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ON UNIVALENCE CRITERIA FOR ANALYTIC FUNCTIONS
DEFINED BY A GENERALIZED DIFFERENTIAL OPERATOR
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ABSTRACT In this paper we obtain sufficient conditions for univalence of analytic
functions defined by a generalized differential operator introduced by the authors in
(Far East J. Math. Sci., 33(3),(2009), 299-308).
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1. INTRODUCTION.
Let H be the class of functions analytic in U := {z € C : |z| < 1} and HJ[a,n] be

the subclass of H consisting of functions of the form f(2) = a+a,z"+ap412" 1 +....
Let A be the subclass of H consisting of functions of the form

fz)=2z+ Zanz", (z €eU). (1)
n=2

We will use the following operator which defined and studied by the authors (see

[1])-
Df(2) = f(2)

o0
=z+ g anz",
n=2
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Do paf(2) = [1 =B = a)lf(2) + (A — )z f'(2)

=2+ [Bn—1)(A—a) + a2,
n=2

Dk 5af(2) = Db s (DELI(2)
=2+ [Bn—1)(A—a) + 1] anz"
n=2

for 3>0, 0 <a < X\and k € Ng=NU{0} with D’;ﬂ’Af(o):o.

Remark 1.1.
(i) When o = 0, 8 = 1, we receive Al-Oboudi's differential operator (see [2]).
(i) And when o = 0,4 =1 and A = 1 we get Salagean’s differential operator
(see [3]).

Many differential operators studied by various authors can be seen in the literature
(see for examples [4]-[8]).

Our considerations are based on the following results.

Lemma 1.1. (see [9]) Let f € A. If for all z € U

2y 2" (2)
-k < 3)
then the function f is univalent in U.
Lemma 1.2. (see [10]) Let f € A. If for all z € U
2 f'(2)
‘ fQ(Z) - 1‘ < 17 (4)

then the function f is univalent in U.
Lemma 1.3. (see [11]) Let p be a real number, p > % and f € A. If for all z € U

\(1—rz12“>jf,/;§>+1—m <u, (5)
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then the function f is univalent in U.

Lemma 1.4. (see [12]) If f(z) € S (the class of univalent functions) and

> o0
— =1 bp2", 6
f L )
then -
> (n=1)b* < 1.
n=1

Lemma 1.5. (see [13]) Let v € C, R{r} > 0 and f € A. If for all z € U

(1 —[=**) lzf”(Z)
R(v) f'(2)

| <1 (7)

then function
z 1/v
F,(z) = (1// u”_lf’(u)du>
0
18 univalent in U.

1. THE MAIN RESULTS

In this section, we establish the sufficient conditions to obtain a univalence for
analytic functions involving the differential operator (2).

Theorem 2.1. Let f € A. If for all z € U

oo

> 8n = 1A —a) + 1*[n(2n — 1)]|an| < 1. (8)

n=2
Then D’géﬁ’)\f(z) is univalent in U.

Proof. Let f € A. Then for all z € U we have

2D} 5, f(2)]"

+ |z
{Dg,ﬂ)\] (2))

_ 2558 = DA = o) + 1*[n(n — 1)]|an|
T 125080 = DA — o) + 1] n]a)|
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the last inequality is less than 1 if the assertion (8) is hold. Thus in view of Lemma
1.1, Dgﬁ,)\f(z) is univalent in U.

Theorem 2.2. Let f € A. If for all z € U

o0

S [B0n — (A~ a) + 1] <

n=2

: (9)

4

Then Dféﬂ \f(2) is univalent in U.
Proof. Let f € A. It sufficient to show that

22[D§757>\f(z)]/
Q[Dlé,g,)\f(z)]Q

ZQ[DQ,@AJC(Z)]/
2[Dk 5\ f(2)]?
L+, [8(n — 1)(A — a) + 1*na,|
2{1-2377,[8(n — (A — @) + 1F|an| — (oL [8(n — 1)(A — @) + 1]¥|a,|)?}

the last inequality is less than 1 if the assertion (9) is hold. Thus in view of Lemma
1.2, D% 5, f(2) is univalent in U.

| <1

| | <

Theorem 2.3. Let f € A. If for all z € U

(e e}

S nf2n— 1)+ 2 D][B— DO~ 0) + Plan] < 2u—1, > 5. (10)

n=2
Then D';”B’)\f(z) is univalent in U.
Proof. Let f € A. Then for all z € U we have

2D} 5, (2)]"

Dk "
Q, ,A

(1= 12) NIC) [+ 11—yl
225,80 = 1A = a) + 1]*[n(n — 1]|an|
T 10080 = 1)(A = @) + 1]Fn|an|

the last inequality is less than y if the assertion (10) is hold. Thus in view of Lemma
1.3, Dgﬁ,)\f(z) is univalent in U.

+[1 — pf
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As applications of Theorems 2.1, 2.2 and 2.3 we have the following result.

Theorem 2.4. Let f € A. If for all z € U one of the inequalities (8-10) holds then

e}

Z(n - 1)|bn’2 < 17

n=1

where

o0
zZ
S N
NE A K

Proof. Let f € A. Then in view of Theorems 2.1 , 2.2 or 2.3, DX gaf(z) is univalent
in U. Hence by Lemma 1.4 we obtain the result.

Theorem 2.5. Let f € A. If for all z € U
Zn[Q(n — 1) + RW)][B(n — D)X — @) + 1]¥|an| < R(v), R(v) > 0. (11)
n=2

Then B v
Gu(z) = (V/O u”*l[D’jtﬂ’/\f(u)]'du)

1s uniwalent in U.

Proof. Let f € A. Then for all z € U we have

(1— |Z|2§R(V)) Z[D]O";ﬁ’)\f(z)]”| (1+ ‘Z|28%(l/)) ’Z[D(];”B’/\f(z)]”
R(v) [D](;@)\f(z)]/ B R(v) [Dfiﬂ,xf(Z)]’

2 Y =1 —a) + 1] n(n - 1)]jay|
TR 1=3050800 = DA = a) + 1]Fnfa,|

the last inequality is less than 1 if the assertion (11) is hold. Thus in view of Lemma
1.5, G, (z) is univalent in U.
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