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ON SOME DIOPHANTINE EQUATIONS
(1D)

Diana Savin

Abstract

In [7] we have studied the equation m* — n* = py?, where p is a
prime natural number p > 3. Using the above result, in this paper, we
study the equations cx(2* 4 6pz? y? +p*y*) + 4pdi (2®y + pry®) = 3222
with p € {5,13,29,37}, where (ck, dx) is a solution of the Pell equation
‘02 - pd2| =1.

4

1. Preliminaries.
In order to solve our problems, we need some auxiliary results.

Proposition 1.1. ([3],pag.74) The integer solutions of the Diophantine
equation x3 +a3 +... + a7 = x; | are the following ones:

r1 =x(m} +m3+...+mi_ | —m3)
To = 2mimy
T = ka_lmk.
Tpe1 = (M3 +m3+ ... +mi_, +mi),
with mq, ..., my, integer number. From the geometrical point of view, the ele-
ments x1,x2,..., T are the sizes of an orthogonal hyper-parallelipiped in the
space R¥ and xj., is the length of its diagonal.

Proposition 1.2. ([1],pag.150) For the quadratic field Q(\/d), where
d € N*, d 1is square free, its ring of integers A is Euclidian with respect to the
norm N , in the cases d € {2,3,5,6,7,11,13,17,19,21,29,33,37,41,57,73}.

Proposition 1.3.([1], pagl4l) Let K=Q(+/d) be a quadratic field with A
as its ring of integers . For a€A, a€U(A) if and only if N(a)=1.
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Proposition 1.4. ([7],Theorem 3.2.). Let p be a natural prime number
greater than 3.If the equation m* — n* = py?> has a solution m,n,y € Z*,

then it has an infinity of integer solutions.

2 Results.

4

Proposition 2.1. The equation m* —n* = 5y? has an infinity of integer

solutions.
Proof. The equation m* — n* = 5y has nontrivial integer solutions,
for example m = 245, n = 155, y = 24600. Following Proposition 1.4., the

4

equation m* — n* = 5y has an infinity of integer solutions.

Proposition 2.2. The equation m* —n* = 13y? has an infinity of integer
solutions.

Proof. It is sufficient to show that the equation m* — n* = 1332 has
nontrivial integer solutions. In deed m = 127729, n = 80929, y = 4144257960

4

is such a solution.By Proposition 1.4., the equation m* — n* = 13y? has an

infinity of integer solutions.

Now, we study our equations for p € {5,13}.
Proposition 2.3. The equations
cr(at + 6pz® y? +p?y*) + dpdy(a®y + pry®) = 3222,

with p € {5,13}, where (cx,dy) is a solution of the Pell equation |c® — pd?| =
=1, have an infinity of integer solutions.

Proof. If p € {5,13}, then p = 5 (mod 8). By Proposition 1.2., the ring
A of the integers of the quadratic field Q(,/p) is Euclidian with respect to the
norm N. But p =5 (mod 8) implies p = 1 (mod 4)and A=Z {#}

We shall study the equation m* — n* = py?, where p is a prime number,

p =5 (mod 8) and ( m,n ) =1, in the ring A. The equation m* —n* = py? is
equivalent with (m? —y,/p)(m?+y,/p) = n*. Let a € A be a common divisor
of m* — /py and m?+ /py. As a € A, a =% +2./p, ¢,d € Z, and c,d are
simultaneously even or odd. As a/(m? + y/p) and a/(m?* — y,/p), we have
a/2m? and a/2y./p, therefore N(«)/4m* (in Z) and N(«)/4py?(in Z), hence
N(a)/(4m*, 4py?). (m,n) = 1 implies (m,y) = 1 (if (m,y) = d > 1 then m
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and n would not be relatively prime). Analogously, (m,p) = 1 implies in turn
that (4m*, 4py?) = 4, hence N(a) € € {1,2,4}.

If N(a) = 2, then |< ﬁ‘ =2. If%—p%2 =2, thenc®?—pd> =8,¢c,d € Z
and ¢, d are simultaneously even or odd. If ¢ and d are odd numbers, then
c?,d*> =1 (mod 8). But p =5 ( mod 8). Then ¢? — pd? = 4 ( mod 8), which
implies that the equation c? — pd? = 8 does not have integer solutions.

If ¢ and d are even numbers, then let us take them ¢ = 2¢ , d = 2d’,with
¢,d €Z. We get 2 —pd? =8, then (¢ )2 — p(d)? = 2. But p =5 ( mod 8)
implies:

()? —p(d)? =4 ( mod 8), if ¢/,d" are odd numbers,

()2 —p(d')?> =0 or 4 ( mod 8), if ¢/,d" are even numbers,

()? — p(d')? = an odd number, if ¢/,d’ are one even and the other
odd.

Therefore the equation (¢ ) — p(d )2 = 2 does not have integer solutions.

If € ——p T = —2, that means ¢ 2 _pd? = —8, withc,d € 2Z + 1 or¢,d € 2Z.

