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LACUNARY STATISTICAL CONVERGENCE OF DIFFERENCE
DOUBLE SEQUENCES

AYHAN EsI

ABSTRACT. In this paper our purpose is to extend some results known in the
literature for ordinary difference (single) to difference double sequences of real num-
bers.Quite recently, Esi [1] defined the statistical analogue for double difference
sequences x = (z,;) as follows: A real double sequence x = (xj;) is said to be
P-statistically A — convergent to L provided that for each € > 0

1
P —lim — {the number of (k,l1):k <m,l <n;|Axy; —L| >e} =0.
m,n mn
In this paper we introduce and study lacunary statistical convergence for difference
double sequences and we shall also give some inclusion theorems.

2000 Mathematics Subject Classification: 40A05,40A35,40B05.

1.INTRODUCTION

Before we go into the motivation for this paper and presentation of the main
results we give some preliminaries. A double sequence x = (x;) has a Pringsheim
limit L (denoted by P — limxz = L) provided that given an € > 0 there exists
an N € N such that |z;; — L| < € whenever k,l > N.We shall describe such an
x = (z,;) more briefly as ” P — convergent” [2].The double sequence x = (z,) is
bounded if there exists a positive number M such that |z ;| < M for all k and [,

|lz|| = sup |ag,| < oco.
We should note that in contrast to the case for single sequences, a convergent double
sequence need not be bounded.The concept of statistical convergence was introduced
by Fast [5] in 1951. A complex number sequence x = (x) is said to be statistically
convergent to the number L if for every € > 0

1
Im—{k<n: |z —L|>c}|=0
non
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where the vertical bars indicate the number of elements in the enclosed set.
Later, Mursaleen and Edely [6] defined the statistical analogue for double sequence
x = (xp,) as follows: A real double sequence z = (z) is said to be P — statistical
convergence to L provided that for each £ > 0

P—tim——|{ (k0): k<ml<n; |eni—L| e} =o.
m,n Mmn
In this case, we write Sty —limy; x;; = L and we denote the set of all P— statistical
convergent double sequences by Sta.
By a lacunary 6 = (k,); r = 0,1, 2, ...where k, = 0, we shall mean an increasing
sequence of non-negative integers with h, = k, — k,._1 — 0o as r — 00.The intervals
determined by € will be denoted by I, = (ky_1, k;].The ratio kk—il will be denoted

by ¢q,. The space of lacunary strongly convergent sequence space Ng was defined by
Freedman et.al. [7] as follows:

1
Np = x=(zp): lim—Z\xk—LI:O, for some L
e T

The double sequence 6, s = {(k,,ls)} is called double lacunary sequence if there
exist two increasing of integers such that

ko=0, h, =k, —k,_1 — 00 asr —

and o
lob=0, hgy=1ls—1s_1 — 00 as s — oc.

Notations: k, s = kyls, hys = hyhs and 0r,s is determined by

Ins ={(k,l): kr—1 <k <kpandle_1 <<},

ks
kr—l ’

The set of all double lacunary sequences denoted by Ny, , and defined by Savas
and Patterson [4] as follows:

s

s =

qr = and Qr,s = qrQs- [3]

ls—l

Ny, .=z = (x;): P—lim

5
7,8

Z |z — L| = 0, for some L

"% (keI
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2. DEFINITIONS AND RESULTS

We begin with some definitions.
Definition 2.1. The double sequence z = (z,;) is A — bounded if there exists
a positive number M such that |Azy ;| < M for all k and [,

]| o = sup | Az, | < oco.
Where Az, = Tk — Tk 41 — Tht1,0 T Tht1,4+1. We will denote the set of all bounded
double difference sequences by I’ (A).
Definition 2.2.[1] A real double sequence x = (z},) is said to be P — statistical
A — convergence to L provided that for each € > 0

1
P—lim%H (k,0): E<m,l<n; |Axy;—L|>e}| =0.

In this case, we write Sto A — limy; 23, = L and we denote the set of all P —
statistical A — convergent double sequences by Sta .

Definition 2.3. [1] The double sequence & = (zy,) is strong double difference
Cesaro summable to L if

1 m,n
0 I . 3 J—
wh = ¢ = (zg) : P— }71112 - k;:;,l |Azy; — L| =0, for some L € C
The class of all strongly double difference Cesaro summable sequences is denoted by
WK .
Definition 2.4. Let 60,5 be a double lacunary sequence. The double number
sequence x = (z,) is Ny, ,.a — P — convergent to L provided that for every ¢ > 0

P —1lim

T8

> Az — L =0.

"8 (k)ElL

We will denote the set of all Ny, | A — P — convergent sequences by Ny, _ A.
We now consider the double difference lacunary statistical convergence.

