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THE PERRON-FROBENIUS OPERATOR
ON BV(I)

Ion Coltescu

Abstract

In this paper, we determine the upper bound ~, of varU"f/varf,
when f varies in the collection of non-constant monotone functions on
I=10,1].

A very simple proof of a generalization of the Gauss-Kuzmin-Lévy theorem
on continued fractions is given by considering the classical operator U defined
by

z+1

1
UI@) =) e e i D) 'f<x+i>’ vel=[01].

n>1

This as an operator on BV (I), the collection of complex-valued functions of
bounded variation defined on I under the supremum norm | f| = sup {|f(z)|,z € I'}.
For any n € N*, we have

U'f(x) = Y. Diyisoin (@) f (ui, iy (2)), z €1, (1)
i1yerin €N*

where
Wipy.oiy = Wiy, O vvn O Uy
Divi...in () = piy ()i (Wi, (2)).pi, (Uh_q 4, (@) 0 >2, (2)
and the functions u; and p;,i € N* , are defined by

wie) = ——. g

x+1
r+i)x+i+1)

pi(x) = ( ,x el (4)
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Putting

1 _ pr(xlax%"'axr)7 re N*,
Q’l’(m17x2a-"7w’l‘)

r1+ 1
i
Ly

for arbitrary indeterminates x1, o, ..., x,, we have

pi1i2~-~in(z) = (5)
z+1

(qnfl(i% ceey Zn)<33+21)+pn—1(12, ceey Zn)) (qn(i% ceey Zn,l)(x+ll)+pn(22a ceey in,l)) ’
for all n > 2, 41,49,...,7, € N*, and x € I.
Note that, in particular, we can write

1 1
ivia..in (0) = (—1)" . - - ' ; G
Piriz-in (0) = (1) ZHM - P12y in) )

. - 1+ - -
qn(127-"7l’n,1) ! Qn71(712,~-~>ln)

for all n > 2 and iy, 12, ...,7, € N*.
To simplify the writing, put
Diysin.in(0) = Qijig.ins Wiris..in, (0) = Bitis...in.

If n is odd, then, by Proposition 2 of [1] and equations (1), (2), (3) and
(5), we have

varU™f =U"f(0)=U"f(1) =
= Y Piisin (0 f Wiy iy (0) = Piyini, (V) (ui i, (D)) = (6)

11,82,y in EN*

= Z laliz‘..i,Lf(ﬁi”...im) - Z a(i1+1)i2...inf (ﬁin...ig(i1+1))1 .

i2yeenin EN* i EN*

Similarly, if n is even, then we have

varU™f =U" f(1) =U"f(0) = (7)

Z l Z Wiy +1)isenin S (Bin. in(ir41)) — a1i2...i"f(ﬁin-nin)] .

ig,ein€N* LiyeN=
The case n = 1. In this case, writing ¢ for i1, equation (6) yields

varUf = a1 f(B1) — Z ir1f (Bit1) -

iEN*
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Since

1
o] = Zai+1:§ and 1:ﬂ1>ﬁ2>...,
iEN*

we deduce that

1 1
vart/f < & (f(l) - f(0) = 2varf-) ®)

The case n = 2. Write ¢ for 4; and j for is.
1

, 1,7 € N*, and equation (7)

Then in this case «;; = — —
T+ DEG+) )
yields

varU%f = Z (Z gy f (5j(z‘+1)) - aijf(ﬁﬂ)) .

JEN* \ieN*

Clearly, B(j+1)(i+1) < Bj1 for all 4,5 € N*. Hence

varU?f < f(1) - Z oG+ + Z f(Bi1) (Z Q(i41)(j+1) — Oélj) - 9)

iEN* JEN* iEN™
But
Z Qi 1)((+1) = Z L < (10)
: B (DG +))(C+1)G+2)+1) —
1EN* iEN*
1 1
< = - - < aay,
G+ +2) ZN (i+12 7Y
for all j € N*.
Since f(8;1) = £(0), j € N*, and
Z (Z Q(i+1)(j+1) — alj) == Z Q(i+1)15
JEN* \i€EN* iEN*
(9) and (10) imply that
varU f < Z o) (fay — foy) = Z agiypyvarf. (11)
iEN™ ijEN™
1
Note that, for f defined by f(z) =0, 0 <z < 3 and f(x)=1,
1/2 <z <1, we have
varU%f = Z agiyyvarf, (12)

iEN*
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that is the constant

1
Z%H)l:Zm Z<2z+3 2i+4)_

ieN* ieEN* EN*

=log4 — % =0,21962...

occurring in (11) cannot be lowered.

