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PERIODIC SOLUTION OF A DISCRETE LOTKA-VOLTERRA
SYSTEM WITH DELAY AND DIFFUSION

ZH1-JIE NAN, WEI-JUN CHEN, MING-XING LUO AND LIN L1

ABSTRACT. In this paper, we investigate the existence of periodic solution for a
discrete Lotka-Volterra system on time scale. The result is also a generalization of
the system in [9].
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1. INTRODUCTION

Let T be a time scale i.e., T is an arbitrary nonempty closed subset of R. Various
mathematical models have been proposed in the study of population dynamics, one
of the famous models for population dynamics is the following Lotka-Volterra system

{ z(t) = x1(t)(ria(t) + ria(t)zi(t) + riz(t)z2(t)) (1)
z5(t) = 2(t)(r21(t) + r22(t)w1(t) + r23(t)22(1))

When 713(t)re2(t) < 0, system (1) is a Predator-Prey system, while when r13(t) <
0,792(t) < 0, it is a competition system, and when r13(t) > 0,722(¢) > 0, the one is
a reciprocal system. In order to reflect the seasonal fluctuations, some researchers
considered the Lotka-Volterra system with periodic coefficients [15]. Moreover, some
authors took into account the time delay effect, density regulation and diffusion
between patches in many ecological systems [13, 19, 20].

After the theory of time scales was introduced by Stefan Hilger in 1988, there are
some results related to the study of dynamic equations on time scale [1, 3, 4, 12, 16].
In this paper, to consider both the periodic variations of the environment and the
density regulation of the predators with delay effect and diffusion between patches,
we investigate the existence of positive periodic solutions of the following periodic
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competition Lotka-Volterra dynamic system with time delay and diffusion on
time scale

m(n+1) = ma)explr(n) — filn)a () - SRR EET—
+P1(n)x2(n)—p1(N)w1(N)]
x1(n
zo(n+1) = xzo(n)exp[ra(n) — fo(n)xa(n) + p2(”)5"’1(7;)2z5)2(n)w2(n)] o)
(1) = () esplran) = ftnintn) = B
1(n)y2(n
EorEAOmol o
L y2(n+1) = ya(n)explra(n) — fa(n)ya(n) + yl(n_i)j_gy;(:)y;r(n_ﬂ]

where y1(n) and x1(n) represent the population density of species y and z in patch 1,
while ya(n) and z2(n) represent the density of species y and x in patch 2 respectively.
Species z and y can diffuse between two patches. The species y is confined to
compete with species z. 7 > 0 is a delay due to gestation. p;(n)(i = 1,2) are strictly
positive w-periodic functions. Denote the dispersal rate of species y in the i-th patch
(i =1,2). rg(n), fu(n)(k =1,2,3,4), and gj(n), hj(n),B3;(n)(j = 1,2) are strictly
positive w-periodic functions.
The system (2) is a generalized discrete system of

X)) = X)) - AhHX10) - w7 G )
—p1(t) X1(t) — p1(t) Xa(?) (3)
X5(t) = Xo(t)ra(t) — f2(t) X3 (t) + pa(t) X1 (t) — pa(t) Xa(t)

YI(t) = Y(t)rs(t) — fa(t)Y2(t) — x2S

with transition of variables X;(t) = %™ Y;j(t) = e¥%(" (i = 1,2). Therefore, our
aim is to find z;,y; € RT. Recently, some properties such as the uniform persistence,
global asymptotic stability and the periodicity of system (3) have discussed in [8, 17].
Also, by using various continuation theorems in coincidence degree, it is of great
interest for many authors to study the existence of periodic solutions [2, 5, 6, 7, 10,
14, 17, 18]. However, they are rare results related to study dynamic equations on
time scale. Actually, the discrete models are governed by difference equations, the
most direct and relevant biological issues are domains of simple (global stability)
and complex (chaotic) dynamics and possible data fitting to field or lab data, see
[11]. In this paper, we discuss the existence of positive w-periodic solutions of a class
of nonautonomous discrete time predator-prey systems (2) on time scale by using
the well-known Mawhin’s theorem. The criteria established here are pretty general
since they can be applied to many famous predator-prey systems of form (2).

This paper is organized as follows. In Section 2, we present some basic definitions
and results of topological degree theory. Section 3 is contributed to the proof of the
main result while some examples were given in the last section.

