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Depth and minimal number of generators of square free
monomial ideals

Dorin Popescu

Abstract

Let I be an ideal of a polynomial algebra over a field generated by square free monomials
of degree > d. If I contains more monomials of degree d than (n —d)/(n — d + 1) multiplied
with the number of square free monomials of S of degree d then depthg I < d, in particular
the Stanley’s Conjecture holds in this case.

Let S = K[xz1,...,2,] be the polynomial algebra in n-variables over a field K and I C S a
square free monomial ideal. Let d be a positive integer and pg(I) be the number of all square free
monomials of degree d of I.

The proposition below was repaired using an idea of Y. Shen to whom we owe thanks.

Proposition 1. If I is generated by square free monomials of degree > d and
pa(I) > ((n—d)/(n—d+1))(%) then depthg I < d.

Proof. Apply induction on n. If n = d then there exists nothing to show. Suppose that n > d. Let
v; be the number of the square free monomials of degree d from I N (z;). We may consider two
cases renumbering the variables if necessary.

Casel v; > ((n—d)/(n—d+ 1))(2:;)

Let S := Klza,...,z,] and z1c1,...,210y,, ¢; € S’ be the square free monomials of degree d
from I N (x1). Then J = (I : 1) NS’ contains (¢1,...,¢,,) and so pg—1(J) > v1 > (n—d)/(n —
d+ 1))(2:}) By induction hypothesis, we get depthg, J < d — 1. It follows depthg JS < d and so
depthg I < d by [7, Proposition 1.2].

Case 2 v; < ((n—d)/(n—d+1))(3"]) for all i € [n].

We get >0 v, <n((n—d)/(n—d+ 1))(2’:%) Let A; be the set of the square free monomials
of degree d from I N (z;). A square free monomial from I of degree d will be present in d-sets A;
and it follows

n—1

palD) = Uies 4 < (/) (= /0= a+ ) () 1) = (0= /- a+ 1) ()

if n > d+ 1. Contradiction! O

Remark 2. If I is generated by square free monomials of degree > d, then depthg I > d. Indeed,
since I has a square free resolution the last shift in the resolution of I is at most n. Thus if I is
generated in degree > d, then the resolution can have length at most n — d, which means that the
depth of T is greater than or equal to d (this argument belongs to J. Herzog). Hence in the setting
of the above proposition we get depthg I = d.
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Corollary 3. Let I be an ideal generated by p(I) square free monomials of degree d. If u(I) >
((n—d)/(n—d+1))(%) then depthg I = d.

Example 4. Let I = (zy122,2223) C S := K[z1,22,23). Then d = 2 and p(I) = 2 > (1/2)(;’) It
follows that depthg I = 2 by the above corollary.

Example 5. Let I = (z1@9, 2123, 124, ToT3, Loy, T3Tg, T35, T4Ls) C
S := KJz1,...,25]. Then d =2 and pu(I) =8 > (3/4) (g) and so depthg I = 2.

Next lemma presents a nice class of square free monomial ideals I with p(I) = ( dzl) < ((n-—
d)/(n — d+1))(7) but depthg I = d. We suppose that n > 3. Let w be the only square free
monomial of degree n of S, that is w = II}_;x;. Set f; = w/(v;zit1) for 1 <i <, fr =w/(v17,)
and let L, := (f1,..-, fu-1), In := (L, f») be ideals of S generated in degree d = n — 2. We will
see that depthg I,, = n — 2 even pu(l,,) =n = (/).

Lemma 6. Then depthg L,, =n —1 and depthg I, =n — 2.

Proof. Apply induction on n > 3. If n = 3 then L3 = (x3,21), Is = (21, 22,23) and the result is
trivial. Assume that n > 3. Note that (L,, : ) = L,—1S = (I, : &) because f,, fr—1 € (L, : x,,).
We have

Ln = (Ln . xn) N (xnyLn) = (Lnfls) N (xna fnfl)a

In - (]n : -Tn) N (xnaln) - (Ln715> N (mna fn717 fn) = (Lnfls) N (a:n,u) N (371,.’177171,37”),

where u = w/(x12p—12,). But (z1,2,_1) is a minimal prime ideal of L,,_1.S and so we may remove
(21, %n—1,y) above, that is I,, = (L,—15) N (zn,u). On the other hand, (L,—15) + (zn,u) =
(n, In—1) and (L,,—1.5) + (zpn, fn—1) = (zn, Ln—1)S because f,_1 € L,_1.S. We have the following
exact sequences

0—S/L, — S/L,_1S®S/(xn, fn-1) = S/(xn, Ln_15) — 0,

0—8/I, = S/L,1S® S/(xn,u) = S/(xn, [,-15) = 0.

By induction hypothesis depth L,,_; = n—2 and depth I;,_1 = n—3 and so depthg S/(zp, Ln,—1S) =
n — 3, depthg S/(zp, In—15) = n — 4. As depthg S/(zy, fn_1) = depthg S/(zn,u) = n — 2, it
follows depthg S/L, = n — 2, depthg S/I,, = n — 3 by the Depth Lemma applied to the above
exact sequences. O

Now, let I be an arbitrary square free monomial ideal and P; the poset given by all square free
monomials of I (a finite set) with the order given by the divisibility. Let P be a partition of Py in
intervals [u,v] = {w € Py : uJw,w|v}, let us say Pr = U;[u;, v;], the union being disjoint. Define
sdepth P = min, deg v; and sdepthg I = maxyp sdepth P, where P runs in the set of all partitions of
P;. This is the so called the Stanley depth of I, in fact this is an equivalent definition given in a
general form by [1].

For instance, in Example 4, we have P; = {z129, 2023, z12223} and we may take P : Py =
[z122, x12223] U [T223, T223] with sdepthg P = 2. Moreover, it is clear that sdepthg I = 2.
Remark 7. If I is generated by u(I) > ( dil) square free monomials of degree d then sdepthg [ =
d. Since ((n—d)/(n —d+1))(}) > (dil), the Proposition 1 says that in a weaker case case
depthg I < sdepthg I, which was in general conjectured by Stanley [8]. Stanley’s Conjecture holds
for intersections of four monomial prime ideals of S by [2] and [4] and for square free monomial
ideals of K[z1,...,25] by [3] (a short exposition on this subject is given in [5]). It is worth to
mention that Proposition 1 holds in the stronger case when u(I) > ( dil) (see [6]), but the proof
is much more complicated and the easy proof given in the present case has its importance.
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In the Example 5 we have P; = [x122, x12024]U[x1 23, T12325]|U[T124, 1 T425)U 2223, T12223]U
[€324, T12324] U [T325, T32425]) U [T425, xoxgws| U [Xox32s, Tox3ts] N [Tox3xs, Toxsxs] U (Uya, al),
where o runs in the set of square free monomials of I of degree 4,5. It follows that sdepthg I = 3.
But as we know depthg I = 2.
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