Proposition 1.1. For any n > 3 and is,...,i, € N*, we have

E iy +1) (12 +1)isin S Qligig...ip-

11EN*
1
Proof. As 2n— 1l 4+ 1,43, .000)
Gn—1(i2 + 1,43, ..., in)
1 _ pnfl(iQV'?in)
1 qn— 1(7'27 7’Ln) pn—l(i27~"7in)+qn—1(i27"'7in)’
Pn— 1(227 7Zn)

we have p,_1(i2 + 1,43, ...,0n) = DPn-1(i2,...,1,) and

Gn-1(1241,13; -y in) = Pn_1(12; -y in) + Gn_1(i2, -, i)
Consequently, putting for brevity
Ph_1 = Dn-1(i2, ey in), DL = Pu(iz, eeyin, 1)
a1 = qn_1(iz,...,in), and g:t = g, (32, ...y in, 1),

Z Qi1 +1) (i2+1)i3...in

11EN*

by (5), we obtain

1
= Z o+ 1)(ph 1 1 1) (pll 4 g1l T
e (e Dy +anoy) +oasy) (0 +1) (0 + ait) +pi)
1

1 Z < .o .
~ . N a11213...1n
(Ph 1+ ah 1) P+ ¢t iene i+ 1)?

Next, to make a choice, assume n is odd. It is easy to see that

Bin o lio+1) (i1 4+1) > Bin.iginls Binoigi(int1) > Bin.izl, Bin..izizl < Bi,..iss
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for all iy, s, ...i, € N*. Then by (6) we have

varV" f < Z [— Z Qi+ D) 1igin S (Binisi(a41)) +

13, 50n EN* 11EN*

+ Z (Oélmgmin - Z a(i1+1)(i2+1)i3...in> f(/Binu.igiQI)‘| < (13)

ioEN* i1 EN*

< Y [ > (alizigu.in - > a(i1+1)i2,...,in> f(Bi.ia) +

13,05t EN* LiocEN* i1EN*
+ < Z a(i1+1)i3...in> (f (Bin...i5) — f(ﬁin...z‘g))] .
11EN*

Put (5,‘3“,%:(—1)”_1 E (Oélig...in— E a(il+1)i2...in)
i EN* i1EN*

for all 43, ...,4, € N*. Note that

Z 8ig...in, = (1)1 <Oé1 - Z ai1+1> = 0. (14)

i5,enin EN* i EN*

Now, the problem is to find the best upper bound for

s = Z Oigin S (Bin..is) -

03,0 in EN

First, note that, by (14), we have

f< % Z 1065501 (1) = f(0)) - (15)

93,...,in EN*

Having in view that 1 > [0is. i, =sup Y. 0is..i,, Where
i3yeeerin €N $3yeenrin €A
the supremum is taken over all A C (N*)"~2 it follows that
5T alzy
5y iEN*

Hence the right-hand side (15) does not have the limit 0 as n — oco. Thus
(15) is useless for n > 3.

As a matter of fact, it is a general result which does not take into account
that f is non-descreassing

M f <8 (fu)(fa1y — foym > 3, (16)
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where /
1, i com/eomyr <2 <1
f2m+1($) o { O7 if 0 S xr < CQm/CQm+1

and )
1, if Cgm+1/02m+2 <x<l1

0, if 0<x < come1/Comr2,

f2m+2(x) = {
for all m € N*. Here ¢,,n € N are the Fibonacci numbers defined by
co=c1=1, ¢cp=cp1+Ch2, Nn2>2.

‘We now can state:

Theorem 1.1. If (16) holds, then, for any monotone function f, we have
varU" f < vy varf for any n > 3, (17)

where vy, = 5(n)(fn) + > Qi) 4+1)1...1-
i1EN*
The constant 7y, cannot be lowered.

The proof is immediate using (13) on account of the fact that a(;, +1)14,...5, <
a(iy+1)1..1 for all (i3, ...,43,) # (1,1,...,1), which follows from (5). Finally, us-
ing (6) and (7), it is easy to check that

varU™ fn, = ypvar fp,.
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