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ON A CLASS OF NONHOMOGENOUS
QUASILINEAR PROBLEM INVOLVING
SOBOLEV SPACES WITH VARIABLE
EXPONENT
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Abstract

We study the nonlinear boundary value problem

— div ( (|vu(x)\m<m>—2 + |Vu(x)|p2(m)_2) Vu(z)) =

_ )\‘u|q(z)72u _ ,LL|’LL‘O£(I)72’U/

in Q, v = 0 on 99, where Q is a bounded domain in RY with smooth
boundary, A, u are positive real numbers, p1, p2, ¢ and « are a continuous
functions on € satisfying appropriate conditions. First result we show
the existence of infinitely many weak solutions for any A, u > 0. Second
we prove that for any p > 0, there exists \. sufficiently small, and
A* large enough such that for any A € (0,A.) U (A", 00), the above
nonhomogeneous quasilinear problem has a non-trivial weak solution.
The proof relies on some variational arguments based on a Za-symmetric
version for even functionals of the mountain pass theorem, the Ekeland’s
variational principle and some adequate variational methods .
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1 Introduction and preliminary results
In this paper we are concerned with the problem

—div ( (|Vu(x)|p1(’”)_2 + | Vu(z)[P2®)=2) Vu(z)) = N |2 =2y — || (#) =2,
u # 0,
u =0,

(1)
for x € Q where Q C RV, (N > 3) is a bounded domain with smooth boundary,
A, i are positive real numbers, p;, ps, ¢ and « are continuous functions on €.

The study of differential equations and variational problems involving oper-
ators with variable exponents growth conditions have received more and more
interest in the last few years. In fact the interest in studying such problems
was stimulated by their application in mathematical physics see [1, 6, 11],
more precisely in elastic mechanics or electrorheological fluids.

Next, we recall that the problem

—div (|Vu()[P®=2Vu(z)) = f(z,u), for z € Q )
u =0, for x € 09.

where Q C RY is a bounded domain, has been largely considered in literature.

e Fan, Zhang and Zhao [10] established the existence of infinitely many
eigenvalues for problem (2) for f(z,u) = A|u(z)|P®)=2u on Q. They used
an argument based on the Ljusternik-Schnirelmann critical point theory.

e Mihailescu and Radulescu [15] used the Ekeland’s variational principle
for f(z,u) = AMu(2)]?™® 2y, mingq(z) < mingp(z) and g(x) has a
subcritical growth to prove the existence of a continuous family of eigen-
values which lies in a neighborhood of the origin.

e Ben Ali and Kefi [4] studied the problem for f(z,u) = Mu(z)|9®) 2y —
|u(z)|**®) =2y where
1 <infop(x) < supgp < N. In a first part they used the mountain pass
theorem to prove that the problem has infinitely many weak solutions
if max(supap, supoa) < infoq and g(x) < J\],sz()z). In a second part
they used the Ekeland’s variational principle to prove that the problem
has a non trivial weak solution, if 1 < infoq < min(infop,infoa) and

maz(a(z),q(z)) < ]\J,vfz(ﬁ) vz € Q.

e Mihailescu [17] considered the problem

— div ( (|Vu(x)|p1(m)_2 + |Vu(x)|m<-"f>—2) Vu(z)) = f(z,u)
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where f(z,u) = £ (=AJu|™® =2 + [u|?®)~2y) and

m(z) = maz{p1(z),p2(x)}.

1\][\]—7?758)’ he established in a first

case, using the Mountain pass theorem, the existence of infinitely many
weak solutions. In a second case he used a simple variational argument
for A large enough to prove that the problem has a weak solution.

Under the assumption m(z) < ¢(z) <

e Allegue and Bezzarga [2] studied the problem
—div (a(z, Vu)) = 7! — pul

where A and y are positive real numbers, div (a(z, Vu)) is a p(z)-Laplace
type operator, with 1 < 8 <~ < infxeﬁp(x) and

pT <min{N,Np~ /(N —p7)}.

