DEGENERATE MONGE-TYPE HYPERSURFACES

D. N. PHAM

ABSTRACT. In this note, we extend the notion of a Monge hypersurface from its roots in a semi-
Euclidean space to more general spaces. For the degenerate case, the geometry of these structures is
studied using the Bejancu-Duggal method of screen distributions.

1. INTRODUCTION

Semi-Riemannian geometry is a well established branch of mathematics. By comparison, the theory
of lightlike manifolds is still relatively new and less developed. If (M,g) is a semi-Riemannian
manifold and (M, g) is a semi-Riemannian submanifold of (M, g), the key to relating the geometry
on M with that of M is the fact that the tangent bundle of M splits as

TM|y =TM & NM,

where T'M and N M, respectively, are the tangent bundle and normal bundle of M. In lightlike
geometry, this decomposition is no longer possible since a degenerate metric produces a non-empty
intersection between T'M and N M.

Lightlike submanifolds arise naturally in semi-Riemannian geometry as well as physics. In semi-
Riemannian geometry, the metric tensor is indefinite. Consequently, there is no assurance that
the induced metric on any given submanifold will remain non-degenerate. In general relativity,
lightlike submanifolds model various types of horizons [1], [14], [15].
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To deal with the problems posed by lightlike submanifolds', Bejancu and Duggal introduced
the notion of screen distributions in [6], which provides a direct sum decomposition of TM with
certain nice properties. With a choice of a screen distribution, one can induce geometric objects
on a lightlike submanifold in a manner which is analogous to what is done in the classical theory
of submanifolds.

For any developing theory of mathematics, examples clearly play an important role in testing
ideas, developing concepts, and shaping the overall theory. For the field of lightlike geometry, a
number of instructive examples have come in the form of a Monge hypersurface. In addition to
being a source of examples for the field, Monge hypersurfaces are also interesting geometric objects
in their own right [4], [5], [10], [6]. As defined in [6], [10], a Monge hypersurface lives in semi-
Euclidean space, which places limitations on their geometry. In this note, we extend the notion of
a Monge hypersurface from its roots in semi-Euclidean space to more general spaces. These new
structures, which we call Monge-type hypersurfaces, allow for more general geometries, and could,
in time, be a source of new and interesting examples of lightlike hypersurfaces.

The rest of the paper is organized as follows. In Section 2, we review the method of screen
distributions introduced by Bejancu and Duggal in [6]. In Section 3, we develop the basic theory
of Monge-type hypersurfaces as it pertains to lightlike geometry. Lastly, in Section 4, we conclude
the paper with some basic examples.

2. PRELIMINARIES

In this section, we review the Bejancu-Duggal approach to lightlike geometry [10], [6]. We begin
with the following definition

IFor an alternate approach to lightlike geometry, see [12], [13].



Definition 2.1. An r-lightlike (or degenerate) manifold (M, g) is a smooth manifold M with
a degenerate metric g, which satisfies the following conditions:

1. The radical space
(2.1) RadT,M :={u e T,M | g(u,v) =0Vv € T,M}

has dimension r > 0 for all p € M,
2. The distribution defined via p — Rad T}, M is smooth.

Definition 2.2. Let (M,g) be a semi-Riemannian manifold. A submanifold M of M is a
lightlike submanifold if (M, g) is a lightlike manifold, where g is the induced metric on M.

Hence, the fibers of Rad T'M are

(2.2) Rad T, M = T,M N T,M*,
where
(2.3) T,M* = {u € T,M | g(u,v) =0 Vo € T,M}.

Since dim Rad T, M > 0, TM|ys does not decompose as the direct sum of TM and TM=*. Conse-
quently, the classical Gauss-Weingarten formulas breakdown for lightlike submanifolds. As a way
to remedy this problem, Bejancu and Duggal [6] introduced the notion of screen distributions.
We now review this approach for the special case when (M, g) is a lightlike hypersurface, that is,
a lightlike submanifold of codimension 1 in (H, 7). Notice that this implies that TM* is a line
bundle and TM+ C TM. By (2.2), we have

(2.4) RadTM = TM*.
A screen distribution S(TM) is any smooth vector bundle for which

(2.5) TM = S(TM) e TM*.



