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Abstract

Let A be the class of analytic functions f(z) in the unit disc A =
{z € C: |z| < 1} with the Taylor series expansion about the origin given
by f(z) =z+> 0. s anz", z € A. The focus of this paper is on deriving
upper bounds for the third order Hankel determinant Hs(1) for two new
subclasses of A.

1 Introduction

Let A be the class of functions

f)=z2+) apz" (1)

n=2

which are analytic in A = {z € C: |z] < 1}. A function f € A is respectively
said to be with bounded turning, starlike or convex if and only if for z € A,

Ref'(z) > 0, Rezﬁg) > 0 or Re (1 + Z;,Izg)) > 0. The classes of these

functions are respectively denoted by R,S* and C. For n > 0 and ¢ > 1,
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the ¢" Hankel determinant is defined as follows:

Qnp Ap41 - Ap4q—1
Ap+1 N e
Hym) = | ", : )
An+q—1 s An4-2(q—1)

This determinant has been considered by several authors (see, for example,
[1, 2, 3, 10, 17, 18, 22]). In fact Noor [18] determined the rate of growth of
H,(n) as n — oo for functions f given by (1) with bounded boundary. In
particular, upper bounds for the second Hankel determinant were obtained
by several authors [6, 9, 12, 20, 21] for different classes of analytic functions.
Upper bound on the third Hankel determinant for different classes of functions
has been studied recently [1, 2, 3, 10, 16, 22]. In the present investigation, the
focus is on the third order Hankel determinant Hj(1) for the classes RS and
S8 in A defined as follows:

Definition 1.1. Let f be given by (1). Then f € R? if and only if for any
zeA0<B<L,0<a<],

Re{f'(2) + azf"(2)} > B. (3)

The choice a = 0, 8 = 0 yields Re f'(z) > 0, z € A, defining the class R of
bounded turning [15] while the choice @ = 0, yields Re f'(z) > S [5].

Definition 1.2. Let f be given by (1). Then f € S? if and only if for any
ze€A0<B<1,0<a<],

2f'(z) | 2f"(2) }
Re + a > 3.

{ f(z) f'(z)
The choice @ = 0, 8 = 0 yields Re Z)]:ES) > 0, z € A, defining the class S*
of starlike functions [19] and the choice of & = 0 yields Re Z}J‘CES) >,z € A,
defining the class S*(3) starlike functions of order 8 [19]. Setting n = 1 in
(2), Hs3(1) is given by

ap az as
H3 ( 1) = |a2 as a4
az a4 as

and for f € A,

Hs(1) = as(azaq — ag) — ayq(aq — asas) + as(ag — ag).
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Using the triangle inequality, we have
|H3(1)| < |as||azas — @3] + |aa||azaz — aa| + |as||az — @3- (4)

In obtaining an upper bound for |H3(1)|, the approach used is to first deter-
mine upper bounds for the functionals |agaz — a4l,Jazas — a2| and |ag — a3|.
Furthermore techniques employed in [13, 14] are useful in establishing the
results (see, for example [6, 9, 12, 21]).

2 Preliminary Results

Some preliminary results required in the following sections are now listed.
Let P denote the class of functions

p(z) =1+crz+cp2® 4 - (5)

which are regular in A and satisfy Re p(z) > 0, z € A. Throughout this
paper, we assume that p(z) is given by (5) and f(z) is given by (1). To prove
the main results, the following known Lemmas are required.

Lemma 2.1. [4] Let p € P. Then |ckx| <2, k=1,2,... and the inequality is
sharp.

Lemma 2.2. [13, 1] Let p € P. Then
2 =3 +x(d—cF) (6)

and
des = 3 4 2xc1 (4 — c3) —xPe1(4— )+ 2y(1 — |2)?)(4 — &2) (7)

for some x,y such that |z| <1 and |y| < 1.

3 Main Results

For functions f € R?, Lemma 3.1- Lemma 3.3 give the upper bounds for the
three functionals mentioned earlier while Theorem 3.1 presents an estimate
for |Hs(1)].