If c and d are odd numbers, then ¢?,d?> =1 ( mod 8).

As p =5 ( mod 8), this implies ¢? — pd? = 4 ( mod 8), which gives us that
the equation c? — pd? = —8 does not have integer solutions. If ¢ and d are
even numbers, then ¢ = 2¢ ,d= 2al/7 c/,d/ € Z. We get ¢ — pd?> = —8,which
means that ( ,) —p(d/)2 = —2. But, as above, p = 5 ( mod 8) implies that the
equation (¢ )2 —p(d')? = —2 does not have integer solutions.We get N(a) # 2.
If N(a) =4, then ‘% —pd;‘ =4.If % —p% =4, then ¢ — pd? = 16, where
¢,d € Z and ¢, d are simultaneously either even or odd.

If and d are odd numbers, then ¢?, d> =1 ( mod 8), and, since p=5
( mod 8),¢? — pd*= 4( mod 8),Whlch 1rnphe5 that the equation ¢? — pd? = 16
does not have integer solutions.

If c and d are even numbers, then ¢ = 2 , d = 2d,, with cl, d e Z,
therefore (¢ )2 — p(d')? = 4. This equation may have integer solutions only if

¢ ,d are simultaneously either even or odd. The equation (c/)2 — p(d/)2 =4
/ 2 ’ 2 /7 U

is equivalent With(%) — (%) = 1. If we denote o/ = (% + %\/ﬁ) e A

with ¢ ,d € 2Z+1or¢,d € 2Z , we get o/ € U (A) From o = § + %\/f),

we obtain that o = 2o/, o’ € U (A). Supposing that 2 is reducible in A hence

there exist %4 + %1 D, G+ %\/ﬁ € A (ai,a2,b1, by € Z, a1,by, as well as,

ag, by being simultaneounsly odd or even) such that 2= (% + B /D) G+

%2\[) hence N(2) = N(% + %1 PIN(% + + b2 2. /p)- This is equivalent with

4=N(%+% p)N(%Z +2,/p). But we have previously proved that there
aren’t elements in A having the norm equal with 2. We get N (% + %1 p)=1
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or N(% +%./p) = 1, therefore % + % . /p € U(A)or 2 + 2, /p € U(4),
hence 2 is irreducible in A. We come back to the fact that o/(m? + y,/p
and a/(m? — y,/p. This implis 2¢//(m?* + y\/p) and 2¢//(m? — y,/p), then
2/(m?* + y\/p) and 2/(m? — y,/p),therefore 4/(m* — py?). This means 4/n*.
As 2 is irreducible in A, we get 2/n (in A), hence 2*/n*. This is equivalent
with 2*/(m? + y/p) - (m* — y/p) ( in A), which implies 2¥/(m? + y,/p)or
2k /(m? — YD),k € Nk > 2. As 2F /(m? +yy/p),k € Nk > 2, implies
22/(m?* + y,/p), hence there exists (% + 2,/p) € A ( either a,b € 2Z+1
or a,b € 2Z ) such that m? + YD = 22 (% + %\/f)), hence m? = 2a and
y = 2b (in Z), then 2/m and 2/y (in Z). As m* —n* = py?, this implies 2/n
(in Z), in contradiction with the fact that (m,n) = 1. Analogously we get to
contradiction in the case of the equation % - pdff = —4. Therefore N(«a) # 4.
From the previously proved, N(«) # 2 and N(a) # 4, hence N(a) = 1
and a € U (A4). We obtained that (m? + y/p) and (m? — y,/p) are relatively
prime elements in A, but (m? —y,/p)(m* + y,/p) = n*, therefore there exists
4
(g + %\/ﬁ) € A with the property: m?+y,/p = (%+%/p) (% + %\/ﬁ) (St
%"\/f)) € U(A) ( here ¢k, dy € Z, c,dy are simultaneously odd or even,
N(5 + ‘é—’“\/ﬁ) = 1).This is equivalent to m? 4+ \/py =

3 3
= (% + %) (Jl% +1 i\/;’ + 3f2892p + {9 fﬁ + —gif) , which is equivalent to

32(m* 4+ y/p) = (ck + dey/D)(f* + 439D+ 6 29°p + 4f5°p /D + 9*P?),

implying the system:

32m? = ¢ f* + 6per f292 + pPerg® + dpfigdi + 4p* f P di
32y = deg f3g + dper g2 + di f* + 6pdy f29° + p?dig?,

equivalently

{ 32 m? = e, (f* + 6pf2g® + p2g*) + dpdy(f39 + pfg®)
32y = di(f* + 6pf2g° + p*g*) + 4cu(fP9 + pfg®).

We have already proved that the equation m?* — n* = py?, where p € {5,13}
has an infinity of integer solutions. Therefore, if the system:
{ 32 m? = c(f* + 6pf3g® +p*g*) + 4pdi(fPg +pfg°)
32y = di(f* + 6pf?g* + p°9*) + 4er(fPg +pfg?)
has an infinity of integer solutions and hence the equation
32 m® = ey (f* + 6pf?g” + p*g*) + 4pdy.(f>9 + pfg°)
has an infinity of integer solutions.
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We do not know if the Diophantine equation m*— n* = py? has nontrivial

solutions for p € {29,37}, but we may prove the following result.