They proved that if A is large enough, there exists at least two non-
negative non-trivial weak solutions using the Mountain Pass theorem of
Ambrosetti and Rabinowitz and some adequate variational methods.

In the sequel, we start with some preliminary basic results on the theory of
Lebesgue-Sobolev spaces with variable exponent. We refer to the book of
Musielak [18], the papers of Kovacik and Rakosnik [13] and Fan et al. [7, 9].
Set

Cy(Q) ={h; he C(Q), h(z) > 1forall z € Q}.

For any h € C () we define

hT =suph(z) and h~ = inf h(x).
€0 z€EQ

For any p(x) € C (), we define the variable exponent Lebesgue space

LP@(Q) = {u : is a Borel real-valued function on € : / lu(z)|P™) dz < oo}
Q

We define on LP(*) | the so-called Luzemburg norm, by the formula

|ulp(z) := inf {p > 0; / |@‘p(z) dr < 1}.
Q M

Variable exponent Lebesgue spaces resemble classical Lebesgue spaces in many
aspects: they are separable and Banach spaces [13, Theorem 2.5; Corollary
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2.7] and the Holder inequality holds [13, Theorem 2.1]. The inclusions between
Lebesgue spaces are also naturally generalized [13, Theorem 2.8]: if 0 < || <
oo and 7y, 1o are variable exponents so that r1(z) < ro(x) almost everywhere
in Q then there exists the continuous embedding L"2(*)(Q) < L™ (*)(Q).

We denote by L (*)(2) the conjugate space of LP(*)(Q), where 1/p(x) +
1/p/(z) = 1. For any u € LP)(Q) and v € L (*)(Q) the Hélder type inequal-
ity

1 1
|/Q uvdm| < (pj + F)|u‘p($)|v|ﬂ($)’ (3)

is held.

An important role in manipulating the generalized Lebesgue-Sobolev spaces
is played by the modular of the Lp(gc)(Q) space, which is the mapping pp ) :
LP®)(Q) — R defined by

o) = [ .

The space WP (Q) is equiped by the following norm :
[ull = lulp@) + [Vulp)-

We recall that if (u,), u, € WP@)(Q) and p™ < oo then the following
relations hold

. o= + - i
mln(l“'i(ly |u|§(g€)) < Pp(x) (u) < max(‘uﬁ(g;)’ |u|§(z)), (4)

. - + - +
mln(|Vu|§(w), |VU,‘§($)) < pp(r)(|vu|) < maX(‘V’uﬁ(w), |Vu|g(x)), (5)

|u|p(x) -0 < pp(ac)(u) — 0,
nlLH;O |tn — u‘p(a:) =0« nlggo Pp(x) (un —u) =0, (6)

[tnlp@) = 00 € pp(a)(Un) — oo
We define also Wol’p(z)(Q) as the closure of C§°(€2) under the norm
lullpz) = VUlpe)-
The space (WoP™(Q), |.]|) is a separable and reflexive Banach space.

Next, we remember some embedding results regarding variable exponent

Lebesgue-Sobolev spaces. We note that if s(z) € C+(Q2) and s(z) < p*(z)
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for all x € Q then the embedding Wol’p(x)(ﬂ) — L*@)(Q) is compact and
continuous, where p*(x) = Np(z)/(N — p(z)) if p(x) < N or p*(x) = +0
if p(z) > N. We refer to [13] for more properties of Lebesgue and Sobolev
spaces with variable exponent. We also refer to the recent papers [3, 7, 8,
9, 12, 14, 15, 16] for the treatment of nonlinear boundary value problems in
Lebesgue-Sobolev spaces with variable exponent.

Remark 1. Let p1(x),p2(z) € C+(Q) and m(z) = maz{p1(x),p2(x)} for any
x € Q, then

m(z) € C(Q) and pi(z),po(z) < m(z) for any x € Q, consequently by The-
orem 2.8, in [13] Wol’m(w)(Q) is continuously embedded in Wol’p'i(m)(Q) for
i€ {1,2}.