Lemma 3.1. Let f € R2. Then

lagas — as] < 28_’_% (8)

Proof. Let f € R?. Then there exists a p such that
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f'(2) +azf"(z) = (1 = P)p(z) + B, p(0) = 1, Re p(z) > 0.
Equating the coefficients, we find that

_al=p _el=-F _al=0F _ al-F
T 2(14a) " 3(1+20) T 4(1430) T 5(1+4a)”

The functional |asas — a4 is given by

lagas — aq| = crea(1 _ﬁ)2 . c3(1—B) (9)
BT+ a)(1+20)  4(1+30)|

Substituting for ¢z and ¢3 from (6) and (7) of Lemma 2.2, we obtain

|a2a3 — a4| =

(1-58)
48(1 + a)(1 + 20)(1 + 30
=3(1 + a)(1 4 2a)(c +2zc1(4 — 3) — 2%cr (4 — 3) + 2y(1 — |=|*) (4 — c%))|

5[40+ 30)(1 = Ber(ef + (4 - o))

=A(a, B) |6} (2a — 3b) — 2c12(4 — ¢1)(3b — a) — 3bx?cy (4 — )
—2y x 3b(1 — [z[*)(4 — c})|

1—
where A(a, 8) = gsrrayrasyiaay ¢ = 2(1+30)(1-8),b = (1+a)(1+2a).
Suppose now that ¢; = ¢. Since |¢| = |e1] < 2, using the Lemma 2.1, we
may assume without restriction that ¢ € [0,2] and on applying the triangle
inequality with p = |z| < 1, we get
lasas — as| <A(a, B) {c*2a — 3b] + 2cp(4 — ) (3b — a) + 3bp*c(4 — ¢?)
+2 x3b(1—p*)(4— )}

—A(a, B) {®|2a — 3b] + 2cp(4 — ) (3b — a) + 3bp* (4 — ) (¢ — 2)
+6b(4 — ¢*)} = F(p).
Next we maximize the function F(p).
F'(p) =A(a, B) {2c(4 — ¢*)(3b— a) + 6bp(4 — ¢*)(c — 2) } (10)
c(3b—a) c(3b—a)

F'(p) = 0 implies p = E—c) Set p* = ICEDR Now 0 < p* < 1. Also we
have F"(p) = A(a, B){6b(4 — ¢*)(c — 2)} < 0, for ¢ < 2. Thus p* is the only
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value in [0, 1] at which F(p) attains a maximum. Hence F(p) < F(p*).Thus
2
F(p) < A(a,ﬁ){c3|2a—3b|+;b(3b—a) (24 ¢) + 6b(4 }
—a)? 2
_ A, 5) {c3{|2a g+ %} 2{[6b— (36% I+ 24b}

F(p) < A(a, B) { Py — ¢?6 + 24b} = G(c)

where v = |2a — 3b| + %,5 = [6b— %]. G’'(c) = 0 implies ¢ = 0 and
at ¢ = 0, G”(c) < 0. Thus, the upper bound of F(p) corresponds to p = p*

and ¢ = 0. Hence |azas — aq4| < % O

Corollary 3.1. Choosing o =0, =0 1in (8), we get |asas —a4| < %
This result coincides with the corresponding result in [3].

Lemma 3.2. Let f € R. Then

(1-p)

(1+2a)? (11)

4
lagay — a§| 3

Proof. Let f € RE. In a manner similar to the proof of Lemma 3.1, we can

derive
‘ ciez(l — 5)2 C%(l - 5)2

8(1+a)(14+3a) 9(1+2a)?
Substituting for ¢z and ¢z from (6) and (7) of Lemma 2.2, we obtain

o ‘ 01(1 — 6)2
~132(1 + @) (1 + 3a)

(12)

(€3 4+ 22c1(4 — ) — 22c1 (4 — ¢F)

1-5)

W[C% + (4 -,

+2y(1 = [o*)(4 = )] -

_ 1-8)°
©288(1 + a) (1 + 2)%(1 + 3«)

—afer(d =) +2(1 = |o) (4 = )]
—8(1+ a)(1+3a)[e} +2*(4 — f)” + 20} (4 - &)

|9¢1(1 + 2a)? (3 4 2xcy (4 — ¢F)
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Let N = (1-p)° a=9(1+2a)2 b=8(1+a)l+3a)

288(14a)(1+2a)?(14+3a) ?
and a —b=9(1 + 2a)? — 8(1 + a)(1 + 3a) = 1 + 1202 + 4a > 0, since o > 0.
lagay —a3| = N |acy [+ 2zc1(4—3) — 2?1 (4 — 3) +2y(1 — |z (4 = 2)]
—b[c‘lL +22(4 — c%)2 + 23:0%(4 — c%)”
=N |c%(a —b)+2zc2(4—cD)(a—b) — 224 — 3)[ac? + b4 — 2)]
+2yacy (1 — |z]?)(4 — cf)’ )
Suppose now that ¢; = ¢. Since |¢| = |e1] < 2, using the Lemma 2.1, we
may assume without restriction that ¢ € [0,2] and on applying the triangle
inequality with p = |z| < 1, we get
lasas — a3| < N {c*(a —b) +2pc*(4 — *)(a — b)
+p%(4 — c?)[P(a — b) — 2ac + 4b] + 2ac(4 — c*)}
=N{c*(a—b)+2pc*(4—c*)(a—b)