Notice that (2.5) implies that g is non-degenerate on S(T'M). The fundamental result of [6] for
the case of lightlike hypersurfaces can be stated as follows

Theorem 2.3. Let (M,g) be a semi-Riemannian manifold and let (M, g) be a lightlike hyper-
surface of M. For each screen distribution S(TM), there exists a unique line bundle tr(TM) which
satisfies the following conditions:

(i) TM|y =TM @ tr(TM)

(ii) given a non-vanishing local section & of TM* which is defined on a neighborhood U of

p € M, there exists a unique, non-vanishing local section N¢ of tr(T'M) defined on a neigh-
borhood U' C U of p such that

(a) g(§, Ne) =1
(b) g(Ne, Ne) =0
(c) g(W,Ne) =0 for al W € T(S(TM)|u).

The line bundle tr(T'M) appearing in Theorem 2.3 is called the lightlike transversal bundle. Ex-
plicitly, tr(T'M) is constructed as follows. Let F' be any vector bundle for which

(2.6) FOoTM* =S(TM)*.

Notice that F' is necessarily a line bundle. For all p € M, choose a non-vanishing local section &
of TM+ and a non-vanishing local section V of F which are both defined on a neighborhood U of
p. Since g is non-degenerate on S(T'M), it follows that

(2.7) TM|y = S(TM) @ S(TM)*.
This implies
9(& V) #0



on U. The local section V¢ in Theorem 2.3 is then given by

I 3V, V)
(28) Ne =227y (V g V) 5) :

It can be shown that the 1-dimensional space spanned by NN is independent of the choice of £ or
the bundle F'. Hence, N¢ determines a rank 1 distribution, which in turn defines the line bundle
tr(TM).

Using the decomposition of Theorem 2.3, one obtains a modified version of the Gauss-Weingarten
formulas for lightlike hypersurfaces:

(2.9) VxY =VxY +h(X,Y)
(2.10) VxV =—-AyX + VLV

for all X,Y € I'(TM) and V € I'(tr(TM)), where

(i) V is the Levi-Civita connection on (M, g)
(it) VxY and Ay X belong to I'(T'M)
(iii) ~(X,Y) and V4V belong to I'(tr(T'M)).
It follows from (2.9) that V is a connection on M and h is a I'(tr(7TM))-valued C>°(M)-bilinear
form. In addition, a direct verification shows that V is torsion-free and h is symmetric. In (2.10),
Ay is a C°°(M)-linear operator on I'(T'M) and V' is a connection on tr(T'M). As in the classical
submanifold theory, h is called the second fundamental tensor, and Ay is the shape operator of M

in M. Lastly, the second fundamental form B associated with a local section & of TM* is defined
by

(2.11) Be(X,Y) = 5(VxY,€).



It follows from this definition that
(2.12) h(X,Y) = Be(X,Y)Ne.

The primary shortcoming of this approach is that some (not all) of the induced geometric objects
on (M, g) are dependent on the choice of S(T'M). Hence, the search for spaces with canonical or
unique screen distributions has been an area of research for this approach [7], [8], [9], [2], [3].
Fortunately, this framework does contain objects which are independent of the choice of a screen
distribution. Consequently, these objects provide the aforementioned theory with well-defined
invariants. We conclude this section by recalling some of these invariants.

Definition 2.4. Let (M, g) be a lightlike hypersurface with the screen distribution S(7'M) and
let B¢ denote the second fundamental form associated with a local section & of TM+. Then (M, g)
is

(i) totally geodesic if B =0

(ii) totally umbilical if B¢ = pg for a smooth function p

(i) minimal if

n
Z iBe(E;i, E;) = 0,
i=1
where E;, i = 1,...,n is any orthonormal local frame of S(T'M), and ¢, := g(E;, E;) €

{~1,1}.

