K+1()‘? AQ, B2 + 7T/TL) + h?(+1()\, AQ, Bg)]

if misodd N t> A\,
t3
g—th(t,Al(K),Bl(K)) if niseven N k=K

with hy y from Theorem 2, and

0 if k=0V (k£0At=0),
RE(t,a,b) = { &
e(ta.0) S0k a,b) Litoa) if k#£0AE>0,
1=1
2

t
Li(t,a) = Lg(t,a):Z(QInt—l),

t4

8 )

1

Li(t,a) = 5 (¢ - a)*” 4 g (a\/t2 " a2+ arcsin %) ,
115

Li(t,a) =3 [; G a2)3/2 + a® /12 — a2 + t* arcsin ﬂ .

Proof. For 0 <t < {xy1, one gets
¢ Yo 2ur? 2ur [T
G(t) = /0 Q(T)dT:/O (A 12 +F | F(S)ds) dr
2 2utd  2u [* T
=T == F
1 3A2+A2AT</0 (s)ds)dT

2 2ut®  2u (7 11,5 2u 2u
= — — — * = — _ — _ h
1 s34zt A2/0 T¢*(T)dr i {t <7r A t) + ¢ (t)]

with

P (t) ::/0 s¢*(s)ds.
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It remains to calculate qﬁh(t). For ¢, <t <{lyy1,k=0,...,K, we have

Lp t
Gi(1) = / 56 (5)ds + / s6*(s) ds
k—1

¢
i1 t
:Z/@, s¢ (s)ds—&—/gksqb (s)ds

v=0

t t k—1
/ 5¢*(s)ds = / s (Z Iy, lygr) + Jp (U, s)) ds
lr A

v=0

t
:ZJ Ly, ly,11) / sds+/ sJg (L, s)ds

Ly

with

= ;J:(fu,ﬁyﬂ)/asds—&—/ s[H}(s) — Hj(0)]ds

Ly
k—1 t t
= (ZJ:(ZV,K,,H)—H;(@)) / sd8—|—/ sH(s)ds.
v=0 Ly Ly
Putting

HE(t) = /e sHi(s)ds and Ji(s,t) = Hi(t) — H(s),

it follows that

t 1

/ s¢*(s)ds = - (2 — 2) ZJ* (G boin) — HE(OL) | + HE() — HE(0))
I 2

- —EQ (ZJ éy,ﬁu_i_l HZ(K}J) + Jg(ﬁk,t) =: Kk(t)

and hence
k—1
:ZKV(€V+1)+Kk(t)7 ék St<£k+17 k:077K
v=0

If £ #0and t > 0, one finds
4

hi(t,a,b) = /th;’;(t,a, b) dt = Z@i(k,a,b)/th‘(t,a) dt

i=1
4
= > 0i(k,a,b) Li(t,a)
i=1
with the indefinite integrals

t3 t4 t2
Li(t,a):/gdt:§, Lg(t,a):/tlntdt:Z(ant—l)
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and
1
Li(t,a) = /tLZ(La) dt = 3 /t (a\/ 2 — a2 + t* arcsin %) dt
1
=5 <a/t\/t2 — a? dt—i—/tgarcsin% dt)
with

1 -
/t VE—adt= g (1 - a?)** (6, p. 47, Bq. 214].

Using integration by parts, we find

/t3 arcsin 4 dt = 1 t* arcsin 4 + a/ L dt
15 i e )

Since t > a > 0 in the present cases,

/\%d’f:/\%‘“

and

(2 —a®)** + a2 \2—a? [6, p. 48, Eq. 223].

1
L P
/\/t27a2 3

This yields

Li(t,a) =

5 .
[a (t2 - a2)3/2 +a® V2 — a2 + t* arcsin ﬂ .
Furthermore,

Li(t,a) = /t\/ —a2dt+a/tarcsin%dt
1
=3 (t* - )3/2 (a\/ t2 — a2 + t? arcsin t)
(see the calculations of Li(t,a) and Li(t,a)). O

5. EXAMPLES

Fig. 3 shows examples of chord length distribution functions F'.
As special case of Theorem 2, the distance density function for an equilateral
triangle Ps , with circumscribed circle of radius r is given by
2t
Tl (o) —0)| it te(0,v3r),
gty =4 4 A
0 if teR\[0,v37)

w1thu—3\/§r A—4\/§r and
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Figure 3. F for P7 1 (thick), Pg 1 (dashed) and circle of radius r = 1 (thin).

(3v3+2m)t? 3r
Awve e if < o
367 b 0st<4,
2 2
3 3r r 1 T\t
=< 2 tqf1- () - 2= )=
#(t) 2 (2t) 2 +<4\/§ 9)7‘
3r 2 3r 3r
— 4+ — sin — if —< .
+<2—|—3r>arc51n2t 1 2_t<\/§r

Fig. 4 shows the function r x g(t) for Ps , and some other examples.
For the expectation of the distance for Ps , one finds

V3r 3r/2 V3r
E[t]:/o tg(t)dt = (/0 +/3/2 >tg(t)dt

= 5 (27— 90VB 426 V) + 1o (~ 27+ 94V3 - 26 V3
+V3In27) = \g’)r (44 3Wn3).

Since the side length a of Ps . is equal to V37, we get

a 3a (1 1
E[t] = % (4+3In3) = 5<3+4ln3>.

This is the result from [19, p. 49].
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Figure 4. rxg(t) for P3 , (thick and dashed), P4, (thin), Pio,, (thick) and circle of radius r
(thin and dashed).

For the square Py, ,, the side length is equal to V2r. For a = 1, a calculation
using Mathematica yields the expected distance E[t] = 0.5214054331.... This
result can be found in [9, p.479]. It also follows from [3, p.13] and [7].

Acknowledgement. I wish to thank Lothar Heinrich (University of Augsburg)
for bringing Piefke’s paper to my attention and the anonymous referee for careful
reading and valuable advice.
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