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SOME REMARKS ON NONCOMMUTATIVE DIRAC EQUATION

Laurian-Ioan Pişcoran

Abstract. In this paper it is continued our previous work (see [1] and [2]) and
it is analyzed the noncommutative Dirac equation for the de Broglie harmonic wave
function. Also, the noncommutative Dirac equation is presented for the normed
wave function which correspond to the n-level of energy in Schrödinger equation.
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1. Introduction

For a particle, the Schrödinger equation, have the following form

− ~2

2m
∇ψ(x, t) + V (x)ψ(x, t) = i~

∂

∂t
ψ(x, t) (1)

where ψ(x, t) represent the wave function, ~ is the Planck constant and m represent
the mass of the particle.

If, in the Schrödinger equation, we take ψ(x, t) = ϕ(x) exp
(
−
iEt

~

)
and we

introduce this form for the wave function in the equation, then one obtains

− ~
2m

· d
2

dx2
ϕ(x) = [E − V (x)]ϕ(x).

The Schrödinger equation for a ”particle in the box”, have stationary solution of

the form: ψ(x, t) = ϕ(x) exp
(
−
iEt

~

)
if the energy E take one of the values E1,

E2, . . . , En, . . . where En =
n2 · π2(~/a)2

2m
, and n ∈ Z+.

The normed wave function, which correspond to the n-level of energy take the
following form

ψn(x, t) =

√
2
a

sin
(nπx

a

)
exp

(
− iEnt

~

)
. (2)
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The harmonic de Broglie wave function in one region of constant potential is

ψ(x, t) = e−iwt
(
Aeikx +Be−ikx

)
(3)

where A and B are constants and k =

√
2mE
~2

.

In our previous papers ([1] and [2]) it is constructed the noncommutative Dirac
equation. For a free particle this is of the form (see [2]):

~
∂

∂t
ψ(x, t) = −

(
x∂x +

1
2

)
ψ(x, t).

In general, the commutative Dirac equation (see [2]) is

i~
∂

∂t
ψ(x, t) = Q(x, ∂x)ψ(x, t) (4)

where Q(x, ∂x) =

−
α∂2

x

2
+
αx2

2
−x∂x +

1
2

x∂x +
1
2

−
β∂2

x

2
+
βx2

2

 with α, β > 0.

2. Main Results

Theorem 2.1 For the harmonic de Broglie wave function (3), the noncommutative
Dirac equation is

~wψ(x, t) = Q(x, ∂x)ψ(x, t).

Proof. From noncommutative Dirac equation (4) one obtain

i~
∂

∂t
(e−iwt(AEikx +Be−ikx)) =

−
α∂2

x

2
+
αx2

2
−x∂x +

1
2

x∂x +
1
2

−
β∂2

x

2
+
βx2

2

.
Hence

i ~(Aeikx +Be−ikx)(−iw)e−iwt = Q(x, ∂x)ψ(x, t) ⇒ ~wψ(x, t) = Q(x, ∂x)ψ(x, t).

�
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Lemma 2.2 For the normed wave function (2), the noncommutative Dirac equation
is

Enψ(x, t) = Q(x, ∂x)ψ(x, t).

Proof.
For the normed wave function

ψn(x, t) =

√
2
a

sin
(
nπx

a

)
exp

(
−
iEnt

~

)
if we replace it in the noncommutative Dirac equation, then one obtain

i~
∂

∂t

(√
2
a

sin
(nπx

a

)
exp

(
− iEnt

~

))
= Q(x, ∂x)ψn(x, t),

hence
−i2~En

~
ψn(x, t) = Q(x, ∂x)ψn(x, t)

hence
Enψn(x, t) = Q(x, ∂x)ψn(x, t).

So, the theorem is proved.

�

Corollary 2.3 If we consider the normed wave function (2) using the noncommu-

tative Dirac equation (4), one obtain the total energy En =
1
~

(
px+

~
2i

)
.

Proof.

~
∂

∂t
ψn(x, t) = −

(
x∂x +

1
2

)
ψn(x, t) ⇒ − i~

~
En

√
2
a

sin
(nπx

a

)
exp

(
− iEnt

~

)
= −

(
x∂x +

1
2

)√
2
a

sin
(nπx

a

)
exp

(
− iEnt

~

)
⇒ iEn = x∂x +

1
2

⇒ En =
1
i

(
x∂x +

1
2

)
⇒ En =

1
~

(
px+

~
2i

)
.

We replace the total energy En in the normed wave function and obtain

ψn(x, t) =

√
2
a

sin
(nπx

a

)
exp

−
i

(
px+

~
2i

)
t

~2

 =

√
2
a

sin
(nπx

a

)
exp

(
− i p x t

~2
+

t

2i~

)
.
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�

Corollary 2.4 Consider the harmonic de Broglie function (3). Using the noncom-
mutative Dirac equation (4), one obtain the total energy

E =
1

2mw

(
px+

~
2i

)
.

Proof. Using the equality
1
i

(
x∂x +

1
2

)
=

1
~

(
px+

~
2i

)
it follows

2m
~2

E ~w =
1
~

(
px+

~
2i

)
⇒ E =

1
2mw

(
px+

~
2i

)
.

�

Next, we will consider a plane wave ψ(
→
x, t) = Cexp

(
i
~pix− i

~Et
)

which represent
a particle A which is incident with a B particle. Here pi represent the impulse of
the wave, E is the energy and C is a constant. The form of the wave function which
describe the diffracted wave is: ψs(x, t) = Cf(θ) 1

xexp
(

i
~(px− Et)

)
The function

f (θ) is a application betwen the direction of the impulse pi and the direction of the
vector x.

Theorem 2.5 For the wave function ψs(x, t), the noncommutative Dirac equa-
tion is

−iEψs(x, t) = Q(x, ∂x)ψs(x, t).

Proof. From ~ ∂
∂t ψs(x, t) = −Q(x, ∂(x))ψs(x, t) one obtain:

Cf(θ) 1
x(−E)exp

(
i
~(px− Et)

)
= Q(x, ∂(x))ψs(x, t) ⇒ −iEψs(x, t) = Q(x, ∂x)ψs(x, t).

�
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