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functions defined by a generalized differential operator introduced by the authors in
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1. Introduction.

Let H be the class of functions analytic in U := {z ∈ C : |z| < 1} and H[a, n] be
the subclass of H consisting of functions of the form f(z) = a+anzn+an+1z

n+1+... .
Let A be the subclass of H consisting of functions of the form

f(z) = z +
∞∑

n=2

anzn, (z ∈ U). (1)

We will use the following operator which defined and studied by the authors (see
[1]).

D0f(z) = f(z)

= z +
∞∑

n=2

anzn,
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D1
α,β,λf(z) = [1− β(λ− α)]f(z) + β(λ− α)zf ′(z)

= z +
∞∑

n=2

[β(n− 1)(λ− α) + 1]anzn,

...

Dk
α,β,λf(z) = D1

α,β,λ

(
Dk−1

α,β,λf(z)
)

= z +
∞∑

n=2

[β(n− 1)(λ− α) + 1]kanzn
(2)

for β > 0, 0 ≤ α < λ and k ∈ N0 = N ∪ {0} with Dk
α,β,λf(0) = 0.

Remark 1.1.
(i) When α = 0, β = 1, we receive Al-Oboudi

′
s differential operator (see [2]).

(ii) And when α = 0, β = 1 and λ = 1 we get Sǎlǎgean
′
s differential operator

(see [3]).

Many differential operators studied by various authors can be seen in the literature
(see for examples [4]-[8]).

Our considerations are based on the following results.

Lemma 1.1. (see [9]) Let f ∈ A. If for all z ∈ U

(1− |z|2)|zf ′′(z)
f ′(z)

| ≤ 1, (3)

then the function f is univalent in U.

Lemma 1.2. (see [10]) Let f ∈ A. If for all z ∈ U

|z
2f ′(z)
f2(z)

− 1| < 1, (4)

then the function f is univalent in U.

Lemma 1.3. (see [11]) Let µ be a real number, µ > 1
2 and f ∈ A. If for all z ∈ U

|(1− |z|2µ)
zf ′′(z)
f ′(z)

+ 1− µ| ≤ µ, (5)
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then the function f is univalent in U.

Lemma 1.4. (see [12]) If f(z) ∈ S (the class of univalent functions) and

z

f(z)
= 1 +

∞∑
n=1

bnzn, (6)

then
∞∑

n=1

(n− 1)|bn|2 ≤ 1.

Lemma 1.5. (see [13]) Let ν ∈ C, <{ν} ≥ 0 and f ∈ A. If for all z ∈ U

(1− |z|2<(ν))
<(ν)

|zf ′′(z)
f ′(z)

| ≤ 1, (7)

then function

Fν(z) =
(
ν

∫ z

0
uν−1f ′(u)du

)1/ν

is univalent in U.

1. The Main Results

In this section, we establish the sufficient conditions to obtain a univalence for
analytic functions involving the differential operator (2).

Theorem 2.1. Let f ∈ A. If for all z ∈ U

∞∑
n=2

[β(n− 1)(λ− α) + 1]k[n(2n− 1)]|an| ≤ 1. (8)

Then Dk
α,β,λf(z) is univalent in U.

Proof. Let f ∈ A. Then for all z ∈ U we have

(1− |z|2)|
z[Dk

α,β,λf(z)]′′

[Dk
α,β,λf(z)]′

| ≤ (1 + |z|2)|
z[Dk

α,β,λf(z)]′′

[Dk
α,β,λf(z)]′

|

≤
2

∑∞
n=2[β(n− 1)(λ− α) + 1]k[n(n− 1)]|an|

1−
∑∞

n=2[β(n− 1)(λ− α) + 1]kn|an|
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the last inequality is less than 1 if the assertion (8) is hold. Thus in view of Lemma
1.1, Dk

α,β,λf(z) is univalent in U.

Theorem 2.2. Let f ∈ A. If for all z ∈ U

∞∑
n=2

[β(n− 1)(λ− α) + 1]k|an| ≤
1√
7
. (9)

Then Dk
α,β,λf(z) is univalent in U.

Proof. Let f ∈ A. It sufficient to show that

|
z2[Dk

α,β,λf(z)]′

2[Dk
α,β,λf(z)]2

| ≤ 1.

|
z2[Dk

α,β,λf(z)]′

2[Dk
α,β,λf(z)]2

| ≤

1 +
∑∞

n=2[β(n− 1)(λ− α) + 1]kn|an|
2
{
1− 2

∑∞
n=2[β(n− 1)(λ− α) + 1]k|an| − (

∑∞
n=2[β(n− 1)(λ− α) + 1]k|an|)2

}
the last inequality is less than 1 if the assertion (9) is hold. Thus in view of Lemma
1.2, Dk

α,β,λf(z) is univalent in U.

Theorem 2.3. Let f ∈ A. If for all z ∈ U

∞∑
n=2

n[2(n− 1) + (2µ− 1)][β(n− 1)(λ− α) + 1]k|an| ≤ 2µ− 1, µ >
1
2
. (10)

Then Dk
α,β,λf(z) is univalent in U.

Proof. Let f ∈ A. Then for all z ∈ U we have

|(1− |z|2µ)
z[Dk

α,β,λf(z)]′′

[Dk
α,β,λf(z)]′

+ 1− µ| ≤ (1 + |z|2)|
z[Dk

α,β,λf(z)]′′

[Dk
α,β,λf(z)]′

|+ |1− µ|

≤
2

∑∞
n=2[β(n− 1)(λ− α) + 1]k[n(n− 1)]|an|

1−
∑∞

n=2[β(n− 1)(λ− α) + 1]kn|an|
+ |1− µ|

the last inequality is less than µ if the assertion (10) is hold. Thus in view of Lemma
1.3, Dk

α,β,λf(z) is univalent in U.
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As applications of Theorems 2.1, 2.2 and 2.3 we have the following result.

Theorem 2.4. Let f ∈ A. If for all z ∈ U one of the inequalities (8-10) holds then

∞∑
n=1

(n− 1)|bn|2 ≤ 1,

where
z

Dk
α,β,λf(z)

= 1 +
∞∑

n=1

bnzn.

Proof. Let f ∈ A. Then in view of Theorems 2.1 , 2.2 or 2.3, Dk
α,β,λf(z) is univalent

in U. Hence by Lemma 1.4 we obtain the result.

Theorem 2.5. Let f ∈ A. If for all z ∈ U

∞∑
n=2

n[2(n− 1) + <(ν)][β(n− 1)(λ− α) + 1]k|an| ≤ <(ν), <(ν) > 0. (11)

Then
Gν(z) =

(
ν

∫ z

0
uν−1[Dk

α,β,λf(u)]′du
)1/ν

is univalent in U.

Proof. Let f ∈ A. Then for all z ∈ U we have

(1− |z|2<(ν))
<(ν)

|
z[Dk

α,β,λf(z)]′′

[Dk
α,β,λf(z)]′

| ≤ (1 + |z|2<(ν))
<(ν)

|
z[Dk

α,β,λf(z)]′′

[Dk
α,β,λf(z)]′

|

≤ 2
<(ν)

∑∞
n=2[β(n− 1)(λ− α) + 1]k[n(n− 1)]|an|
1−

∑∞
n=2[β(n− 1)(λ− α) + 1]kn|an|

the last inequality is less than 1 if the assertion (11) is hold. Thus in view of Lemma
1.5, Gν(z) is univalent in U.
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