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SET-VALUED INTEGRATION IN
SEMINORM II

Anca Croitoru, Christiane Godet-Thobie

Abstract

We introduced in [5] an integral for multifunctions with respect to
a multimeasure. If Pk(X) is the family of nonempty compact subsets
of a locally convex algebra X, then both the multifunction and the
multimeasure take values in a subset X̃ of Pk(X) which satisfies certain
conditions. In this paper, we continue the study of this integral by
establishing convergence theorems of Vitali and Lebesgue type.

Mathematical Reviews Subject Classification: 28B20.

1 Preliminaries

Let S be a nonempty set, A an algebra of subsets of S. Let X be a Hausdorff
locally convex vector space and let Q be a filtering family of seminorms which
defines the topology of X . We consider (x, y) �→ xy having the following
properties for every x, y, z ∈ X , α, β ∈ IR, p ∈ Q:

(i) x(yz) = (xy)z,

(ii) xy = yx,

(iii) x(y + z) = xy + xz,

(iv) (αx)(βy) = (αβ)(xy),

(v) p(xy) ≤ p(x)p(y).

Key Words: multimeasure, integrable multifunction, set-valued integral.
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1.1 Examples

(a) X = {f | f : T → IR is bounded} where T is a topological space.
Let K = {K ⊂ T |K is compact} and Q = {pK |K ∈ K} where, for every
f ∈ X , pK(f) = sup

t∈K
|f(t)|.

(b) X = {f | f : T → IR} where T is a nonempty set.
Let Q = {pt|t ∈ T } where pt(f) = |f(t)|, for every f ∈ X .

We denote by Pk(X) = Pk the family of all nonempty compact subsets of
X . If A, B ∈ Pk, α ∈ IR,

A + B = {x + y|x ∈ A, y ∈ B},
αA = {αx|x ∈ A},

A · B = {xy|x ∈ A, y ∈ B}.
For every p ∈ Q, every A and B ∈ Pk, let ep(A, B) = sup

x∈A
inf
y∈B

p(x − y) and

hp(A, B) = max{ep(A, B), ep(B, A)} - the Hausdorff - Pompeiu semimetric
defined by p on Pk. We define ‖A‖p = hp(A, O) = sup

x∈A
p(x), ∀A ∈ Pk, where

O = {0}. Then {hp}p∈Q is a filtering family of semimetrics on Pk which
defines a Hausdorff topology on Pk.

Let X̃ ⊂ Pk satisfying the conditions:

(x1) X̃ is complete with respect to {hp}p∈Q,

(x2) O ∈ X̃,

(x3) A + B, A · B ∈ X̃ for every A, B ∈ X̃ ,

(x4) A · (B + C) = A · B + A · C for every A, B, C ∈ X̃ .

1.2 Examples

(a) X̃ = {{x}|x ∈ X} for X like in examples (a)and (b) of 1.1.

(b) X̃ = {A | A ⊂ [0, +∞), A is nonempty compact convex} for X =
IR.

(c) X̃ = {[f, g] | f, g ∈ X, 0 ≤ f ≤ g} for X like in example 1.1-(b),
where [f, g] = {u ∈ X | f ≤ u ≤ g} and [f, f ] = {f}.
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1.3 Definition

ϕ : A → Pk is said to be an additive multimeasure if:

(i) ϕ(∅) = 0,

(ii) ϕ(A ∪B) = ϕ(A) + ϕ(B), for every A and B ∈ A such that A ∩ B = ∅.

1.4 Definition

Let ϕ : A → Pk. For every p ∈ Q, the p-variation of ϕ is the non-negative
(possibly infinite) set function vp(ϕ, ·) defined on A as follows:

vp(ϕ, A) = sup

{
n∑

i=1

‖ϕ(Ei)‖p

∣∣∣∣∣ (Ei)n
i=1 ⊂ A, Ei ∩ Ej = ∅ for i �= j,

n⋃
i=1

Ei = A, n ∈ IN∗
}

, ∀A ∈ A.

A such family (Ei)n
i=1 is called an A−partition of E.