Full Screen Remark 2.5. Since B is given by (2.11), statements (i) and (ii) of the above definition are clearly
independent of the choice of a screen distribution. Although not quite as apparent, statement (iii)
of the above definition is independent of both the choice of orthonormal frame and the choice of a
screen distribution. In addition, notice that if ¢’ is another local section of TM+ (defined on the
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same open set as &), then
(2.13) B¢ = \Bg,

for a smooth non-vanishing function \. Hence, (i)—(iii) are also independent of the choice of local
section &.

3. MONGE-TYPE HYPERSURFACES

We begin with the following definition.

Definition 3.1. A Monge-type hypersurface (M, g) and its ambient space (M,g) are generated
by a triple (M, g, F), where

(1) (J\//_T ,§) is a semi-Riemannian manifold, and
(ii) F: M — R is a smooth function.

The ambient space (M, g) is the semi-Riemannian manifold defined by
M:=RxM
7= —dz® @ dz® + 7*,
where 7: M — M is _the natural projection map and ai is the natural coordinate associated with
the R-component of M. (M, g) is the hypersuface in (M,g) defined by
M= {(t,p) e M | t=F(p)}
g:=1"g,

where i: M < M is the inclusion map. The triple (Z/\/I\ , g, F) is a Monge-type generator.
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Remark 3.2. Let R} denote an (n + 1)-dimensional semi-Euclidean space with index k — 1,
that is, the space R™t! with the metric

k—1 n+1
7 o= —de’@dx’ + Zd:pj ® da’.
i=1 j=k

If M in Definition 3.1 is an open submanifold of R (with the induced metric), then (M, g)
coincides with the definition given in [6] for a Monge hypersurface.

Definition 3.3. A Monge-type generator is degenerate if its associated Monge-type hypersur-
face is degenerate.

Theorem 3.4. Let (]/\/I\ , 0, F) be a Monge-type generator. Then the associated Monge-type

o~ ~

hypersurface is lightlike iff g(&,&) = 1, where E is the gradient of F with respect to g.
Proof. Let (M,g) and (M, g) be defined as in Definition 3.1. Set

(3.1) G:=Forn—2°

(3.2) § == grad; G,

where 7: M — M is the projection map and grad; G is the gradient of G with respect to g. Since
M = G~1(0), it follows that ¢ is normal to M. Hence, M is lightlike iff

(3.3) 9(§,€) =0.
Let 5 1 denote the unique lift of 5 to M. Then
(3.4) £= @ + &5



Theorem 3.4 then follows from the fact that

(3.5) 9(6,6) = —1+5(EL, &) = -1 +3(E, §).
O

Remark 3.5. Let (]\//T , 3, F) be a Monge-type generator and (M, g) its associated ambient space.

X

If X is any vector field on M, we will denote its unique lift to M by Xy, that is, if
m: M =R
T M — M
are the natural projection maps, then
T+ X7, =0
Tox X1, = X.
To simplify notation in some places, we will not distinguish between X; and X.

From the proof of Theorem 3.4, we have the following corollaries

Corollary 3.6. Let (]/\/I\, 9, F) be a Monge-type generator and let (M,g) and (M, g) be defined
as in Definition 3.1. Then

6' +ZL7

920

is mormal to M, where § := gradg F'.

Corollary 3.7. Let (]\//.7 ,0, F) be a Monge-type generator. If the associated Monge-type hyper-
surface is degenerate in the sense of Definition 2.1, then M cannot be compact.



Proof. Let E = grad; F. If M is compact, then F' must have a critical point somewhere on M.
Hence, E must vanish at some point. The statement of the corollary now follows from Theorem
3.4. O

Corollary 3.8. Let (M,g) be a Monge hypersurface with generator (U,7, F), that is, U is an
open submanifold of Ry* Y and 7 is the induced metric. Then (M, g) is lightlike iff

k—1 2 n+1 2
oF oF
=1 j=k

Proof. Let 2 denote the gradient of F' with respect to 7. Then

S~ OF 0 RROF 9
L~ Pzt Ozt 4~ OxI OxI
i=1 Jj=k

(3.6) £=-

For v € T,R*+! ~ R*+1
k—1 n+1

(3.7) (v,0) = = (') + ) (%)%

i=1 j=k
The corollary now follows from Theorem 3.4. O
Go back The following is an immediate consequence of Definition 3.1.
Lemma 3.9. Let (M,g) be an (n + 1)-dimensional Monge-type hypersurface with generator
(M,g,F). Forpe M and (U,z") a coordinate neighborhood of p, the vector fields
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make up a local frame on M in a neighborhood of (F(p),p).

