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SUFFICIENT CONDITIONS FOR UNIVALENCE OF INTEGRAL
OPERATOR DEFINED BY HADAMARD PRODUCT

B.A. FRASIN

ABSTRACT. In this paper, we obtain new sufficient conditions for the univalence
of general integral operator defined by

I5(f1, s fri 915 s gn) (2) = /Zﬂtﬁ‘l (W)al <W)an dt
0

Several corollaries and consequences of the main results are also considered.
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1. INTRODUCTION AND DEFINITIONS

Let A denote the class of functions of the form :

f(z)=2z+ Zanz"
n=2

which are analytic in the open unit disc Y ={z: |z| < 1}. Further, by S we shall
denote the class of all functions in A which are univalent in 4. For two functions
f(2) € A and g(z) given by

g(z) =z + Z bp2" (1)
n=2
their Hadamard product (or convolution) is defined by

(fx9)(2) =2+ Y anbnz". (2)
n=2
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For a function g € A defined by (1), where b, > 0 (n > 2),we define the family
S(g,7) so that it consists of functions f € A satisfying the condition

4“WW@_4<1_7 (zel;0<~<1), (3)

(f*9)(2)

provided that (f * g)(z) # 0.
Also, for a function g € A defined by (1), where b, > 0 (n > 2),we define the
family B(g, 1) so that it consists of functions f € A satisfying the condition

2(f*9)(2)
[(f * 9)(2)]?

provided that (f * g)(z) # 0.
Note that B(iZ;, ) = B(u), where the class B(u) of analytic and univalent
functions was introduced and studied by Frasin and Darus [11](see also [10]).
Using the Hadamard product defined by (2), we introduce the following general
integral operator:

Definition 1. Given f;,9; € A, o, € C foralli=1,....,n, n € N, g € C with
Re(B) > 0. We let I5(fi,..., fn; 91,y gn) : A" — A be the integral operator defined
by

(1 oo s 01, oo g0) (2) = /thﬂl (Ul"‘tgl)(t))m ((fn*gn)(’f)r" ”
0

—1‘<1—,u (zelU;0< u<l), (4)

t

where (f xg)(2)/z #0, z€U.

Here and throughout in the sequel every many-valued function is taken with the
principal branch.

Remark 1. Note that the integral operator I3(f1, ..., fn; 91, ..., gn)(2) generalizes
many operators introduced and studied by several authors, for example:
(1) For 8 = 1, we obtain the integral operator

z

I(fl,...,fn;gl,...,gn)(z):/(ng)(t)>a1~-<wm)% it (6)
0

t t

introduced and studied by Frasin [9].
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(2)Forgr=---=gn=2+ ) (%(1 + (n— 1)))\>m 2", we obtain the
n=2
following integral operator introduced and studied by Bulut [7]
[ oot (DRTAMN® (DY )\ '
e ) = 4 [t (BP0 (PR et
0

where DY f(z) = 2+ Y <%(1 +(n — 1)))\)manz", m € Ng = NU{0}is
n=2

the generalized Al-Oboudi operator [2].

(3) For g1 = -+ = g, = 7=, we obtain the integral operator
[ o (AON [ Fal))™
I )2 = [ 007 1<1Lf) () ®)
0
introduced and studied by Breaz and Breaz [3].
(4) For g1 = -+ = gn = =5 and 3 = 1, we obtain the integral operator

Fo(z) = 0/ (flt(t))a " (fnt(t)y dt ()

introduced and studied by Breaz and Breaz [3].

(5) For g1 =+ =g, = ﬁ and 8 = 1,we obtain the integral operator
Fann(2) = [ (HO) . (71(0)) ™ de (10)
0

introduced and studied by Breaz et al. [5].
o0
(6) For g1 = =gn =24+ >, C,’C“+n_1z” and # = 1,we obtain the following
n=2
integral operator introduced in [12]

z

Ity o £)(2) = / (Rk?(t))al... (Rk{j(t)yn dt (11)
0

where RFf(z) = z+ Y. CF tn_1anz", k € Ny is Ruscheweyh differential operator
n=2
[18].
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(MForgy=---=g, =2+ Z n¥z" and B = 1,we obtain the following integral

operator introduced and studled by Breaz et al. [4]

DHF() = /(w)(W> " ®

oo
where DFf(2) = 2z + 3. n*a,2", k € Nyis Salagean differential operator [19].

n=2
o0
®)gr==gn=2+ > [1+ (n—1)A¥2" and 8 = 1,we obtain the following
n=2
integral operator introduced and studied by Bulut [6]

gt - [ (B00)7 | (BROYT
0

where D¥f(2) = z4+ > [1+ (n — 1)AJ¥a,2",0 < XA < 1, is Al-Oboudi differential
n=2
operator [2].
(9) For g1 = =g, = z+ Z (G Jn=1n and B = 1,we obtain the integral

operator introduced and studied by Selvaraj and Karthikeyan [20]
r L )\ L ()"
Fa(a,C,Z)Z/( (a7ct)f1()> ( (a7ct)f ()> dt (14)
0

where L(a,c)f(z) ==z + Z (a)%lanz is the Carlson-Shaffer linear operator [8].