We denote vp(ϕ, ·) by νp if there is no ambiguity.
We say that ϕ is with bounded p−variation iff νp is bounded for every

p ∈ Q.
If ϕ is an additive multimeasure, then νp is finitely additive for every p ∈ Q.

In the sequel, ϕ : A → X̃ will be an additive multimeasure with bounded
p−variation.

2 Basic results

In the beginning, we recall some notions introduced in [5].

2.1 Definition

A multifunction F : S → X̃ is said to be a simple multifunction if

F =
n∑

i=1

Bi · XAi , where Bi ∈ X̃, Ai ∈ A, i = 1, 2, ..., n, Ai ∩ Aj = ∅ for i �= j,

n⋃
i=1

Ai = S and XAi is the characteristic function of Ai.
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The integral of F over E ∈ A with respect to ϕ is:∫
E

Fdϕ =
n∑

i=1

Bi · ϕ(Ai ∩ E) ∈ X̃.

It is easy to see that the integral is correctly defined, thanks to conditions
(x3), (x4).

2.2 Definition

A multifunction F : S → X̃ is said to be ϕ-totally measurable in seminorm if
for every p ∈ Q, there is a sequence (F p

n)n of simple multifunctions F p
n : S →

X̃ such that:

(i) hp(F p
n , F )

νp−→ 0 (cf. Dunford, Schwartz [7] - III.2.6).

2.3 Remarks

(a) Every simple multifunction is ϕ-totally measurable in seminorm.
(b) Let F : S → X̃ be a multifunction and p ∈ Q. If there is a sequence (F p

n)n

of simple multifunctions F p
n : S → X̃ such that hp(F p

n , F )
νp−→ 0, then, for

every n ∈ IN, hp(F p
n , F ) and ‖F‖p are νp−measurable (cf. Dunford, Schwartz

[7] - III.2.10).

We recall the following theorem ( Theorem2.2 of [5]).

2.4 Theorem

If F and G : S → X̃ are ϕ−totally measurable in seminorm, then, for every
p ∈ Q, hp(F, G) is νp−measurable.

2.5 Definition

A multifunction F : S → X̃ is said to be ϕ−integrable in seminorm if for every
p ∈ Q, there exists a sequence (F p

n)n of simple multifunctions, F p
n : S → X̃,

satisfying the following conditions:

(i) hp(F p
n , F )

νp−→ 0 (that is: F is ϕ-totally measurable in seminorm)

(ii) hp(F p
n , F ) is νp−integrable, for every n ∈ IN,

(iii) lim
n→∞

∫
E

hp(F p
n , F )dνp = 0, for every E ∈ A,
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(iv) For every E ∈ A, there exists IE ∈ X̃ such that, for every p ∈ Q,

lim
n→∞hp

(∫
E

F p
ndϕ, IE

)
= 0.

We denote IE =
∫

E

Fdϕ and we call it integral of F over E with respect to ϕ.

The sequence (F p
n )n is said to be a p−defining sequence for F .

Several properties of this integral are given in [5]. We close this part
with two examples and a theorem of characterization of the ϕ−integrability
in seminorm.

2.6 Examples

(a) If X is a real Banach algebra, then we obtain the integral defined in
Croitoru [4].

(b) If X = IR, X̃ = {A ⊂ [0, +∞[ | A nonempty compact convex subset }
and ϕ = {µ} (where µ is finitely additive), then we get the integral, defined
in Sambucini [9], of the multifunction F with respect to µ.

The next theorem of characterization will be used in the next section.

2.7 Theorem

Let F : S → X̃ be a ϕ−totally measurable in seminorm multifunction. Then
the following properties are equivalent:
(i) For every p ∈ Q, ‖F‖p is νp−integrable.
(ii) F is ϕ−integrable in seminorm.

Proof.
The part (ii) ⇒ (i) is given in theorem 2.6 of [5].
We suppose now (i): for every p ∈ Q, ‖F‖p is νp−integrable. Since F is
ϕ−totally measurable in seminorm, for every p ∈ Q there is a sequence (Gp

n)n

of simple multifunctions such that:
(1) hp(Gp

n, F )
νp−→ 0.