Theorem 3.10. Let (]/W\ .9, F) be a generator with the ambient space (M,g) and Monge-type
hypersurface (M, g). In addition, let V be the Levi-Civita connection on M and let £ be defined as
in Corollary 3.6. Then the second fundamental form B¢ of M satisfies

(3.8) Be(X,Y) = — Hess(F)(m, X, m,Y),

for all X, Y € T(T'M), where Hess(F') is the Hessian of F in (Z/\/l\, 9).
Proof. By definition,

(3.9) Be(X,Y) :=g(VxY,§) = —5(¥, Vx9).

Let ¢ € M C M and let (U, z%) be a coordinate neighborhood of 7(g) in M. Since Be is C*(M)-
bilinear, it suffices to show that
(3.10) Be(ei,ej) = —Hess(F)(mye;, m4€5),

where {e;} is the local frame on M in Lemma 3.9 associated with (U, z%). Consider the coordinate
system (R x U, (z°, %)) of ¢ in M. In this coordinate system, the coefficients of g and g are related
via

(311) gij = /g\ijv 7’7.] >0

(3.12) Go; =0, i >0

(3.13) Too = —1.

Let V be the Levi-Civita connection on (J\//f ,G). Then (3.11)—(3.13) implies
0?°F 0

(3:14) Veils = gaigw 500 T (V2:05)



where

0

0; = pyt

Hence,
= 0PF _ ([

(3.15) g (Veiej,€) = 327557 9(00,:6) +7 ((Vaiaj)L aﬁ)

0’F P S
(3.16) = ~oziom 9 (Vaiaj,ﬁ)

0’F =
(3.17) =~ +dF (vaiaj)
(3.18) = — Hess(F)(9;,9;)
(3.19) = — Hess(F)(m.e;, mv€;)
where the third to last equality follows from the definition of 5 in Theorem 3.4. O

Corollary 3.11. Let (M, g) be a Monge-type hypersurface with generator (J/V.T .9, F) and ambient
space (M,g). Then M is totally geodesic iff Hess(F) =0 on M.

In terms of its generator, the following gives a necessary and sufficient condition for a Monge-type
hypersurface to be totally umbilical.

Theorem 3.12. Let (M, g) be a Monge-type hypersurface with genemtor(]\//f , g, F) and ambient
space (M, g). Then M is totally umbilical in M iff for all p € M, there exists a neighborhood U of
p and a smooth function p € C=°(U) such that

Hess(F) = p(dF ® dF —3)



on U.

Proof. Let € be defined as in Corollary 3.6, let ¢ € M be any point, let (U, 2%) be a coordinate
neighborhood of 7(g) in M , where 7 is the projection map from M to M , and let {e;} be the local
frame on M from Lemma 3.9 associated with (U, 2°). From Theorem 3.10, the condition that M
is totally umbilical is equivalent to

(3.20) Hess(F)(mye;, msej) = —pg(e;, ;)

for some smooth function p defined on a neighborhood

(3.21) Vcr i U)nM

of ¢ in M. Let p be the smooth function on the open set w(V') C M defined by
(3.22) p=pom.

Expanding the right side of (3.20) gives

(3.23) —pg(es, e;) = —pg(es, e;)

(3.24) —pg(ei,e;) = ,3( 8F 8F —I—g((?“(? ))

(3.25) —pg(e;, e;) (6951 507 9(0;, 0 ))

where it is understood that if the left side of (3.25) is evaluated at p € V, the right side is evaluated
at w(p). Since m.e; = 0; and
oF

(3.26) dF(8:) = 5,



we have
(3.27) Hess(F) = p(dF @ dF —9)
on (V). This completes the proof. O

Corollary 3.13. Let M be a Monge hypersurface of RLH'Q with generator (fj, n,F). Then M
is totally umbilical iff there exists a smooth function p on U such that

O0*F ,\<8F oF

) pwiowi — P \9ai 97 ~ M

>, 1<i,j<n+l.