(10) For g1 = = and a1 = [ = 1,we obtain Alexander integral operator

z
introduced in [1]

_ flt(t) (15)

(11) For g1 = a1 = a,and 3 = 1,we obtain the integral operator

R - /(f<>> 19

_Z_
11—z

studied in [13].
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In order to derive our main results, we have to recall here the following univalence
criteria.

Lemma 1. ([15]) Let « be a complex number with Re(«) > 0. If f € A satisfies

1— ‘Z‘2Re(a> 2f"(2) -
Re(a) i) | =7
for all z € U, then the integral operator
1

is in the class S.
Lemma 2. ([16]) Let o € C with Re(a) > 0. If f € A satisfies
1— ‘Z|2Re(a)

Re(a)

21"(2)
f'(2)
for all z € U, then, for any complex number (B with Re(B) > Re(a), the integral
operator

<1,

1

Faz) =46 [ 0717y
0
1s in the class S.

Lemma 3. ([17]) Let f € C with Re(B) > 0, c € C with |¢| < 1, ¢ # —1.If
f € A satisfies

el=* + (1 = [217)

for all z € U, then the integral operator

s in the class S.

Also, we need the following general Schwarz Lemma
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Lemma 4.([14]) Let the function f be regular in the disk Ur = {z : |z| < R} ,with
|f(2)] < M for fited M.If f(z) has one zero with multiplicity order bigger than m
for z =20, then

FEI S Bl (e tn)
The equality can hold only if
f(z) =€ (M/R™) 2"
where 0 is constant.

In this paper, we obtain new sufficient conditions for the univalence of the general
integral operator I(f1,..., fn; g1, .., 9n)(2) defined by (2). Several corollaries and
consequences of the main results are also considered.

2. UNIVALENCE CONDITIONS FOR Ig(f1,..., fn; g1, 9n)

We first prove the following theorem.
Theorem 1. Let a; € C forall i=1,...,n and § € C with

Re(f) > ) lail (1= ;) > 0. (17)
1=1

If fi €S(gi,7v;),0<7; <1 foralli=1,...,n,then the integral operator
Ig(f1, ..y fni 1, ..., gn) defined by (5) is analytic and univalent in U.

Proof. Define .
2) = O/ﬁ ((fi *fi)(ﬂ)ai .

=1

thus we have

B (z) = ﬁ (WW)% . (18)

. z
=1

Differentiating both sides of (18) with respect to z logarithmically, we obtain

) N (Al
W (z) =2 1( (fi % 9i)(2) 1)

i=1

thus we have

h//

fz*gz)( )_1“ (19)

Z‘ e (fi x 9i)(2)
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Since f; € S(gi,7;) for all i =1,...,n, from (3), (17) and (19), we obtain
1— ‘ |2Re B)
Re()

2Re() n

Re(B) 2=

zh"'(2)
h(z)

2(fi* gi)'(2)

Fiva)(e)

< 1.
Applying Lemma 1 for the function h(z), we prove that I5(f1,..., fn; g1,..,9n) € S.

Letting g1 = -+ =g, = 2+ Z <%(2n)n)(l +(n— 1))>\)m 2" and v; = 0, for

allt=1,...,n,in Theorem 1, We have

Corollary 1. ([7])Let a; € C for all i =1,...,n and § € C with

B) = lail > 0.
i=1

If
2Dy fi(2))
DY fi(2)
then the integral operator Igm(fl, vy fn)(2) defined by (7) is analytic and univalent
mU.

—1‘<1 (zeU,m € Ny)

Making use of Lemma 2, we prove the following theorem.

Theorem 2. Let a; € C, M; > 1foralli=1,...,n and B € C with
>ZMI — u)M; +1) > 0. (20)

If fi € B(gi,jt;),0<p; <1 foralli=1,...,n,and
’(fz*gz)(z)‘ < M; (ZEU,i: 17"‘7”)7

then for any complex number [ with Re(S) > Re(«a), the integral operator
I5(fi,.os [ 91, -y gn) defined by (5) is analytic and univalent in U.

Proof. From the proof of Theorem 1, we have

Afixg)(2)
Z“’ﬁmx>

h//
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which readily shows that
2Re(a) n

1 — |o[2RO@ () 1- |z| Z < 2(fi* ) (2) >
|avi +1
Re(a) h(z) (fi* z)(z)
1_‘2’ QRe - fz*gz /(Z (fl*gz)(z)

Since |(fi*gi)(z)| < M; (z€U,i=1,...,n),and f; € B(gi,p;) foralli=1,...,n

we obtain

2Re(a) n

Zrazr(

— )M +1) (2 €U),

2Re(a) Zh”(Z)

W)

1—p| (fi*g))'(2)

Z(fixgi) ()
[(fi * gi)(2)]?