From the inequality:

hp(Gp
n, F ) ≤ ‖Gp

n‖p + ‖F‖p, ∀n ∈ IN

and the fact that ‖F‖p is νp−integrable, it follows that, for every n ∈ IN,
hp(Gp

n, F ) is νp−integrable.

For every k ∈ IN∗, we define Ap,n
k =

{
s ∈ S

∣∣∣∣hp(Gp
n(s), F (s)) >

1
k · νp(S)

}
.

From (1) we have:
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(2) lim
n→∞ νp(A

p,n
k ) = 0.

Since (2), for ε =
1
k

, there exists nk > k such that:

(3) νp(A
p,n
k ) <

1
k

, ∀n ≥ nk.

If Up
k = Gp

nk
χS\A

p,nk
k

for every k ∈ IN∗, Up
k is a simple multifunction and from

theorem 2.4, it follows:
(4) hp(U

p
k , F ) is νp−measurable, ∀k ∈ IN∗.

Now, for every ε > 0 and k ∈ IN∗ we have:

νp ({s ∈ S|hp(U
p
k (s), F (s)) > ε}) ≤

≤ νp

({s /∈ Ap,nk

k |hp(Gp
nk

(s), F (s)) > ε})+ νp(A
p,nk

k )

and using (1) and (2) we obtain:
(5) hp(U

p
k , F )

νp−→ 0.
We have hp(U

p
k , F ) ≤ hp(U

p
k , Gp

nk
)+hp(Gp

nk
, F ) and from the νp−integrability

of hp(U
p
k , Gp

nk
) + hp(Gp

nk
, F ), we obtain:

(6) hp(U
p
k , F ) is νp−integrable, ∀k ∈ IN∗.

Let ε > 0. Denoting Γ(E) =
∫

E

‖F‖pdνp, for every E ∈ A, by theorem 3.7

of [5], Γ � νp and there exists δ(p, ε) = δ > 0, such that:

(7)
∫

E

‖F‖pdνp < ε for every E ∈ A with νp(E) < δ.

Then, for every k ∈ IN∗ with
1
k

< min{δ, ε}, from (3) and (7) we have:∫
S

hp(U
p
k , F )dνp =

∫
S\A

p,nk
k

hp(Gp
nk

, F )dνp +
∫

A
p,nk
k

‖F‖pdνp <
1
k

+ ε < 2ε,

that is
(8) lim

k→∞

∫
S

hp(U
p
k , F )dνp = 0.

By (5), (6) and (8), the sequence (Up
k )k satisfies conditions (i), (ii) and (iii)

of definition 2.5. It remains to prove condition (iv), so that (Up
k )k is a p−

defining sequence for F and F is ϕ−integrable in seminorm.
Since (8), ∀p ∈ Q and ε > 0, ∃k(p, ε) ∈ IN∗ such that

(9)
∫

S

hp(U
p
k , F )dνp < ε, ∀k ≥ k(p, ε).

Let J = {(L, n)| L finite subset of Q and n ∈ IN∗} filtered by the relation:
(L1, n1) ≤ (L2, n2) iff L1 ⊂ L2 and n1 ≤ n2. For every finite L ⊂ Q, since Q
is filtering, there is pL ∈ Q such that p ≤ pL for every p ∈ L.



SET-VALUED INTEGRATION IN SEMINORM II 61

Given (L, n) ∈ J , for ε =
1
n

, by (9), there exists k(pL, n) ∈ IN∗ such that:

(10)
∫

S

hpL(UpL

k , F )dνpL <
1
n

, ∀k ≥ k(pL, n).

For every (L, n) ∈ J , let H(L,n) = UpL

n+k(pL,n). First, we show that the

generalized sequence
(∫

E

H(L,n)dϕ

)
(L,n)∈J

is Cauchy in X̃, for every E ∈ A.

For p ∈ Q and ε > 0, let (L0, n0) ∈ J such that p ∈ L0 and
1
n0

< ε.