88



Z. J. Nan, W. J. Chen, M. X. Luo, L. Li - Periodic solution of discrete...

2. PRELIMINARIES

Let w > 0. Throughout this paper, the time scale is always assumed to be w-
periodic (i.e., n € Z implies n+w € Z) and unbounded. We denote I, = [0,w—1]NZ.

Now, we introduce some results related to the topology degree theory which are
important in our arguments.

Let X and Y be two Banach spaces. Consider an operator equation

Lxr =Mz, M€ (0,1), Vze X, (4)

where £ : Dom£L N X — Y is a linear operator, N' : X — Y is a continuous
operator and A is a parameter. Let P and @) be two projectors P : X — X and
Q@ : Y — Y such that ImP = kerL and ImL = kerQ = Im(/ — Q). It follows that
Llpomrrkerp : (I — P)X — Im/ is invertible and thus we denote the inverse of this
map by ®. If Q is a bounded open subset of X, the mapping N is called £L-compact
on Q if Q o N(Q) is bounded and ® o (I — Q) o N :  — X is compact. Moreover,
there exists an isomorphism ¥ : Im@) — kerL, since Im() is isomorphic to kerL.

Notice that operator L is called a Fredholm operator of index zero if dim(kerL) =
codim(Im£L) < oo and Im[ is closed in Y.

Lemma 1 /8] (Gains and Mawhin’s theorem) Let L be a Fredholm mapping of index
zero and let N be L-compact on Q. Suppose

(c1) for each X € (0,1), every solution x € QN DomL of Lx = AN (z, ) is such
that x & 08;

(c2) Qo Nz #0 for each x € 0N Nker L;
(c3) deg(VoQoN,QNker L,0) # 0.

Then the equation Lo = Nz has at least one solution lying in DomL N €.

For convenience, we take the following notations, and the others are also be
defined analogously.

F=1 fn), £* = min f(n), £ = max f(n),

’neﬂw ’neﬂw

where f is an w-periodic function with f(n 4+ w) = f(n) for any n € Z.
3. PERIODIC SOLUTION

The main result about the existence of a w-periodic solution is stated as follows.
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Theorem 1 Suppose that
1) Foa —p2 > 0;
2) 71— (g1/51) > 0;
3) T8 — g1 > 0;

T2 _ g2C _ 1B —g1 71 T2
4 7. fa f465>0 here C' = max{|In 5 Hln H]n ‘}

Then the difference system (2) has at least one w-periodic solution.
By replacing variables z;(n), y;(n) with new variables exp(u;(n)), exp(v;(n)) re-

spectively (then replace u,v by x,y respectively), system (2) is rewrited in a more
direct form

(zi(n+1)—a1(n) = ri(n) —pi(n) + pr(n)er2( ==
—fi(n)er ™ — ez1<nglf(>n+);?1(;;;j<n—f>]
za(n+1) = wa(n) = ra(n) = fo(n)e2™) — po(n) + po(n)er (V21 (5)
p(n+1)—yi(n) = raln) = fo(nyen) — MR et LR
| i+ 1) —ua(n) = ra(n) — falmert) 4 et B

Therefore, we are going to consider the w-periodic solutions of system (5). In fact,
we have the following priori bounds.

Lemma 2 Suppose A € (0,1), 7o —pa > 0 and 71 — (¢1/01) > 0. Then any solution
of (5) is uniformly bounded by some constant.

Proof. Corresponding to the operator equation (4), we have

n(n+1) —zi(n) = Afri(n) - pi(n) + py(n)ers-m

—fi(n)err () — ell(nﬁg()’l);jl(;;;(%ﬂ}
wa(n+1) —aa(n) = Alra(n) — fa(n)e=(") — po(n) + po(n)em () —=2()] (6)
mn+1) =) = Ars(n) = fy(n)en( — SO s
) —1p() = Ara(n) = fi(n)en® + S,

Define

I' = {u=(z1(n),z2(n),y1(n), y2(n))" |z, yi : Z — RY,
zi(n +w) = zi(n), yi(n + w) = yi(n)}
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with the norm ) )
Jul| = ;ggf |zi(n)| + ;gle%f\yi(n)

Then I' is a Banach space. Take X =Y = 1TI'. Assume that u € I' is a solution of
(6) for some fixed A € (0,1), we claim that there exists a constant M; > 0 such that
Jull < M;.

