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ON AN INTEGRAL OPERATOR

Virgil PESCAR and Daniel BREAZ

Abstract
In this paper we define a general integral operator for analytic func-
tions in the open unit disk and we determine some conditions for uni-
valence of this integral operator.

1 Introduction

Let A be the class of functions f of the form
F) =2+ Y anen,
n=2

normalized by f(0) = f’(0) — 1 = 0, which are analytic in the open unit disk
U={zeC:|z| <1}.

We consider § the subclass of A consisting of functions f € A, which are
univalent in U.

We denote by P the class of functions p of the form

p(z) =14 b2t
k=1

which are analytic in U, with Re p(z) > 0, for all z € U.
In this work we introduce a new integral operator defined by

1

V) = {8 [ ) )} 1)

for functions p; € P and B, v; be complex numbers 5 # 0 and j = 1, n.
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2 Preliminary results

We shall use the following lemmas.

Lemma 2.1. [3]. Let a be a complex number, Re o > 0 and f € A. If

2f"(z)
f'(2)

for all z € U, then for any complex number B, Re 8 > Re «, the function

1— |Z‘2Re [

<1 1
Re o - (1)

z B
Pt = |8 [ i w) 2
0
1s reqular and univalent in U.

Lemma 2.2. (Schwarz [1]). Let f be the function regular in the disk
Ur = {2z € C: |z| < R}, with |f(2)] < M, M fized. If f(z) has in z =0 one
zero with multiply > m, then

FEN S 7™, (= € Un), g

the equality (in the inequality (3) for z # 0) can hold only if

o M
f(z) = e 202,

where 0 is constant.

Lemma 2.3. [2]. If the function f is reqular in U and |f(2)] <1 in U, then
for all £ € U and z € U the following inequalities hold

O -76) | le-2) \

TG R W
()2

el ok (5)

e(z+u)
14wz ?

the equalities hold only in the case f(z) = where |¢] =1 and |u| < 1.

Remark 2.4. [2]. For z =0, from inequality (4)

f(&) - f(0)

0@ < [¢] (6)
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and, hence
€1+ [£(0)]
o)< 0L M
Considering f(0) = a and £ = z, we have
2] + |a
|f(2)] < Wa (8)

for all z € U.

3 Main results

Theorem 3.1. Let o, 3, y; be complex numbers, j = 1,n, Re o > 0 and
p; € P, pj(z) = 1+b1j2+b2j22+..., j=1n.

If
/ o
)| @Reat ) I a1, (1)
p;(z) 2
and
il + el + - 7] <1, (2)

then for any complexr number 3, Re B > Re «, the integral operator V,, defined
by (1) is in the class 8.

Proof. Let’s consider the function

gn(2) = /0 (pr(w)™ . (pn(u))™" du, (p; € P; j =T,n). (3)

The function g, is regular in U and ¢,(0) = ¢,,(0) — 1 =0.
From (3) we obtain

L= s || 1= lsPen g zp0e) "
Re « gn(2) Rea —~ g pi(z) |’
for all z € U.
By (1), applying Lemma 2.2 we have
2Re a+1
zp’ (2 2R 1) 2Re a -
RO @Reat DT | et j=Tn), )
p;(2) 2
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and hence, by (4) we get

Lol 2 (a)| Lo PR (2Re ot 1) H Zn:W (©)
Re a gn(2) Re o 2 = I
for all z € U.
Since
|:1_2|2Rea| |:| 2
max Z[| = pyEs)
lz]<1 Re a (2Re a + 1)2§Re a

from (2) and (6), we obtain

1— |Z|2Rea zg”(z)
n <1 .
Re o g(z) |~ 7 (z€U) (™)

From (7) and since g},(z) = (p1(2))™ ... (p.(u))™™, by Lemma 2.1 it results

that the integral operator V,, defined by (1) is in the class 8. O

Theorem 3.2. Let o, 3, 7; be complex numbers, j = 1,n, Re a > 0, M;
positive real numbers and p; € P, pj(z) =14 byjz +bo;z% + ..., j =1,n.

If

P (2)
pj(2)

<Mj, (€U j=1n), (8)

! (9)

M|y + Malvya| + ...+ Mp|yn| <

max 1—|z|2Re @ |z| Izl+lel |’
|z]<1 Re o 1+|c||z]

where

biiyr +bizve + ...+ binTn

c= , 10
Mi|m| + Ma|vya] + ... + My|vn) (10)

then for any complexr number 3, Re 3 > Re «, the integral operator V,, given
by (1) is in the class 8.

Proof. We consider the function

4u(2) = / () - (puw)™" du, (11)

which is regular in U and g,(0) = ¢,,(0) — 1 =0.
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Let’s consider the function

e 1 gi(2)

- M|+ Malya| + ... + M|yl g,,(2)

, (€1 (12)

and from (11) we get

71 Pl
Miyi|+ ...+ My|ye| p1
/

Tn p

for all z € U.
From (8) and (13) we obtain |h(z)| < 1, z € U.
We have

_ biiyr + b2y + ...+ binTn
Mi|y1| + Ma|ya| + ... + My |yn|

h(0)

and by applying the Remark 2.4 we get

2] + |¢]

< — u 14

) < i (e, (14)
where

o] = |b1171 + b12ya + .. + b1nYal
M|+ Malya| 4 ... 4 My |yl

From (12), (14) we obtain
1— ‘Z|2Re @
Re «

29, (2)
gn(2)

|2l + |e|
1+ |e]|2]

||

|:1 _ |Z|2Rea (15)

< (Mi|yi| + ...+ My |vn]) max oo

|z[<1

for all z € U.
From (9) and (15) we have

1— |Z|2Reo¢
Re a

29,,(2)

S| SL Gew. (16)

From (16) and since g/,(2) = (p1(2))" ... (pn(2))"", by Lemma 2.1, it
results that the integral operator V;, given by (1) belongs to the class 8. [
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Theorem 3.3. Let a, y; be complex rﬂnbers, j=1mn, Rea>0andp; € P,
pj(2) =1+ b1j(2) +b2i(2) + ..., j =1,n.