2 Main results

In the following, we consider problem (1). Let p1,p2,q and o € C4(Q),m(z) =
max{pi(x),pa(x)} for any x € Q and A, u > 0.

Definition 1. We say that u € W&’m(m)(ﬂ) is a weak solution of (1) if

/ ((|Vu|p1(z)72 + |Vu|p2(x)72) VuVo — Au|?® 200 + ,u|u|”‘(z)72uv) dx =0,
Q

for any v € Wol’m(m) ().
We prove the following results:

Theorem 1. For any A\, u > 0 problem (1) has infinitely many weak solutions
provided that

2<p; <pf <N foriec{l1,2}, ¢ >mazx(m*,at) and ¢ < N7

N—m~—

Theorem 2. (1) For any p > 0 there exists A > 0 under which problem (1)
has a nontrivial weak solution, provided that 2 < p; < pj < N forie {1,2},
g~ <min(py ,py,a") and

maz(a™, qT) < A],V_”:n_,.

() If2 < p; <pf <N forie{1,2}, ¢" <o~ and o™ < ™ then for
any p > 0, there exists also a critical value X* > 0 such that for any X > \*,
problem (1) has a nontrivial weak solution.

We mention that Theorem 1 and theorem 2 still remain valid for more
general classes of differential operators. For example, we can replace the p(z)-
Laplace type operator div ((|Vu|7”1(“)*2 + |Vu|p2(“’)’2) Vu) by the generalized

mean curvature operator div (((1 + |Vu|2)(p(m)_2)/2 Vu))
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3 Proof of Theorem 1

The proof of theorem 1 is based on a Zy-symmetric version for even functionals
of the Mountain pass Theorem (see Theorem 9.12 in [19]).
Mountain Pass Theorem. Let X be an infinite dimensional real Banach
space and let I € CY(X,R) be even satisfying the Palais-Smale condition and
I1(0) = 0. Suppose that
(I1) There exist two contants p,a > 0 such that I(x) > a if ||z| = p.
(12) For each finite dimensional subspace X1 C X, the set {x € X1;I(x) > 0}
s bounded.
Then I has an unbounded sequence of critical values.

Let E denote the generalized Sobolev space W, ’m(m)(Q) and ||.|| denote
the norm ||. ). Let A and p be arbitrary but fixed. The energy functional
corresponding to the problem (1) is defined as Jy , : E — R,

1 1 1
Iplu) = Vupl(””)daer/ 7Vup2(r)dx—)\/ ——|u|1®) dz+
(1) /Qm(x) | [ v [l

1
+u/ —— |u|*®dz,
o afz)
Proposition 1. The functional Jy , is well-defined on E and Jy,,, € C*(E,R).

Proof. A simple calculation based on Remark 1, relation (3) and the compact
embedding of E into L*)(Q) for all s € Oy (Q) with s(z) < m*(x) on Q shows
that Jy, is well-defined on E and J, ,, € C'(E,R) with the derivate given by

(dy (1), 0) = / (VU @20 + [V @2 VuVo — Ajul?® 2yt
Q

+M|u|a(m)_2uv)dm, Vv e E.
O
In order to use the mountain pass theorem, we need the following lemmas.

Lemma 1. For any A, 1 > 0 there exists r,a > 0 such that Jy ,(u) > a >0
for any u € E with ||lul| = r.

Proof. Since m(x) = max{pi(x), p2(z)} for any 2 € Q then
|Vu‘1?1(z) + |VU|P2(I) > |vu|m(r) Vo € ﬁ, (7)

On the other hand g(z) < m*(x) for all x € Q, then E is continuously em-
bedded in L9®)(Q). So there exists a positive constant C' such that, for all
u€k,

|ulg(z) < Cllull. (8)
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Suppose that ||u| < min(1, %), then for all u € E with |lul| = p we have
\u|q(m) < 1.