By summing the both sides of (6) from 0 to w — 1, we obtain

Su@in+1)—21(n) = MY [ri(n) — pi(n) + pi(n)em2W=a1)

z1(n n)ey1(n—1)
fl (n) 1( ) nglv'() 4131 (’I’L)Gyl (n—7) ]
2, (@2(n+1) —x2(n) = )‘Z]Iw [r2(n) — ( ) 2(1) — ps(n)
+pa(n)emr (M) o (7)
n)e¥2{m
S Wi+ 1) =) =AY [ra(n) — fa(m)en® — S lmet i

. gQ( ) x1(n—T) ]
ez1(n— T)+ﬁl(n)ey1(n T)
ha(n)ev1 (=)

ZHM(QQ(n‘i‘l)_Zﬂ(n)) = )‘Zﬂw[m( n) — fa(n )€y2 +eyl(nfT)_i_ﬂQ(n)eyg(nf‘r)]'

Therefore, it follows that

_ y1(n—r)
F1(n)e® ™ + py(n) — py(n)em2()=a1(n) 4 ezl(nglr()?zll(n)ey1<"”>]

)
)em(n) — po (n) — py (n)e:pl(n)—zg(n)}

)eyl(”) + g2(n)e®1(n=7) hi(n)ev2(m) ] (8)
)

Y O W N Y e BT ONWEN PRI CY

o o o o
I
g
[ 1 | B
[}
[
g
€

_ _ y2(n) _ hQ(n)eyﬂniT)
= wrq Z]Iw f4 n)e eyl(n—r)+ﬂ2(n)ey2(n—7)]’

since

Yo (@ +1) —zi(n) =0, Yy (za(n+1)—a2(n)) =0,
Yo, in+1)—yi(n) =0, > (y2(n+1) —y2(n)) =0,
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for z;(n),yi(n) € I'. Moreover, combine (7) with (8), we get
Z |x1(n + 1) - xl(n” < )\Z ri(n —|— fi(n z1(n) _i_pl(n)exz(n)f:pl(n)
I

a1(n )eyl(n—f) |
el (n— T)‘i‘ﬂl( )eyln T)

2w +2Zp1 n)e™2 (9)
I

Z [z2(n +1) —z2(n)| < )\Z ro(n) 4 f2(n)e™>™ 4 py(n) + po(n)erM=22(n)]

+pi(n) +

IN

IN

2wr2, (10)

hi(n)ev2()
yl(n) 1
)\ng )+ fa(n)e +w Tt Byl

IN

Z lyi(n+1) —y1(n)|
L

gz(n)eaq(n—T) ]
er1(n—7) 1 B (n) ey1(n—m)
2wrs, (11)

ha(n)evi (=)
_ )ev2(n) 2
; el D) =l < )\Z ra(n) + falnje * ey1(n—7) 4 »32(71)6?42(”*7)]
2w7“2 + 2wha. (12)

IN

Because x € T', there exist n;, k; € I,(i = 1,2, 3,4) such that z;(n;) = min,cg, z;(n),
%(f%) = MaXnel, xz(n), yi(ni+2) = ming,eg, yz(n) and yi(ﬁi+2) = MaXpel, yz(n)(Z =
1,2). Finally, we complete the estimation of solution with four steps.

Step one. From the second equation of (8), we obtain

wfre™"2) < Zfz ) < wiy — wpa,

which yields to za(n2) < In 772];72?2 according to assumption that 7o — po > 0. Fur-
thermore, From [6], we know that

za(n) < w2(n2) + Y [wa(n+1) —a(n)],
L,

and thus with (10) we have

2*102
2

z2(n) < 2wrg + In (13)
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On the other hand, the second equation of (8) also implies that

wf2612 K2) >Z-f2 T2 (n) > Wiy — wha,

which follows that x2(k2) > In T"%ﬁg Moreover, from (10) that

22(n) > wa(ra) — 3 |ea(n + 1) —wap(n)] > In 222 — 20y,

I, f2
So

|za(n)] < Cy —max{|ln i2wr2\}

by (13) and (14).
Step two. From the first equation of (8), we get

wfiemm) < Zfl e™ < W + wpy + Zm )en2(m)
Lo

< Wi+ whi + wpr e < Wiy + wpy + wpre!
which implies
r1(n1) < In((71 + ;1 +ﬁ1€cl)ff1)~

Thus

(14)