1—|z|

Re(a)

1'Mi+Mi+1>

which, in the light of the hypothesis (20), yields

2Re(w)

1— |z zh/(2)
<1 .
Re(a) (z) | — (zet)
Applying Lemma 2 for the function h(z), we prove that Ig(fi,..., fa; 91,...,9n) € S.
Letting g1 = -+~ =g, = 2+ Z (%@n)")(l +(n— 1))/\> 2" and p; = 0, for

alli=1,...,n,in Theorem 2, We have

Corollary 2. ([7])Let a; € C, M; > 1for all i=1,...,n and € C with

Re(8) > ) |as| (2M; + 1) > 0.
i=1
If
ZQ(DT’an'(Z) /
(DY fi(2))?

—1‘<1 (z€U,m € Ny)

and
DPIA] < M, (= €t 1),

then for any complex number [ with Re(B) > Re(a), the integral operator
Igw(fl, vy Jn)(2) defined by (7) is analytic and univalent in U.

Next, we prove
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Theorem 3. Let a; € C forall i=1,...,n and B € C with

8= lal 1
=1

and let ¢ € C be such that

n

|C| <1 Z az|

=1

If fi € 8(giy7v;),0 <7, <1 foralli=1,...,n,then the integral operator
I3(fi, s fn3 91, -y gn) defined by (5) is analytic and univalent in U.

Proof. From the proof of Theorem 1, we have

h'(2) ¢ o z(fixg)'(2)
e [ (i 9)(2) 1] @)
Thus, we have
20\ 2H ()]s 1*IZ!ﬁ "a (fixgi)'(2)
A+ 0= ) Bt . b3 e 1“
< 4| Z' A -

< \cr+Re1(ﬁ)Zrair<1—m
< 1. B

Finally, by applying Lemma 3, we conclude that Ig(fi,..., fn; 91, ..., 9n) € S.

Letting g1 = -+ = gp = 2+ Z (%@n)n)(l + (n— 1))/\)m 2" and ~y; = 0, for

alli=1,...,n,in Theorem 3, We have

Corollary 3. ([7])Let a; € C for all i =1,...,n and § € C with
B2 Jail >0
i=1
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and let ¢ € C be such that

1 n
|c|§1—Re(ﬁ)ZZ;]ai].

If
2(DY fi(2))
D;\n’nfi(z)
then the integral operator IgL’n(fl, vy Jn)(2) defined by (7) is analytic and univalent
m U.

-1 <1 (z €U, m € Ny)

Finally, we prove the following theorem.

Theorem 4. Let a; € C, M; > 1forall i =1,...,n and § € C with

Re(f) > ) loil (2 = p) Mi + 1) > 0. (22)
i=1

and let ¢ € C be such that
<1 5 ] (2= )M+ 1)
c - = Qo — ;) M; .
= Re() & g

If fi € B(gi,jt;),0<p; <1 foralli=1,...,n,and
(fi*g)(2)| < M; (zeU,i=1,...,n),

then the integral operator Ig(fi,..., fn; g1, ..., gn) defined by (5) is analytic and uni-
valent in U.

Proof. From (21), it follows that

zh"(2) ¢ o 2(fi* 9i)(2)
W (z) =2 Z[ (fi* 9i)(2)

=1

94



B.A. Frasin - Sufficient conditions for univalence of integral operator...

Thus, we have

L ) oy (LB s [ )
= camb> [ i+ 9)(2) 1]
< p+ | St (| )
(i 0)(2) | (i % 9)(2)
< C|+|ﬁlz| Z'( G @B|| = “)
(fi*xgi)' (2 _ , ,
< C'*\mz“‘( Fea) )P 1‘M’+M1“>

< el + R(mz ol (2 )My +1) < 1,

Applying Lemma 3 for the function h(z), we prove that Ig(fi,..., fa; 91,....,9n) € S.

Letting g1 = -+ - =g, = 2+ Z <%@n)n)(l +(n— 1))>\>m 2" and p; = 0, for

all2=1,...,n,in Theorem 4, we have

Corollary 4.([7])Let a; € C, M; > 1forall i=1,...,n and 3 € C with

Re(8) > ) |as| (2M; + 1) > 0.
i=1

and let ¢ € C be such that
1 n
ol <1— —— o;| (2M; + 1) .
<1 gy Dl 23+ 1)

If
2Dm777fi /
TR 1<t Getmeny

and
DY i) < Mi (z€Uyi=1,....n),

then the integral operator Igl’n(fl, vy fn)(2) defined by (7) is analytic and univalent
mU.

Remark 2. Taking different choices of g1, - , g, as stated in Section 1, the
above theorems lead to new sufficient conditions for univalency for the integral op-
erators defined in Remark 1.
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