Theorem 3.14. Fvery degenerate Monge-type hypersurface has a canonical screen distribution
which is integrable. If (M,g, F) is a lightlike generator with ambient space (M,g), the lightlike
transversal line bundle associated with the canonical screen is spanned by

1/ 0 -~
Ne=—3 (ﬁ_&>’
where E:: grads F'. In addition, the vector field N¢ satisfies g(§, Ne) = 1.
Proof. Let (M, g) be a degenerate Monge-type hypersurface with generator (]/\/[\ , g, F) and am-

bient space (M,3). Let

0 _
(3.29) V=75 eTN(TM)

and let € be defined as in Corollary 3.6. The canonical screen distribution is then defined by setting

(3.30) S(TM) = (Le ® Lv)*,



where £ and Ly are the line bundles over M with sections &|ys and V|, respectively. Since
(3.31) TM =Lz,

it follows that S(T'M) C TM. In addition, since

(3.32) gEev) =1,

it follows that g is non-degenerate on S(7'M). Hence, &, ¢ S(T'M), for all p € M. This implies
(3.33) TM = S(TM) e TM*.

From (2.8), the lightlike transversal line bundle tr(7'M) associated with S(T'M) is spanned by the
vector field

10 =~
(3.34) Ne=—3 (@ - 5L> .

The fact that g(&, N¢) =1 is a consequence of Theorem 2.3.
To show that S(T'M) is integrable, notice from the definition of V' and g that

(3.35) gW,V)=0+= Wz"=0

for all W € T(TM). Let X,Y € I'(S(TM)). From the definition of S(T'M), it follows that

(3.36) [X,Y]2? = X(Y2°) — Y (X2°) = X(0) — Y(0) = 0.

Hence [X,Y] € L. Lastly, since X,Y are vector fields on M, so is [X,Y]. Hence, [X,Y] € Eé‘.
This completes the proof. O

Regarding minimal Monge-type hypersurfaces, we have the following result.



Theorem 3.15. Let (Z\//T , 9, F) be a degenerate Monge-type generator. The associated Monge-
type hypersurface (M, g) is minimal iff for all p € M, there exists a neighborhood U of p and an
orthonormal frame {E;} of the kernel of dF|5 such that

(3.37) > " eiHess(F)(E;, E;) = 0,
=1

where £; = §(E;, B;) € {~1,1} and n = dim M — 1.

Proof. Let S(T' M) be the canonical screen distribution on (M, g) and let (M,g) be the ambient

space associated with (Z/\/I\ , g, F). In addition, let & be the null vector field tangent to M given by
Corollary 3.6.

Suppose that (M, g) is minimal. By definition, this means that for all p € M, there exists a
neighborhood U of p and an orthonormal frame {E;}? ; of S(T'M)|y such that

(3.38) > &iBe(Ei, E;) =0,

=1

where ¢; = g(E;, E;). Let 7: M — M be the projection map. If necessary, shrink U so that the
open set U := m(U) is covered by a coordinate system (z7)"*. Let {e; }?:11 be the local frame on

j=1
M associated with (U,z7) (see Lemma 3.9). Then

n+1 n+1 n+1
; OF 0 .0
J— E o, — J-- | = J_= e
§52 b= = hi = i 927 | 520 jz:l Yigpi T lnann



Go back

Full Screen

Close

Quit

for some smooth functions ag, j=1,...,n+1,i=1,...,n. Since F; is a section of S(T'M)|y, we
have g(E;, 9yp) = 0, which is equivalent to

n+1
OF
4 JI— —

(3.40) > ol
Set

n+1

~ )
Q= J_~ -

(3.41) Ez_glaiaxj’ i=1,....n

J:

where E; is regarded as a vector field on U. As a consequence of (3.40), we have
(3.42) E; = (Ey)r,

where (E) 1, is the unique lift of Ez to U. In addition, notice that (3.40) is equivalent to