If
Re o
|71|+|72|+---+|%,|§77 (0 < Rea < 1), (17)
or
1
\71|+W2|+---+\%|§§, (Re o > 1), (18)

then for any complex number 8, Re > Re «, the integral operator V,, € §.

Proof. Since p; € P, j = 1,n, we have

2p;(2) 2|z|
< , (z€lU). 19
n | STopr GV (19
We consider the function
o) = [ @a()" o) (20)
From (19) and (20) we obtain
1 |22 | g2 (2)
Re « g5 (2)
1— |Z‘2Reoc 2|Z| n
< . ; . 21

For 0 < Re a < 1 we have 1 — [z|?f¢® < 1 — 2|2, for all z € U. By (17)
and (21) we get

1 — [2|*7€ | 2gp(2)

<1 U; 0 < R <1). 22
Te o o | b (zelU; 0< Rear <) (22)
For Re a > 1 we obtain 17‘;‘;220 <1— 2% for all z € U. By (18) and
(21) we get
1_‘z|2Rea zg”(z)
n <1 U; R 1). 23
Rea |g(n|Sh (FEW Rea>1) (23)

From (22), (23) and Lemma 2.1 we obtain that V;, € 8. O
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4 Corollaries

Corollary 4.1. Let o, 7; be complex numbers, j = 1,n 0 < Re oo < 1 and
p; € P, pj(z) =14+ blj(z) + bgj(z) +...,7=1n.

If
2pli(z 2 1) 5ree -
B QhReatl) ey j=Tow), (1)
pi(2) 2
vl + el +. .+ ml <1, (2)
then the integral operator defined by
z
Koo = [ )™ o (o) d 3)
is in the class 8.
Proof. For g =1, from Theorem 3.1, we obtain the Corollary 4.1. [

Corollary 4.2. Let o, v; be complex numbers, j = 1,n, 0 < Re a < 1, M;
positive real numbers and p; € P, p;(z) =1+ b1jz+boj22 + ..., j =1, n.
If

Pi(2)

pj(Z) J ) )
1
M1|’}/1| + M2‘72| + o e + M7L"YTL| S 1_‘2‘2Re o |Z|+|C| bl (5)
max‘2|§1 |: Re o |Z|1+\c\|z|
where
. biivi +biava + ... + binTn (6)
My|ya| + Malye| + ...+ Ma|yn|”
then the integral operator K, defined by (3) belongs to the class 8.
Proof. We take f =1 in Theorem 3.2. O

Corollary 4.3. Let o, 3, y; be complex numbers, j =1,n, Re 8 > Re a > 0,
M positive real numbers and p; € P, p;(z) =1+ byjz +byz? +..., j=1,n.
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If

p;(z)

SM'v (Zeuvj:m)v
p;(2) !

2Re a+1

(2Re av+ 1) 2Rea
2 b

|b1171 + biava + ..+ bipYn| <

[b1171 + b12v2 + -+ by = Mi|m| + Ma|ye| + ... 4+ Ma|yal,
then the integral operator V, € 8.

Proof. By (10), from Theorem 3.2 and (9) we have |¢| = 1.
Using the inequality (9) we obtain

Myl + Malyl + ..+ Myl < e
max‘z\ﬁl Re o |Z|
We have
max {1 i |z|} = 2
|z|<1 Re a (2Rea+1)2§§gzl

(10)

(11)

and from (9), (10) and (11) we obtain (8). The conditions of Theorem 3.2 are

satisfied.

O

Corollary 4.4. Let o, f3, y; be complex numbers, j =1,n, Re f > Re a > 0,
M positive real numbers and p; € P, p;(z) =1+ byjz +byjz? + ..., j=1,n,

bi1yr +breve + ...+ bipyn = 0.
If

P;(2)

pj(2)

SMJ7 (Z€u7.7:1)7n)3

Re a+1

My|yi| + Malya| + ... 4 Mylyn| < (Re a4 1) Rea,

then the integral operator V, € 8.
Proof. From (10) we have ¢ = 0 and using the inequality (9) we obtain
1

1—|z|2Re « 9"
Re o | |

M|y + Malva| + ...+ Mp|ya| <

maxj;|<1

(14)
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Since

Re a+1

Rea+1) rea

|:1 _ ‘Z|2Rea 2:| 1
max |z|*| =
lz|<1 Re o (

from (14) we have the inequality (13).
The conditions of Theorem 3.2 are verified and hence, we obtain
Vo € 8. O

Corollary 4.5. Let a, 3, v; be complex numbers, j = 1,n, 0 < Re a < 1
and pj € P, pj(z) =1+ byjz+be2%+ ..., j=1,n.
If

Re o
|71|+|72|+--~+|7n|§T, (0 < Rea <1), (15)

then the integral operator K, given by (3) is in the class 8.
Proof. We take f =1 in Theorem 3.3. O
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