Proposition 2.4. If the equations ci(z* + 6px? y? +p2y*) + dpdy, (z3y+
+pxy3) = 3222, with p € {29,37}, where (ck,dy) is a solution of the Pell
equation |62 — pd2| = 1,have a solution x,y,z € Z*, then they have an infinity

of integer solutions.

Proof. In our case again p = 5 (mod 8) and the ring A of the integers
of the quadratic field Q(,/p) is Euclidian with respect to the norm N, A
1+p
—= -

We study the equation m?* — n* = py?, where p is prime

being Z [
number, p = 5 (mod 8) in the ring A.The given equation is equivalent to
(m? —yy/P)(m? + y/p) = n*. Let @ € A be a common divisor of m? — y,/p
and m? +yy/p- Then a =3 —l—%\/fo, with ¢,d € 2Z + 1 or ¢,d € 27Z.

As a/(m? + yy/p) and o/ (m* — y,/p), we have a/2m? and a/2y,/p, so
N(a)/4m* and N(a)/4py? (in Z ), hence N(a)/(4m?*, 4py?).(m,n) = 1 im-

plies (m,y) =1 (if (m,y) = d > 1, then m and n are not relatively prime).
Analogously, (m,p) = 1 implies in turn that (m*, py?) = 1, (4m*, 4py?) =

4, hence N(a) € {1,2,4} . If N(«) = 2, we have

2 d2 _ 2 d2 _

that means ¢ — pd® = 8,¢,d € Z and c, d are simultaneously even or odd.

If c and d are odd numbers, then ¢?, d?> = 1 (mod 8). Asp =5 (mod 8),then

c? —pd?> = 4 ( mod 8 ), which implies that the equation ¢? — pd?> = 8 does not
have integer solutions. If ¢ and d are even numbers then ¢ =2c¢, d = 2d,

¢,d €Z. We get ¢ —pd? = 8, therefore (¢ )2 —p(d)?> = 2. But p = 5 ( mod 8)
implies:(¢')? — p(d’')? = 4 ( mod 8), if ¢, d’ are odd numbers,(¢')? — p(d’')? =0

or 4 ( mod 8), if ¢/, d’ are even numbers, (¢')? — p(d’)?> = an odd number, if
¢’,d" are one even and another odd, and the equation (¢ )? — p(d )? = 2 does

not have integer solutions. If % — p‘i—Q = —2, then ¢ — pd? = —8,¢,d € 2Z

orc,d €2Z+1. If c and d are odd numbers, then ¢?,d*> = 1 ( mod 8). But

p =5 ( mod 8) impliesc? — pd? = 4 ( mod 8), which gives us that the equation
c? — pd? = —8 does not haveinteger solutions. If ¢ and d are even numbers,

then ¢ = 2¢ , d = 2d', ¢',d € Z. We get the equation (¢')? — p(d)? = —2,
which does not have integer solutions. We get N(a) # 2. In the same way as
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above, we prove that N(a) # 4. It remains only a € U (A) and m? + y,/p,
m? — y+/p are relatively prime elements in A.

As (m? — y/p)(m?* 4+ y/p) = n*, there exists (% + %\/ﬁ) € A such that:
: 4
mP4yB= (5 +% VD) (§+4vB) (%5 +% V) € U(A) (ch,dy € Z, oy

are simultaneously even or odd, N (% +d7’“\/13) = 1), which is equivalent tom?+

yyp = (% + %k) (Jl% + fsi\/ﬁ + 3f2892p + fgsfﬂ + %) ,which is equivalent
to 32(m?* 4+ y/p) = (cx + di/D)(f* + 439D+ 6%9%p + 4fg° /P + 9*p?).
This implies the system:
32m? = cr f* + 6per f29° + pergt + ApfPgdi + 4p° P d

32y = dep f3g + dpen fg® + di f* + 6pdi f2g* + pPdig?,
which implies the system:

32 m? = ¢ (f* + 6pfig® + p*g*) + 4pdy (29 + pfg?)

32y = de(f* + 6pf2g° + p*g*) + deu(fP9 + pfg®).
4 4

We have already proved that, if the equation m* — n* = py? has a nontrivial
solution inZ, it has an infinity of integer solutions. Therefore, if the system

{ 32 m? = i (f* + 6pf2g* + p?g*) + dpdi(f39 + pfg°)
32y = di(f* + 6pf2g> + p?g*) + 4ei(fPg + pfg?),

has a nontrivial solution in Z, it has an infinity of integer solutions. Therefore,
if the equation 32 m? = cp(f* + 6pf29% + p2g*) + 4pd(f3g + pfg®) has a

nontrivial solution in Z, it has an infinity of integer solutions.
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