(15)

z1(n) < @i(na) + Y [er(n+ 1) —z1(n)| < 20 + 251 (71 + pr+ pre@) fi1) (16)

L

according to (9). From the first equation of (8), we also obtain that

wfrem () > Zﬁ )™t (M) > Wiy — wgi,

which yields to

r1(m) > n L0/
f1
according to assumption that 71 — m > 0. Noticing that (9) gives
1 — (91/61)

xl( >.731 fil Z|JJ1 n+1 —1‘1( )|Zln fT
1
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and thus

lz1(n)| < C1 = max{|2wF + 2Py In((71 + p1 + 51e) f7 Y],
I L= (91/51)
f1
Step three. By the third equation of (8) we have

wfaet(ne) < Zfs )t < w3,

— 2wry — 2wﬁ1601 ‘}

which implies that y;(n3) < In % Thus
_ r3
yi(n) < lyi(na)| + > lyi(n+1) —yi(n)] < 2075+ |In ff!
3
I

from (11). Also from the third equation of (8), we obtain

w faebi(k3) > Zj}, )e ™) > w(rg + gy + I /Ba),

then

73+ g2+ h1/Bs
f3

yl(H3) Z In
Moreover, it follows by (11) that

T3 + g2 + h1/ B2

yi(n) > yi(k3) = Y lyi(n+1) —yi(n)] > In 7 — 2wrs.
L,
Therefore,
ly1(n)| < Cs := max{2wrs + | ln | In £ +§2fjhl/ﬂ2 — 2wrs}.
Step four. From the fourth equation of (8), we have
w fae¥2(M4) < Z fa(n eyQ(” < Wiy + who
which implies y2(n4) < In F‘*}'—’%. Thus
T4+ ha

y2(n) < ya(na) + > [ya(n+ 1) — ga(n)] < 207 + why + |In
Lo,
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from (12). Also from the fourth equation of (8) we obtain

wfer2(r) > Zf4 )ev2() > iy,
and thus y2(k4) > In %. Then according to (12), we have
7 _
ya(n) > ya(ka) — Z ly2(n + 1) — y2(n)| > In fTA‘ — 2wTy — 2wha, (24)
4

which follows from (23) that

h g _
ly2(n)| < Cy := max{2wry + why + |In Tat e l, ln% — 2wry — 2wha}. (25)
4
Combining (15), (18), (22) and (25), we see that
[z1(n)] + [z2(n)] + [y1(n)] + [y2(n)| < My (26)

with My = Cy + Cs + C3 + Cy + 1. Obviously, M is independent of A € (0,1). O
Now consider the algebraic system

0 = 71— fj1€”1 +p(=p1 +pre ) = £5 5 e”lgj-[;i)en)de"%

0 = 7o~ f2e" + p(—p2 +I72€”1_”2) (27)
o h (n)e

0 = r3— f3€v3 ZHW e?f1h+(,81)n)3ev3 - E]IW 6“3-‘,1-52)2)6”4
_ r n)e’

0 = T4 — f4€ M Z]Iw e”S—iﬂQ n)e”‘l

We have the following useful lemma.
Lemma 3 Suppose p € (0,1), 718° — g1 > 0 and 22 — 20 _h S with O =

f4 FaBy  faBs

Flﬁflgl\, |InZt| |InZ22|}. Then any solution of algebraic system (27) is
J161 I fa

bounded by some constant.

max{|In

Proof. When vy < w1, from the first two equations of (27), we obtain

T o v — — = = U2—U1\ /‘I’ev3 gl(n) < 5
fle Tt M( pLtpie ) w ]IZ: evt 4 ﬁl(n)e”3 =T

fo€? = To+ pu(—p2 + pae” V) > 7o,

which implies that

In="<wvy<v; <ln=. (28)
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Analogously, when v < vy, we have

Fia— n+MPM+ﬁw”“%—%?%:wlﬂﬁ%wgzﬁ—gg
fae™ = o4 p(—pa + paet T2) < 7o,
and thus
ln@§v1<vgglni—2 (29)
f15% fo

by the assumption that 71 3% — g/ > 0.
Then, by setting

flﬁf—§1| |lnF—1
,|In =

f18 f1

C5 := max{|In ],|lni—2|}
fa
we have |vi| + |va] < 2C5.
On the other hand, with the similar method, from the last two equations of (27)
we obtain that

ln(g—@ﬁ—,hl )gvgglni—?’, (30)
fa BT fab3 f3
lng§v4§1nr4j—h2, (31)
4 4
it follows that |vs| 4 |v4| < 2Cs with
Cs = max{|In(22 — 25 _ My 1y, T8y 1y, Tathe )y
fa o FaBi Fab3 f3 f4
Therefore, ||v|| < 2C5 + 2Cs. O