+p2(4 — ) (a —b)(c —2)(c — (a2—bb)) + 2ac(4 — 02)} = F(p)
Differentiating F'(p), we get
F/(p) = N4 = )(a =)+ 2004 - &)(a— b)e - De— 2] 20

since a —b > 0, 2b/(a — b) > 2 so that ¢ — 2b/(a —b) < ¢ —2 < 0 and
(c—2)(c— (a{bb)) > 0 for all ¢ € [0,2]. This implies that F(p) is an increasing
function of p on the closed interval [0,1]. Hence F(p) < F(1) for all p € [0,1].
That is,

lasas — aj| < N {c*(a—b) +2¢*(4 — *)(a —b)

2b 2
(aib))+2ac(4—c )}

=N {-2c*(a —b) — 4c*(4b — 3a) + 16b} = G(c).

+(4 = (a—b)(c—2)(c—

G'(c) = 0 implies ¢ = 0 so that at ¢ = 0,G"(c) < 0. Therefore ¢ = 0 is a point
of maximum for G(c¢). Thus, the upper bound of F(p) corresponds to p = 1

4 (1-8)?
< 9 (1+2a)2" O

and ¢ = 0. Hence, |agay — a3

Corollary 3.2. Choosing a =0, =0 in (11), we get |agas — a3| <
This result coincides with [7].

4
g-
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Corollary 3.3. Choosing a = 0 in (11), we get |agas —a3| < 5(1—B)%. This
result coincides with [11].

Lemma 3.3. Let f € R2. Then for 1/3< B <1,

. 20-5)

2
3— 1
a5 = @2l < 305y (13)
Proof. Let f € R?. Then by proceeding as in Lemma 3.1, we have
> e(l-p) ¢l-8)°
— _ 14
@ =)l = 1307 3a) ~ a0 T ) (14)
(1-5)

|(a3 — a2)| = ) B [4(1 + @)%cy — 3(1 4 2a)(1 — B)ci .

14+20)(1+«

Substituting for ¢, from (6) of Lemma 2.2, we obtain

(a3 — a3)]
_1-p a1 B
= ST 3w 2 @l + et = )] =30+ 20001 - B)ed

= M|kic? + k1x(4 — ¢2) — kac?),

where M = 5 Gf— ky = 21+ )2, ky = 3(1 4 2a)(1 — B). Set ¢ =c.
Since |c| = |e1| < 2, using the Lemma 2.1, we may assume without restriction

that ¢ € [0,2] and on applying the triangle inequality with p = |z| < 1, we get
|az — a3| < M[c®|k1 — ka| + kip(4 — )] = F(p).

Differentiating F'(p), we get F'(p) = M|[k1(4 — c*)] > 0, implying that F(p) is
an increasing function of p on a closed interval [0,1]. Hence F(p) < F(1) for
all p € [0,1]. That is,

(a3 — a3)] < MIClky — k| + k1 (4 — )] = G(0).

By hypothesis, 3 > 1/3 and hence k; — ko = 202 — 2a— 1+ 33(1 + 2a) > 2a2.
Hence G(c) = M[4ky — *ks], G'(c) = —2Mkac and G”(c) = —2Mks,. Since
¢ € ]0,2], it follows that G(c) attains the maximum at ¢ = 0. Thus, the upper

bound of F(p) corresponds to p = 1 and ¢ = 0. Hence |a3 — a3| < M[4k;] =

2(1-p)
3(142a) * O
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Corollary 3.4. Choosing a = 0 in (13), we get |ag — a3| < 2(1 — ). This
result coincides with [10], for 1/3 < 8 < 1.

Remark 3.1. Let f € RZ. By Lemma 2.1, we have

|CL |_ ( 5) < 2(1_ﬂ)
T3+ 2a)| T 3(1+2a)
|a4| 03(1_ﬁ) (1_5)
41+ 3a)| ~ 2(1 +3a)’
0] = al-pF|_ 20-7)
51+ 4a)| T 5(1 4 4a)

Using the above results, the upper bound for |H3(1)| , f € RS is immediately
obtained.