(3.43) dF(E;) =0, i=1,...,n.
Moreover,
(3.44) 9(E;, Ej) = ﬁ(Ei,Ej) —1e;05h



where §;; = 1 if i = j and zero otherwise. Equation (3.43) shows that E; belongs to the kernel of
dF on U. By Theorem 3.10, we have

Z E5 Hess(F) (Ei, _/E\z) = Z E; HeSS(F) (7['* (-/E\i)La T (EZ)L)
=1 =1

= — Z 5iB€((Ei)L’ (Ez)L)
=i

n
= — Z EiBg (E,, El)
i=1

=0.
For the converse, we use (3.42) to define F; in terms of E This immediately guarantees that
the E; are orthonormal and satisfy
9(E,00) =0
E(E’H 5) = 07

where the last equality follows from the fact that the E belong to the kernel of dF. Hence,
{E;}_, is a local orthonormal frame on S(T'M). Running the above calculation in reverse shows
that (M, g) is minimal. This completes the proof. O

4. EXAMPLES

In this section, two basic examples of degenerate Monge-type hypersurfaces are presented; both
examples are totally umbilical.



Example 4.1. Let (M\ .3, F) be the generator defined by
M = {z e R**! | g > 0}

g:i= W(dw1 ®@dz! + -+ dz"! @ dz" 1)

F :=In(z"™1).

In other words, (]\//T ,g) is an (n + 1)-dimensional hyperbolic space. Let

~ " o
(41) é.:: gradgF = +1w.

Since ?]‘(,;f\, ) = 1, it follows from Theorem 3.4 that the associated Monge-type hypersurface is
lightlike. A direct verification shows that

1 . .

~ e i=j<n+l1

HeSS(F)(ai,aj)= 0 i=j=n+1
0 tFJ

From this it follows easily that
Hess(F) = dF @ dF — 3.

Hence, by Theorem 3.12, the associated Monge-type hypersurface (M, g) is totally umbilical. The
null vector field £ tangent to M (see Corollary 3.6) is
0

0
_ n+1
(4.2) €= 920 +z Py
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Let tr(TM) denote the lightlike transversal bundle associated with the canonical screen (see The-
orem 3.14), and let N¢ denote the unique section of tr(7'M) associated with £ . The induced linear
connection V on (M, g) is then given by

(4.3) VxY =VxY + g(X,Y)N¢

for all X,Y € T'(TM), where V is the Levi-Civita connection on the ambient space (M,g). (Note
that the second fundamental form Be is precisely ¢ in this example.)

Example 4.2. Let (]\/4\ .9, F) be the generator” defined by
M:={(t,r)| —c0o<t<oo, r>R}

—il
§:=—<1—§) dt ® dt + <1—E) dr @ dr
T

r
F .= \/F\/T—R+Rln(\/7_“—|—\/7'—R),

where R > 0 is a constant. A direct verification shows that

r—R O

(4.4) §:=grads F' = .

This shows that §(E, ¢ ) = 1. By Theorem 3.4, the associated Monge-type hypersurface (M, g) is
lightlike. For the Hessian of F', we have

Rvr—R . ;
Hess(F)(8;,0;) ={ ~ om/2 '~ 77
0 otherwise

2The Lorentz manifold (]\7 ,9) is actually a 2-dimensional submanifold of the Schwartzchild spacetime (see [11, pp.

149]).



From this, we have
Hess(F) = p(dF ® dF —9),
where

(4.5) p= f

T2 R

Hence, (M, g) is totally umbilical (in the ambient space (M,q)) by Theorem 3.12.
The null vector field £ tangent to M (see Corollary 3.6) is

(o0, RO
T 920 r  or

Let tr(TM) be the lightlike transversal bundle associated with the canonical screen on M (see
Theorem 3.14). The unique section of tr(T'M) associated with & is then

1( 0 r—R 0
Nf“i(@‘VT@)‘

Using the above information, the induced linear connection on (M, g) is then given by

(4.6) VxY =VxY +pg(X,Y)Ne, VX, Y € (TM).
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