Then, for every (L1, n1) and (L2, n2) ∈ J such that (L1, n1) ≥ (L0, n0) and
(L2, n2) ≥ (L0, n0), we have:

(11) hp

(∫
E

H(L1,n1)dϕ,

∫
E

H(L2,n2)dϕ

)
≤
∫

E

hp

(
H(L1,n1), H(L2,n2)

)
dνp.

Also, we have:
(12) hp(H(L1,n1), H(L2,n2)) ≤ hp(H(L1,n1), F ) + hp(F, H(L2,n2)) ≤

hpL1
(H(L1,n1), F ) + hpL2

(H(L2,n2), F ).

Using (10), from (11) and (12), it follows:

(13) hp

(∫
E

H(L1,n1)dϕ,

∫
E

H(L2,n2)dϕ

)
≤
∫

E

hpL1
(H(L1,n1), F )dνp+

+
∫

E

hpL2
(H(L2,n2), F )dνp ≤

∫
E

hpL1
(H(L1,n1), F )dνpL1

+

+
∫

E

hpL2
(H(L2,n2), F )dνpL2

<
1
n1

+
1
n2

< 2ε.

Since the completeness of X̃ , for every E ∈ A, there exists IE ∈ X̃ such
that:

(14) lim
(L,n)∈J

∫
E

H(L,n)dϕ = IE .

Then, given p ∈ Q, ε > 0 and E ∈ A, there is (L0, n0) ∈ J with p ∈ L0 and
1
n0

< ε such that:

(15) hp

(∫
E

H(L0,n0)dϕ, IE

)
< ε.

For every k > k(p, n0), since (9), (10) and (15) we obtain:

hp

(∫
E

Up
kdϕ, IE

)
≤ hp

(∫
E

Up
kdϕ,

∫
E

H(L0,n0)dϕ

)
+ hp

(∫
E

H(L0,n0)dϕ, IE

)
<

<

∫
E

hp(U
p
k , H(L0,n0))dνp + ε ≤

∫
E

hp(U
p
k , F )dνp +

∫
E

hp(H(L0,n0), F )dνp + ε <

< ε +
∫

E

hpL0
(H(L0,n0), F )dνp + ε ≤
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≤ 2ε +
∫

E

hpL0
(H(L0,n0), F )dνpL0

< 3ε

which assures

(16) lim
k→∞

hp

(∫
E

Up
kdϕ, IE

)
= 0.

So, for every p ∈ Q, the sequence (Up
k )k of simple multifunctions satisfies

the four conditions of definition 2.5. Consequently, (Up
k )k is a p− defining

sequence for F and F is ϕ−integrable in seminorm.

3 Convergence theorems

We begin this section by a theorem of Vitali type.

3.1 Theorem (Vitali)

Let F : S → X̃ be a multifunction and let Fn : S → X̃ be a sequence
of ϕ−integrable in seminorm multifunctions. We denote, for every E ∈ A,

n ∈ IN∗ and p ∈ Q, Γp
n(E) =

∫
E

‖Fn‖pdνp and we suppose the following

conditions satisfied for every p ∈ Q:

(i) hp(Fn, F )
νp−→ 0,

(ii) Γp
n � νp, uniformly in n ∈ IN∗ (i.e. for every p ∈ Q and ε > 0, there is

δ(p, ε) = δ > 0 such that Γp
n(E) < ε for all E ∈ A with νp(E) < δ and

for every n ∈ IN∗).

Then the multifunction F is ϕ−integrable in seminorm and, for every E ∈ A,

lim
n→∞

∫
E

Fndϕ =
∫

E

Fdϕ.

Proof. We shall use the precedent theorem. First, we have to prove that
‖F‖p is νp−integrable, ∀p ∈ Q.
For every p ∈ Q, n ∈ IN∗, since Fn is ϕ−integrable in seminorm, there exists
a p−defining sequence (Gp,n

k )k for Fn such that:
(17) hp(G

p,n
k , Fn)

νp−→
k→∞

0

and
(18) lim

k→∞

∫
E

hp(G
p,n
k , Fn)dνp = 0, ∀E ∈ A.