Furthermore, relations (4) yields for all u € E with |lu]| = p we have

a(z) a
/Q|u\ dx < |u|q(x).

The above inequality and relation (8) imply that for all v € E with |Ju| = p,
we have

[ e < e g 9)
On the other hand we have
j£|vurﬂm%“72HUHm+- (10)

Then using relations (7), (9) and (10), we deduce that, for any v € E with
lu|| = p, the following inequalities hold true

1 A
Iap(w) > —/ Vu|™®) dz — —/ ul @ de,
O AL =1

1 + A - -
z ™ = —=C7 flul? .
m q

1 D
Let ha(t) = mt”ﬁ - q—_Cq t? ,t > 0. It is easy to see that hy(t) > 0 for

¢\
11¢ 0,t h 1< | — .
all t € (0,t1), where t; <)\m+C‘1_>

So for any A, > 0 we can choose r,a > 0 such that Jy ,(u) > a > 0 for all
u € E with ||u|| = r. The proof of Lemma 1 is complete. O

Lemma 2. If By C E is a finite dimensional subspace, the set S = {u €
Eq; Jx,u(u) > 0} is bounded in E.

Proof. We have

1 —
/pwwwmwsKMumﬂmﬁ>WeEi=uﬂ, (11)
Q P
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where K; (i € {1,2}) are positive constants. Indeed, using relation (4) we

have
p; s
/Q|Vu i) VU EE i={1,2}
(12)

On the other hand, using Remark 1 there exists a positive constant C; such
that

N
Pi(®) dy < [Vu

Py [ ST
po(a) T Vlpi@y = [y + llu

lull,, ) < Cillull Yue E ie{1,2}. (13)

pi(x

The last two inequality yield

/ [Vu
Q

and thus (11) holds true. Also we have

- - +
P@dy < O ul|Pt +CF lulP Vue E i={1,2}, (14)

[ e < iz + lully vae (15)

The fact that E is continuously embedded in L*(2) assures the existence of a
positive constant C3 such that

|l < Csllul| Yue E. (16)

a(z)

The last two inequalities show that there exists a positive constant K3(u) such
that

1 a(zx H a” o at at
n [ e < 22 (07 e+ o ) <
- +
< Ka() (Il +]1ul””) Ve E. (17)
By inequality (11) and (17) we get
- -
Ina(w) < Kyl + Jull) + Ko (ull™ + [lull??)+

a at >\ T
+K3(1) (JJul ww)—;éwwm, (18)

for all u € F.
Let u € E be arbitrary but fixed. We define

Qe ={z e Quz)] <1} Q> =0\Q-.
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Then we have

_ . _ .
Inp() < Ka(llull™ +[lul?) + Ko(full™ + ul?) +

o at )\ -
- Kaln) (el + ") = 2 [ it <

Ki(flull™ 4 JlullPr) + Ko ([ull” + [[ulP2) +

o at A
+ Kal) (Jul” + ™) = 5 [ e <
a Jas

IN

- . _ L
Ky(ull™ + ullP) + Ka([lul™ + [lul?) +

+  Ks(p) (Jull™ + |Ju)|® ——/ ul? dr <
30) (™ + ) 7 Jo 1

IN

- . _ .
Ky(ull™ + ullP) + Ka([lul™ + [lu]”*) +

- + A - A -
« «@ - q s q
O e ey Ny A

IN

But for each A > 0 there exists positive constant K4 () such that

A

& s lul dr < K4(\) Yu € E.
<

The functional |.|,- : E — R defined by

_ 1/q~
wm=(/qu¢Q |
Q

is a norm in E. In the finite dimensional subspace E; the norm |u,~ and [Jul|
are equivalent, so there exists a positive constant K = K(E;) such that

lull < Klul,~ Vu€ B

So that there exists a prositive constant K5(A) such that
- + = + - +
age() < Fa(JulP +ullP )+ Fo(al +HulP4 )+ K e) (hull” -+ ") +