Theorem 3.1. Let f € R?. Then for 1/3 <3 <1,

8(1—p)° (1-p) A1 - )

| H5(1 )|_27(1+2a) +4(1+3a)2 15(1 4 20)(1 4 40)°

In the following results, with similar approach and technique, an upper
bound for |H3(1)| is attained for f € S2. As before, we first derive estimates
for the functionals |asaz — a4l, |agas — a3| and |az — a3|. Their estimates are
given in Lemmas 3.4, 3.5, and 3.6.

Lemma 3.4. Let f € S?. Then

lasas — aq| < M
2= 3(1 1 4a)
Proof. Let f € S?. Then there exists a p € P such that

2f'(2) +az?f"(2) = [(1 = B)p(2) + Bl f(2),

for some z € A. Equating the coefficients, we have

o= d=8 -8 (1 -p)?
T 1420 7 T 2(1430) | 2(1+2a)(1+3a)’
_a(1-5) c162(3 + 8a)(1 — B)? i1 - B)°

“ T30 +4a) T 6(1+2a)(1 +3a)(1+4a) | 6(1+20)(1 +3a)(1 + 4a)’
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and
_ (1 -p)* (1 -8)?
% = 941+ 2a)(1 + 30)(1 + 4a)(1 + 5a) | 8(1+ 3a)(1 + 5a)
n c2ea(1 — B)3(20a + 6) cie3(1 — B)%(4 + 14a)
24(1 + 2a)(1 + 3a)(1 + 4a)(1 + 5a) | 12(1 + 2a)(1 + 4a)(1 + 5ar)
L, all=ph)
4(1+5a)

Thus, we have

(1-5)
6(1+2a)%2(1+ 3a)(1 4+ 4a)
+2¢}(1 = B)*(1 + 5ar) — 2¢3(1 + 2a)*(1 + 3a) |

|a2a3 - a4| =

|crea(1 — B)da(l + 2a) (16)

Substituting for ¢y and ¢3 from (6) and (7) of Lemma 2.2, we have

|a2a3 - a4|

— B(a, ) da(l+2a)(1 — B)ey

2

(cf +x(4—c}))

(1 — B2(1 4+ 5a) 2(1 + 2a)42(1 + 3a)

—a?er(4 = cf) + 2y(1 — J2*) (4 = D)
T3 9

= B(x, B) ‘rlci’ +rociz(4 — c2) + 22 ci(4—ct) — %y(l — |z|?)(4 — )],

[c‘;’ +2xc1(4 — c%)

where

(1-5)
6(1 + 20)2(1 + 3a)(1 + 4a)’

B(a, ) =

r = 2a(1 +2a)(1 = B) +2(1 — B)%(1 + 5a) — (1+ 2a);(1 - 3a)’

re = 2a(1 + 2a)(1 — ) — (1 + 2a)?(1 + 3a), 73 = (1 + 22)*(1 + 3a).

Suppose now that ¢; = ¢. Since |¢| = |¢1] < 2, using the Lemma 2.1, we
may assume without restriction that ¢ € [0,2] and on applying the triangle
inequality with p = |z| < 1, we get,

lasas — aq]
,
< B(a, B){Ir1lc® + |ralpe(4 — ) + 53,026(4 — ) +r3(4— %) —r3p’(4— )}

= Bla, H){Irile’ + Iralpe(4 — ¢*) + %3,02(0 =2)(4 =) +r3(4 =)} = Flp).



BOUNDS ON THE THIRD ORDER HANKEL DETERMINANT FOR CERTAIN
SUBCLASSES OF ANALYTIC FUNCTIONS 208

Next we maximize the function F(p). Differentiating F'(p), we get
F'(p) = B(a, B)[|r2le(4 — ¢) + r3p(4 — ¢*)(c — 2)].

F'(p) = 0 implies p = TS‘(;LCC). Set p* = TS‘(TQQLCC). Now, 0 < p* < 1. Also we

have F”(p) = B(a, B)r3(4 — ¢?)(c — 2) < 0. Thus p* is the only value in [0, 1]
at which F(p) attains maximum. Hence F(p) < F(p*).Thus

Flp) < Blaw B)[Ira)é* + 2C 2+
27‘3

= B(a, B)[c*y — 6 + 4r3] = G(e),

+ 4r3 — r3c?]

where v = |r| + %, d =ry— % > 0, G'(¢c) = 0 implies ¢ = 0 and at
¢c=0, G"(c) <0. Therefore ¢ = 0 is a point of maximum of G(c). Thus the

upper bound of F(p) corresponds to p = p* and ¢ = 0. Hence |asas — ay4| <

2(1-8)
3(1+4a) O

Corollary 3.5. Choosing a =0, =0 in (15), we get |azaz — as| < 3.