From (17) and (18), for ε =
1
2n

, there is k(p, n) ∈ IN∗ such that, for every

k ≥ k(p, n),
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(19) νp

({
s ∈ S

∣∣∣∣hp(G
p,n
k (s), Fn(s)) >

1
2n

})
<

1
2n

and

(20)
∫

S

hp(G
p,n
k , Fn)dνp <

1
2n

.

Let Gp
n = Gp,n

k(p,n) for every n ∈ IN∗ and p ∈ Q. Now, for every ε > 0, there

exists n0 ∈ IN∗ such that
1
2n

<
ε

2
and

{s ∈ S |hp(Gp
n(s), F (s)) > ε} ⊂

{
s ∈ S

∣∣∣hp(G
p,n
k(p,n)(s), Fn(s)) >

1
2n

}
∪

∪
{

s ∈ S |hp(Fn(s), F (s)) > ε − 1
2n

}
for every n ≥ n0. Using (19) and (i), from the last inclusion, it follows
that hp(Gp

n, F )
νp−→0 which together with the inequality

∣∣∣‖Gp
n‖p − ‖F‖p

∣∣∣ ≤
hp(Gp

n, F ) shows that
(21) ‖Gp

n‖p

νp−→‖F‖p.

Since (Gp
n)n is a sequence of simple multifunctions such that hp(Gp

n, F )
νp−→ 0,

F is ϕ−totally measurable in seminorm. And according to theorem 2.4, for
every n ∈ IN∗, hp(Gp

n, F ) is νp−measurable.
Let Cp

n,m = {s ∈ S |hp(Fn(s), Fm(s)) > ε}, ∀n, m ∈ IN∗. It is easy to see

that Cp
n,m ⊂ {s ∈ S

∣∣∣hp(Fn(s), F (s)) >
ε

2
} ∪ {s ∈ S

∣∣∣hp(Fm(s), F (s)) >
ε

2
}

and from(i), we obtain
(22) lim

n,m→∞ νp(Cp
n,m) = 0.

From (22) and (ii), we have:

(23)
∫

S

hp(Fn, Fm)dνp =
∫

Cp
n,m

hp(Fn, Fm)dνp+
∫

S\Cp
n,m

hp(Fn, Fm)dνp ≤∫
Cp

n,m

‖Fn‖pdνp +
∫

Cp
n,m

‖Fm‖pdνp + ε · νp(S) < ε(2 + νp(S)).

Now, from (20) and (23) we obtain:

(24)
∫

S

hp(Gp
n, Gp

m)dνp ≤
∫

S

hp(Gp
n, Fn)dνp +

∫
S

hp(Fn, Fm)dνp+

+
∫

S

hp(Fm, Gp
m)dνp ≤ 1

2n
+ ε(2 + νp(S)) +

1
2m

< ε(4 + νp(S)),

that is
(25) lim

n,m→∞

∫
S

hp(Gp
n, Gp

m)dνp = 0.

We have
∫

S

|‖Gp
n‖p − ‖Gp

m‖p| dνp ≤
∫

S

hp(Gp
n, Gp

m)dνp and by (25) it results:
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(26) lim
n,m→∞

∫
S

|‖Gp
n‖p − ‖Gp

m‖p| dνp = 0.

By (21) and (26), for every p ∈ Q, ‖F‖p is νp−integrable (with defin-
ing sequence (‖Gp

n‖p)n) and according to theorem 2.7, F is ϕ−integrable in
seminorm.
Acting like in theorem 2.7, from the sequence (Gp

n)n∈IN∗ , we obtain a p−defining

sequence (Up
k )k∈IN∗ for F . Thus, let Ap,n

k =
{

s ∈ S|hp(Gp
n(s), F (s))>

1
k · νp(S)

}
,

for every k ∈ IN∗. Since lim
n→∞ νp(A

p,n
k ) = 0, for ε =

1
k

, there is nk > k such
that:

(27) νp(A
p,n
k ) <

1
k

, ∀n ≥ nk.

Let Up
k = Gp

nk
· XS\A

p,nk
k

, for every k ∈ IN∗. Since (Up
k )k is a p−defining

sequence for F , for arbitrary ε > 0, there exists n0(p, ε) = n0 ∈ IN∗ such that

(28) hp

(∫
E

Up
kdϕ,

∫
E

Fdϕ

)
< ε, ∀k ≥ n0.