+E4(N) — K5(\) [lu]|®

Yu € Ei.
Hence

1 + 5 + a” at
Ky([[ul™ + JullPr) + Ka([[ul”> + |ull”) + K3(p) (Hull + [l )+
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+E4(A) = Ks(A) [[u]* >0

Yu e S
. And since ¢~ > max(m™,a™), we conclude that S is bounded in E. O

Lemma 3. If {u,} C E is a sequence which satisfies the properties
|J)\,u(un)| < 047 (19)
dJyu(un) =0 as n— oo, (20)
where Cy is a positive constant, then {u,} possesses a convergent subsequence.

Proof. First we show that {u,} is bounded in E. If not,we may assume that
|lun|| = oo as n — oco. Thus we may consider that ||u,| > 1 for any integer
n. Using (20) it follows that there exists Ny > 0 such that for any n > N; we

have
[ (un) || < 1.

On the other hand, for all n > N; fixed, the application E 5 v — (dJ) ,(uy),v)
is linear and continuous. The above information yield that

[(dTx i (un), 0)| < Ty pu(un) [ lv]] < vl v e E, n> Ny
Setting v = u,, we have

— ||| S/ |V, |P*@dat [ [V, P2 de—) |un\q(z)dx+u/ || @ dz < |||,
Q Q Q Q

for all n > Nj.

We obtain
e R N P T A
Q Q Q Q
(21)
for all n > Nj. Provided that ||u,| > 1 relation (7), (19) and (21) imply
LI () (@)
Ci>Hplun) = (= ——) [Vu, [P*de 4+ [ [Vu, P> dx| +
m q Q Q
1 1 1
+ _— - = / U [P dr — — ||un|| >
s = ) [ —
1 1 / 1
> (— - — Vi, " @ dz — — ||u,]|| >
(g5 = ) | [Vl —
1 1 1

m-
— — — ) [|uw — — ||uw .
(o = ) laall™ = =
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Letting n — oo we obtain a contradiction. It follows that {u, } is bounded in
E. And we deduce that there exists a subsequence, again denoted by {uy,},
and u € E such that {u,} converges weakly to u in E. Since E is compactly
embedded in L) (Q) and L*®)(Q), then {u,} converges strongly to u in
L1@)(Q) and L®)(Q) respectively. The above information and relation (20)

imply
[dTx p(un) —dy p(uw),up —u)) — 0 as n — oo.

On the other hand we have

/ (IVun [P @2V, + [V, [P2@) =2V, — |Vu[Pr @) =27y —
Q

—|Vu|P2 @20 (Vu, — Vu)de = (dJIx pu(un)—

—dJy p(u), up —u) + )\/ (|U’n|q(z)72un - IUIq(“C)*zu) (uy — u) dz—
Q

—,u/ (|un|”‘(z)72un - |u|a(z)72u> (up, — u) dx. (22)
Q

Now we need the following proposition:

Proposition 2. Let r € C*(Q) such that r(x) < m*(x) Va € Q then

n—oo

lim / |un|r(m)_2un(un —u)dx = 0.
Q

Proof. Using (3) we have/ \un\r(z)ﬁun(unfu)dx < Hun|r(m)72un\ (@) |Un—
@) —1
ulp(z). Then if tn|"® =20, | +y > 1, by (4), there exists C' > 0 such that
@) —1

r(xz)—2

[|wn] U | ro) < |un|TC(I) and this ends the proof. O

Combining proposition 2, and the relation (22) we deduce that

tim [ (VO 2Vu, 4 [Vu 2O, - (Va0
n—r00 O

—  |Vu|P? @72V (Vu, — Vu) dz = 0. (23)

It is known that

(16—l ) (- v) > @) €—y"vr>2,69 eRY. (24)
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From (23) and (24) it follows that

n— oo

lim / Vi, — Vul[Pr® dz + / [V, — VulP2 @ dz = 0.
Q Q
Using relation (7) we get

lim / |V, — Vu|™ @ dz = 0.
Q

n—oo

That fact and the relation (6) imply |lu, —u| — 0 as n — oco. The proof of
Lemma 3 is complete. O