Definition 2.5. Let 0,5 be a double lacunary sequence. The double number
sequence & = (zy,) is Sp, , A — P — convergent to L provided that for every ¢ > 0
1
P — lim

7,8

H(kvl) € Ir,s : |AZL’]€7[ — L| > 5}| =0.

T,8

We will denote the set of all Sy, , A — P — convergent sequences by Sp, , A.

.83
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Theorem 2.1. Let 6, ¢ be a double lacunary sequence.Then
(i) No,...a C Sp,,,a and the inclusion is strict,

(ii) If z = (wgy) € 1% (A) N Sy, , A then 2 = (zx1) € Ny, , A,
(iif) 12, (A) N Sp, ..o = 1% (A) N Np, ..

Proof. (i) Since

{(k,0) € Is o [Azpy — L] 2 e}| < > | Az — L
(k))€Elys & |Azy —L|>e

< Z |Axy; — L

(k)EI

and so if z = (zx;) € Ny, ,a then we have z = (zx;) € Sp,,.a . To show the
inclusion is strict, we define x = (xy;) as follows:

1 2 3 o [¥hes] 00

2 3 [¢/hes] 0 0

At =1y /Rl [ [8/hrs] 0 0
0 0 0 0 0 0

It is clear that « = (1) is not A-bounded double sequence and for € > 0

1 v/ o,
P—limh {(k, 1) el |A$k,l—L|Z€}\:P—lim[h = =0.

™S Ny s T8 r,5

So & = (x1,) € Sp,, . But

S Jawg— 1] = P — tim Wl (W (W] 1)1

P —lim

.8

s 2h 2’
7,8 (kJ)EIr,s 7,8

Therefore x = (wx,) ¢ Ny, ,,a. This completes the prof of (i).
(ii) Suppose that x = (xx;) € 1%, (A) N Sy, , A Then |Axy| < M for all k
and [, also for given ¢ > 0 and sufficiently large r and s, we obtain the following

1 1
n Z ’A.I‘kJ - L’ = h Z ‘Axk,l - L‘
"% (k)el,s " (kD)els & |Azg—L]>e
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1
—|—h7 Z |Al’k7l — L]
" (kD)elrs & |Azgy—L|<e

h H(kj l) s ! \Axkl—L\ >8}’+€
7,8
Therefore x = (w1,) € 15, (A) N Sy, , A implies © = (zx,) € Ny, , A-
(i) It follows from (i) and (ii).

Theorem 2.2. Let 6, ¢ be a double lacunary sequence.Then

(i) Sta,a C Sy, A if liminf g. > 1 and liminfgs > 1.

(ii) Sp,,.a C Sty if liminf g, < oo and liminf gy < oo,

(iii) Stan = Sy, ,.a if 1 <liminf g, < oo and 1 < liminfgy < oo

Proof (i). Suppose that liminf ¢, > 1 and liminfg; > 1. Then there exists 0>0
such that both ¢, > 1+ 6 and g; > 1+ 6. This implies = > o5 and 2 > 0 1f
x = (zg,;) € Sta A then for each € > 0 and for sufficiently large and s we obtain
the following:

(k1) € Ing 1k < ky and 1 < Iy 5 |Awyy — L] > €}

k {0k, 0) € Tg : |Azgy— L] > 2} = h (k) € Ig : |Ay — L] > e}
S (LI L By TPy
“\1+406/) hps L c

Therefore x = (zx,) € Sy, , A-

(7i) Suppose that liminf ¢, < oo and liminfg; < oo, then there exists K > 0
such that ¢, < K, s < K for all r and s. Let z = (z;) € So,.,A and N =
{(k,1) € ITS : |Azyy — L] > €}|. So, given € > 0 there exists a positive integer r,
such that ” <eforallr,s >r, Let M =maz{N,s: 1<r,s<r,}.Let mand
n be such that kr—1 <m <k, and l,_1 <n <l,. Therefore we obtain

1
—NHk<mandl <n: |Azy; — L| > e}
mn

1
Sﬁ’{(kw Ts~k7<k andl<l5,‘A$kl—L‘>8}‘
r—1bts—1

Mr? 1
< — + Z Ni;
kr—1ls—1  kp—als—1 . .
1,0=To+1,r0+1
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2 78

_ MTO 1 hi,j

Y N
r—1ts—1 r—1ts—1 i j=rotLrot+1 0,

Mr? 1 Nij
< o 4 sup 4 hi
- k‘rflls—l kf’T*llS*l (7;,]'>7’£)77'o hzv] Z "

1,7=To+1,r0+1

8

Mg MT(Q’ +eK?2.

<—2+¢ E hij < ——2—

= J =

kr—lls—l . kr—lls—l
,0="o+1,r0+1

The result follows immediately.

(#4i) Combining (i) and (ii) we have the proof of (iii).
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