Since (ii), for p ∈ Q and ε > 0, there is δ(p, ε) = δ > 0 such that:

(29)
∫

E

‖Fn‖pdνp < ε, ∀E ∈ A with νp(E) < δ.

Now, choosing k0 > max
{

n0,
1
δ

}
and n ≥ nk0 , we have:

hp

(∫
E

Fndϕ,

∫
E

Fdϕ

)
≤ hp

(∫
E

Fndϕ,

∫
E

Gp
ndϕ

)
+ hp

(∫
E

Gp
ndϕ,

∫
E

Up
k0

dϕ

)
+

+ hp

(∫
E

Up
k0

dϕ,

∫
E

Fdϕ

)
︸ ︷︷ ︸

cf.(28)<ε

<

∫
E

hp(Fn, Gp
n)dϕ︸ ︷︷ ︸

cf.(18)<ε

+

+hp

(∫
E∩cA

p,nk0
k0

Gp
ndϕ +

∫
E∩A

p,nk0
k0

Gp
ndϕ,

∫
E∩cA

p,nk0
k0

Gp
nk0

dϕ+

+
∫

E∩A
p,nk0
k0

Odϕ

)
+ ε ≤

≤ 2ε + hp

(∫
E∩cA

p,nk0
k0

Gp
ndϕ,

∫
E∩cA

p,nk0
k0

Gp
nk0

dϕ

)
+

∥∥∥∥∥
∫

E∩A
p,nk0
k0

Gp
ndϕ

∥∥∥∥∥
p

≤

≤ 2ε +
∫

E∩cA
p,nk0
k0

hp(Gp
n, Gp

nk0
)dνp︸ ︷︷ ︸

cf.(25)<ε

+
∫

E∩A
p,nk0
k0

‖Gp
n‖pdνp < 3ε+
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+
∫

E∩A
p,nk0
k0

hp(Gp
n, Fn)dνp︸ ︷︷ ︸

cf.(18)<ε

+
∫

E∩A
p,nk0
k0

‖Fn‖pdνp︸ ︷︷ ︸
cf.(29)<ε

< 5ε

that is lim
n→∞hp

(∫
E

Fndϕ,

∫
E

Fdϕ

)
= 0 and completes the proof.

As a consequence of Vitali theorem 2.8, we have a Lebesgue type theorem
of dominated convergence.

3.2 Theorem (Lebesgue)

Let F : S → X̃ be a multifunction and let Fn : S → X̃ be a sequence of
ϕ−totally measurable in seminorm multifunctions such that hp(Fn, F )

νp−→0,
for every p ∈ Q. If there exists g : S → [0, +∞) a νp−integrable function such
that ‖Fn‖p ≤ g for every n ∈ IN∗ and any p ∈ Q, then F is ϕ−integrable in

seminorm and lim
n→∞

∫
E

Fndϕ =
∫

E

Fdϕ, for every E ∈ A.

Proof. Since Fn is ϕ−totally measurable in seminorm, according to re-
mark 2.3-(b), ‖Fn‖p is νp−measurable for every p ∈ Q. Since g is νp−integrable
and ‖Fn‖p ≤ g, ‖Fn‖p is νp−integrable for every p ∈ Q and n ∈ IN∗. From
theorem 2.7 it follows Fn is ϕ−integrable in seminorm, for every n ∈ IN∗.

If we denote µp(E) =
∫

E

gdνp, for every E ∈ A and every p ∈ Q, then

(30) µp � νp.

Let Γp
n(E) =

∫
E

‖Fn‖pdνp, for every E ∈ A, every p ∈ Q and every n ∈ IN∗.

We have
(31) Γp

n(E) ≤ µp(E), ∀E ∈ A, p ∈ Q, n ∈ IN∗.
From (30) and (31), it results

(32) Γp
n � νp, uniformly in n ∈ IN∗.

Using (32) and thanks to theorem 2.8, the conclusion of this theorem follows.
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