Proor or THEOREM 1. It is clear that the functional Jy , is even and
verifies Jy ,(0) = 0. Lemma 1 and lemma 2 show that conditions (I1) and (12)
are satisfied. Lemma 3 implies that Jy , satisfies the Palais- Smale condition.
Thus the Mountain Pass Theorem can be applied to the functional Jy ,. We
conclude that problem (1) has infinitely many weak solutions in E. The proof
of theorem 1 is complete.

4 Proof of Theorem 2

First, we prove the assertion (1) in Theorem 2. We show that for any pu > 0
there exists A, > 0 such that for every A € (0,\.) the problem (1) has a
nontrivial weak solution. The key argument in the proof is related to Ekeland’s
variational principle.

In order to apply it we need the following lemmas:

Lemma 4. For all > 0 and all p € (0,1) there exist A\, > 0 and b > 0 such
that, for all w € E with ||ul| = p, Jxu(u) >b>0 forany Xe (0,\).

Proof. Since ¢t < % for all z € Q, we have the continuous embedding

E — L9®)(Q). This implies that there exists a positive constant M such that
|u|q(x) < MHUH Yu € FE. (25)

We fix p € (0,1) such that p < min(1,1/M). Then for all v € E with
|lu|| = p we deduce that

|u|q(m) < 1.

Furthermore, relations (4) yield for all v € E with ||u|| = p, we have
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a(z) a
/Q|u\ dx < |u|q(m).

The above inequalitiy and relations (25) imply, for all u € E with |lul| = p,
that

/ 2@ dg < M u| 7 (26)
Q

Using relations (7) and (26) we deduce that, for any v € E with ||u]| = p,
the following inequalities hold true.

v

Ixu(u) T/ VPP dz + T/ |Vu|P2(®) dz — —_/ |u?®) da +

R
+ /| 2@ dy > [/ |Vl ””)der/ |V |P2(2) dx] -
maz(pf, py)
— —/ |9 dg > —/ |Vu|™®) dz — / |1 dz,

> —|u [l M ull
> meJr _ iMq*pq* = pi ipﬂﬁ—q’ _ iMq’ )
m+ q- mt q-
By the above inequality we remark that for
A= g™ T (27)

2mtMa

77’LJr

and for any A € (0, \,), there exists b = P > 0 such that

2m™*

Iap(u) >b>0,Yu >0, YueFE with [ul=np.
The proof of Lemma 4 is complete. O

Lemma 5. There exists ¢ € E such that ¢ >0, ¢ # 0 and Jx ,(t¢) <0, for
t > 0 small enough.

Proof. Let I = min{py,ps,a” }. Since ¢~ < I, then let ¢y > 0 be such that
q~ + €y < [. On the other hand, since ¢ € C(9Q) it follows that there exists
an open set g CC €2 such that [¢(x) — ¢~ | < ¢ for all x € Qy. Thus, we
conclude that q(z) < g~ + € < I for all = € Q.
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Let ¢ € C5°(£2) be such that supp(¢) D Qo, ¢(z) = 1 for all x € Qp and
0 < ¢ <1in Q. Then using the above information for any ¢t € (0,1) we have

J ( / tpl(l') ‘V |p ( )d tp2($)|v |p ( )d
t = e x—i—/ —_ 2 dy —
ault9) o p1() ¢ o p2(7) ¢

ta(=) te(@)
= A [Tl [ TS lolde <
o q(2) o a(z)