With the preparations above, we complete the proof of the main result as follows.
Proof of Theorem 1. Let My := 2C5+42Cg+ 1. From Lemma 3, any solution v of
(27) satisfies that ||v]] < M. Take C' := M; + M>, and define Q ={u el : |ul| <
C'}. Due to Lemma 2 and 3, we know that condition (¢) in Lemma 1 is holding.
Let

L:DomLNT =T

z1(n+1)—x1(n)

| ze(n+1) —x2(n)
L= 1) - )
y2(n+1) — y2(n)
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where Dom/L = {u := (z1(n), z2(n),y1(n), y2(n))T, s, v; : Z — R}.

N:T =T
Nu(n) = (N1(n), Na(n), N3(n), Na(n))",

—z1(n n)e (n—7)
Ni(n) = ri(n) - pi(n) - < Jer () py(m)em2) =) — e T
Na(n) = ra(n)— fa(n)e™ p2(n) —|—p2<(7)1)e"’”1(")_x2("), .
n hi(n)e¥y2(n n)e®1(n—7
N3(n) = r3(n) f3(n)eyl( _ ey1<n>14(rg)2(n)ey2<"> - ezl(nng()ﬁgl(n)ey1<nﬁ>’
Ni(n) = ra(n) — fa(n)ew () 4 - telmen ™7

eyl("*7)+52(n)ey2<”*7) '

With the definitions above, we obtain that Lu = Nu for u € DomL N T with
ImC ={uel:Y xi(n)=0,%; yi(n)=0,n€Zi=12} and ker £ = R* which
is closed in I', and thus dim(ker £) = codim(Im£) = 4. Therefore, £ is a Fredholm
mapping of index zero. Moreover, define two projectors P, ) such that ImP = ker £
and ImL = ker @ = Im(/ — @), where

P=Q:T'—-T
Pu = Qu = (f17527g17§2)T
So ' =ker LB ker P = ker L @ ker Q. Now choose ¥ as the identity isomorphism of
Im@ to ker P. Hence, the generalized inverse (to £) exists and is given by
® : ImL — Dom/L NkerP
Qu = (xla Z2, Y1, yZ)Ta
where 27 = Yy #i(n) — & Sy (@ — mai(n).gi = Sy, vi(n) — 5 Ty (@ — n)yi(n) for

i=1,2.
Thus

QoNu=( ZNl %ZNQ(n),%ZNg(n),%ZNzx(n))T
L, L, I

Consequently, Q o N/ and ® o (I — Q) are well defined. It is easy to check by the
Lebesgue convergence theorem and the Arzela-Ascoli theorem, that ®o (I —Q)(Q) is
relatively compact for any open bounded set 2 C T'. Moreover, QoN (€2) is bounded.
Thus, A is L-compact on € for any open bounded set  C I'. When u € 9Q N R4,
that u is a constant vector in R*, and Q o Nu # 0 since Q o N'u = 0 is (27) with
p = 1. The condition (¢2) in Lemma 1 is also holding.
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Finally, we claim that deg(¥ o QoN,Q,O) # 0, where O := (0,0,0,0)”. In fact,
consider the homotopy

Hwv=pQoNv+(1—-p)Gv,uel01]

where Gv = (F1 — f1€%, Ty — foe?,T3 — f3e%, Ty — fqe¥)T.

When v € QNkerL = QN RA that v is a constant vector with ||v| = C.
From Lemma 3, we get that H,v # O on 02 Nker L. Since Im(@) = ker £ and
(v}, 03,03, UZ)T € Q Nker £ is the unique solution of the algebraic equations Gv =
(0,0,0,0)7, by the homotopy invariance of Brouwer degree, we get that

deg(¥ o Qo N,00Nker £,0) = sign(—f, fofs et TP2ToHv1) oL,

Therefore, all the conditions of the Lemma 1 are fulfilled. So, difference system
(5) has at least one w-periodic solution lying in DomZ N Q which follows the result
for system (2). O
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