Corollary 3.6. Choosing a =0, in (15), we get

2(1 —
syl < 2020
Lemma 3.5. Let f € S5. Then
1 B)?
—ad?l < ( 1
|a2a4 a3| = (1+3a)2 ( 7)
Proof. Let f € S%. Then by proceeding as in Lemma 3.4, we have
lagay — a3| =
acs(1-6)> &a1-5)7* ci(1 = B)*(1 + 6a)
3(14+2a)(1+4a) 4(143a)?2  12(1 4 2a)?(1 + 3)%(1 + 4a)
_ ctea(l = B)*(20) (18)

12(1 + 20)2(1 + 30)2(1 + 4a)

_ (1-p)?
©48(1 4 2a)2(1 + 3a)2(1 + 4o
—12¢5(1 + 20)*(1 + 4ar) — 4cj (1 — B)*(1 + 60r) — 4(1 — B)2acics| .

) [16(1 + 2a) (1 + 3)*cy 3
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Substituting for ¢y and ¢3 from (6) and (7) of Lemma 2.2, we obtain
|agay — a§| =M |k101 c:f + 2xc1(4 — cf) — x201(4 — cf) +2y(1 — |1:|2)(4 — Cf)}
—kole} + 224 — )% + 223 (4 — )] — ksc} — kacilct + x(4 - c3)],

_ 1-8
where M = 48(1+2a)g(1+?)>a)2(1+4a)7
k1 = 4(1+2a)(1+ 3a)?,k = 3(1 +20)%(1 +4a) , ks = 4(1 — 8)?(1 + 6a) and
k4 = 80[(1 — ﬁ)
\a2a4 — CL%‘ =

M ‘Czll[k'l — ko — k3 — ]{)4] —&—xc%(él — Cl)[Qk‘l — 2ko — k;d - 61(4 — C%)/ﬁ
—m2(4— cl) ko + 2yciki (1 — |x| )(4 —c%)|.

Suppose now that ¢; = ¢. Since |¢| = |¢1| < 2, using the Lemma 2.1, we may
assume without restriction that ¢ € [0,2] and on applying triangle inequality
with p = |z| < 1, we obtain

\a2a4 — a%\ <M {C4|k‘1 — ko — k3 — k4‘ + ,062(4 — 02)|2k‘1 — 2ky — k4‘
+p°(4 = ) (* (k1 — ka) — 2cky + 4ks) + 2cki (4 — 2)}
=M {C4|k1 - kg — kg — k4‘ + p62(4 - 62)|2]€1 - 2](32 - k4‘

+p2(4 — ) (ky — k) (c — 2)(c — kfﬁng) + 2cky1(4 — 02)} = F(p).

Differentiating F'(p), we get
F'(p) = M[c*(4 — ¢*)|2k1 — 2ko — ky]
2ko

+2p(4 — ) (k1 — ka)(c — 2)(c — U —Fa)

since 2ko/ (k1 — ka) > 2 so that ¢ — 2ko/(k1 — k2) < c—2 < 0 and k1 — ko =
(1 +2a)(36a% +12a+ 1) > 0 as a > 0, and so (¢ — 2)(c — % > 0 for
all ¢ € [0,2]. This implies that F(p) is an increasing function of p on a closed
interval [0,1]. Hence F(p) < F(1) for all p € [0, 1]. That is,

F(p)

<M {C4|k‘1 — ko — k3 — k4| + (4 — 02)[02‘2]€1 — 2ky — k4| + (CQ(kl — k'Q) —+ 4]€2)]}
=M {[c*[|k1 — ko — k3 — ka| — (|2k1 — 2ko — ku| — (k1 — k2))]

—C [4]{32 — (|2k1 — 2](12 — k4| — 4(k1 - kz))] + 16]432} = G(C)

) >0,

G'(c) = 0 implies ¢ = 0 so that at ¢ = 0, G"(¢) < 0. Therefore ¢ = 0 is a point
of maximum for G(¢). Thus the upper bound of F(p) corresponds to p = 1

B 2
and ¢ = 0. Hence |azay — a3| < 1+3a)) -
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Corollary 3.7. Choosing a =0, 3 =0 in (17), we get |agay — a3| < 1. This
result coincides with [8].