IN

tP1 tPz
B [ wom s+ 2 [ vem s -
Py Ja Py Ja

A e
- = 4@ p|a(@) +M7,/ |p|* @ dx <
av Jo a Ja

#

T [ / (Ivo1@ + V@) da + / |¢|“<Z>dx} -
Q Q

A\t4 teo

_ ¢q<l)dm:
L

tl
- v /(|v¢|p1(w)+|v¢‘pz(a¢)) dm—i—,u/ 16]°@ dz | —
l Q Q

M\t4 teo
q+

IN

Q2]

Therefore
JA,H (td)) < 07

for t < 6%/ (=9 —<0) with

' L[S0
0<d<min<g1, .
{ at [Jo (Vo @ + |Ve|P2(®) da + p [, |¢|*®) dx] }

Finally, we point out that [, (|[Ve[P*(®) + |V¢[P2@) dz + p [, |¢|*@dz > 0.

In fact if [, (|Vo|Pr®) + |Vo[P2®) da+p [, [6]*@dx = 0, then [, |¢[*®dz =
0. Using relation (4), we deduce that |¢>|a(x) = 0 and consequently ¢ = 0 in )
which is a contradiction. The proof of lemma is complete. ]

PROOF OF (1)

Let u > 0, A\, be defined as in (27) and A € (0, A,). By Lemma 4 it follows
that on the boundary of the ball centered at the origin and of radius p in E,
denoted by B,(0), we have

inf Jy, > 0. 28
811-312(0) Aot (28)
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On the other hand, by Lemma 5, there exists ¢ € E such that Jy ,(t¢) < 0,
for all ¢ > 0 small enough. Moreover, relations (4), (7) and (25) imply, that
for any u € B,(0), we have

1, e A
Trplw) 2 ol = 2

It follows that

—oo < ¢:= _inf Jy, <O0.
B,(0)

We let now 0 < € < infyp, (0) Jru — infp,(0) Jx,u- Using the above infor-

mation, the functional Jy , : B,(0) — R, is lower bounded on B,(0) and

Jyu € CY(B,(0),R). Then by Ekeland’s variational principle there exists
ue € B,(0) such that

c < Du(ue) <c+e,
0< ypu(w) — I p(ue)+e | u—uel, w#ue.

Since
Iap(ue) < inf Jy, +e< inf Jy , +e< inf Jy ,,
wlie) < B T By(0) " 0B,(0)
we deduce that u. € B,(0).
Now, we define I ,, : B,(0) — R by I) ,(u) = Jx . (u) + € || u—uc || . It is
clair that u. is a minimum point of Iy ,, and thus

In(ue +t-v) — Iy u(ue) >0
t — 9

for small ¢ > 0 and any v € B;(0). The above relation yields

Iagp(ue +t-v) = Jx p(ue)
t

+ellv]=0.

Letting t — 0 it follows that < dJy ,(ue),v > +¢€ || v ||> 0 and we infer that
[ dx,pu(ue) [|< e
We deduce that there exists a sequence {wy} C B,(0) such that

Iap(wn) — ¢ and  dJy ,(w,) — Op-. (29)

It is clair that {w,} is bounded in E. Thus, there exists a subsequence again
denoted by {w,}, and w in E such that, {w, } converges weakly to w in E.

Since E is compactly embedded in L¢(*)(Q) and in L*®)(Q), then {w,} con-
verges strongly in L4*)(Q) and L*®)(Q). Using similar arguments than those
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used in proof of lemma 3 we deduce that {w,} converges strongly to w in E.
Since Jy , € C*(E,R), we conclude

dJy p(wy) = dJy ,(w), as n— oo. (30)

Relations (28) and (29) show that dJy ,(w) = 0 and thus w is a weak solution
for problem (1). Moreover, by relation (29) it follows that Jy ,(w) < 0 and
thus, w is a nontrivial weak solution for (1).

The proof of (1) in theorem 2 is complete.

Now we need to prove (1I) in theorem 2. For this purpose, we will show that
Jy, . possesses a nontrivial global minimum point in £. With that end of view
we start by proving two auxiliary results.

Lemma 6. The functional Jy , is coercive on E.