Corollary 3.8. Choosing o = 0, in (17), we get |azas — a3| < (1 — B)2.

Lemma 3.6. Let f € S5. Then for 1/2 < B <1,

_a2 < 128 1
jas — a3l < 74 (19)
Proof. Let f € S2. Then by proceeding as in Lemma 3.4, we have
1- 21— B)%(1 +4
|a3 - a%\ o 62( ﬁ) B Cl( 5) ( + Oé) (20)
2(14+3a)  2(142a)2(1+ 3a)

Substituting for ¢, from Lemma 2.2 we obtain

(1—3) 1. oy il = B)*(1 + 4a)

— 2 — - _ _
_ (]‘ B B) 2 2 2 2 B
= 10T 20701 7 30) |[e] + (4 — D)1+ 20)* — 27 (1 = B)(1 + 4a)|
M b+ 24— D) ],
where M = %vbl = (1 +20a)%, by = 2(1 — B)(1 + 4a). Therefore

lag — a3| = M|blc% + biz(4 —cd) —b201| =M |(by —by)c? + byx(4 —C%)‘.

Suppose now that ¢; = ¢. Since |¢| = |¢1| < 2, using the Lemma 2.1, we may
assume without restriction that ¢ € [0,2] and on applying triangle inequality
with p = |z| < 1, we obtain

las — a3| < M[c?[by — ba| + bip(4 — ¢*)] = F(p).

Differentiating F(p), we get F'(p) = Mb1(4 — ¢?) > 0, implying that F(p) is
an increasing function of p on a closed interval [0,1]. Hence F(p) < F(1) for
all p € [0,1]. That is

(a5 — a3)| < M[c?|by — ba| + b1(4 = )] = G(o).

By hypothesis, 8 > 1/2 and hence b; — by = 40 —4a — 1+ 26(1 +4a) > 4a2.
Hence G(c) = M[4by — bac?], G'(c) = —2bsMec and G"(c) = —2byM. Since
€ [0,2], it follows that G(c) attains a maximum at ¢ = 0. Thus the upper

(-8 O

bound of F'(p) corresponds to p = 1 and ¢ = 0. Hence |(az —a3)| < Tit3a)"
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Corollary 3.9. Choosing a = 0 in (19),we get |az — a3| < (1 — f3).
Using Lemma 2.1,the following estimates can be deduced.

Remark 3.2. Let f € S?. By Lemma 2.1, we have

lag| = c2(1—5) n A1 -p)?
2(1+3a)  2(1+42a)(1+3a)|’
_(1-BB+20-28)
= (1+2a)(1+3a)
cs(1=B) | c1ca(3+8a)(1— B)° &1 - )
3(1+4a)  6(1+4+2a)(1+3a)(1+4a)  6(1+2a)(1+3a)(l+4a)|’
(1—B)[12 + 1202 + 482 — 1603 — 143 + 26q]
3(1 4 2a)(1 + 3a)(1 + 4a)
i1 -p)*

24(1 4+ 2a)(1 + 3a)(1 + 4a)(1 + ba)

c3(1—-pB)?2 Aea(1— B)3(20a + 6)
+8(1 +3a)(1 + 5a) + 24(1 + 2a)(1 + 3a)(1 + 4a)(1 + 5a)

ciez(1 — B)%(4 + 14a) ca(1—PB)

12(1 4+ 20)(1 +4a)(1 + 5a)  4(1 + 5a)

(1-p) { 120 + 28802 — 1633 + T44a? + 548« — 18803 }
- +96% — 60003 + 14402 + 160a3?
- 24(1 4+ 2a)(1 4+ 3a)(1 + 4a)(1 + 5a)

las] =

and

las| =

Finally, using the above results, an upper bound for |H3(1)| , f € SP is
immediately obtained. 3.2.

Theorem 3.2. Let f € S?. Then for 1/2< <1,

- (1= B3+ 20 —26)

= " (1+2a)(1 +30)3

2(1 — B)2[12 + 1202 + 482 — 1603 — 148 + 260
9(1 + 2a) (1 + 32)(1 + 4a)?

(1-pp{ 120+ 288a% — 163° + 7440 + 548 — 18843
+963% — 60003 + 144023 + 1605

24(1 + 20)(1 + 30)2(1 + 4a)(1 + 5a)

|H3(1)]

_|_

+

Remark 3.3. The determination of the sharp estimates for |Hs(1)| for func-
tions belonging to the classes R? and S? remain to be explored.
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