Proof. For any a, b > 0 and 0 < k < [ the following inequality holds (see
lemma 4 in [17])

k/l—k
a) V> 0.

*Foptt < .(f
a <a b

Using the above inequality we deduce that for any = € Q and u € E we have

(@)/a(x)—q(x)
A |u‘q(w)_ o] |u|a(w) A ()\a+)q q

at q

IN

rg—

A )\O[+ q+/o¢_7q+ )\Oé+ q_/a+fq_
(2 (2 — ¢,
q- (.Uq_) (,U)q_)

where C' is a positive constant independent of u and z. Integrating the above
inequality over §2 we obtain

A
q—_/ﬂ|u|q<$)dz - a%/ﬂw@dx <D. (31)

Where D is a positive constant independent of u.
Using inequalities (5), (7) and (31) we obtain that, for any v € E with ||ul| > 1,

we have
]' m(x )\ T M al(T
Iap(u) > m/ﬂ|Vu\ ()dx—q—_/QMq( )dm+a—+/ﬂ|u| @) da,
1 m-
2z ™ —D.

Then Jy ,, is coercive and the proof of lemma is complete. ]
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Lemma 7. The functional Jy , is weakly lower semicontinuous.

Proof. Since the functionals A; : E — R,

A = / ! |VulPi@dz,  Vie{1,2}

o pi(z)
is convex (see lemma 5 in [17]), it follows that A; 4+ Az is convex. Thus to show
that the functional A + A5 is weakly lower semicontinuous on F, it is enough
to show that Aj 4 As is strongly lower semicontinuous on F (see corollary I11.8
in [5]).
We fix u € E and € > 0 and let v € E be arbitrary.
Since A; 4+ Ay is convex and inequality (3) holds true, we have

Ar1(v) + As(v), > Al(u)+A2(u)+<A/1(u)+A/2(u),v—u>,
> Al(u)+A2(u)—/Q\vu\’“(””)*l\wv—u)|dx—

- /IVUI”Z“)’IIV(v—u)\dxz
Q

> Au(w) + Aa(u) = Dy [|Vuf 7 i [V =0l =
— Dy ‘|vu|p2(m)fl p?(f) |V(1) — U)‘m(x) >
po(xz)—1
=2 Ai(u) +Ax(u) — D3 flu =0, 2
Z Al(u) + AZ(U’) — €
for all v € E with |Ju —v|| <€/ ‘\Vu\pl(w)fl + ’|vu|pz($)71
o P

We denote by D1, Ds and D3 three positive constants. It follows that A + Ao
is strongly lower semicontinuous and since it is convex we obtain that A + Ao
is weakly lower semicontinuous.

Finally, if {w,} C E is a sequence which converges weakly to w in E then
{w,} converges strongly to w in L) (Q) and L**)(Q) thus, J , is weakly
lower semicontinuous. The proof of lemma is complete. ]

PROOF OF (11)

Proof. By lemmas 6 and 7 we deduce that J , is coercive and weakly lower
semicontinuous on E. Then Theorem 1.2 in [20] implies that there exists
ux,u € E a global minimizer of Jy , and thus a weak solution of problem.

We show that wy, is not trivial for A large enough. Indeed, letting ¢y > 1
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be a fixed real and 21 be an open subset of 2 with |Q;| > 0 we deduce that
there exists ug € C§°(2) C E such that ug(x) = to for any x € Qy and
0 <wup(x) <tgin 2\Q;. We have

1 1
Iau(uo) = / Vu pl(m)daﬂr/ —— |V |2 @) da —
i) = @Y apa@)

1 1
- [ el e [ gl <
o q(x) o a(z)

/\ _
< L) - 5 Il

where L(u) is a positive constant.

Thus there exists A* > 0 such that J) ,(ug) < 0 for any A € [A*, 00). It follows

that Jy . (up) < 0 for any A > A\* and thus uy , is a nontrivial weak solution

of problem (1) for A large enough. The proof of the assertion (1) is complete.
O
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