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1. Introduction

Let Σp,ndenote the class of functions of the form:

f(z) =
1
zp

+
∞∑

k=n

akz
k (p ∈ N = {1, 2, ...};n > −p}), (1.1)

which are analytic and p-valent in the punctured open unit disk U∗ = {z : z ∈ C
and 0 < |z| < 1} = U\{0}.

For two functions f and g analytic in U , we say that f is subordinate to g ,
written symbolically as f(z) ≺ g(z), if there exists a Schwarz function w, which
(by definition) is analytic in U with w(0) = 0 and |w(z)| < 1 (z ∈ U) such that
f(z) = g(w(z)). In particular, if the function g is univalent in U , then we have the
following equivalence (see [8, p.4]):

f(z) ≺ g(z) ⇔ f(0) = g(0) and f(U) ⊂ g(U).

Let ϕ(r, s; z) : C2 × U → C and h(z) be univalent in U . If p(z) is analytic in U
and satisfies the first order differential subordination:

ϕ(p(z), zp
′
(z); z) ≺ h(z) (1.2)

then p(z) is a solution of the differential subordination (1.2). The univalent function
q(z) is called a dominant of the solutions if p(z) ≺ q(z) for all p(z) satisfying (1.2).
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A univalent dominant q̃ that satisfies q̃ ≺ q for all dominants of (1.2) is called the
best dominant (see [8]).
For two functions fj(z) ∈ Σp,n (j = 1, 2), given by

fj(z) =
1
zp

+
∞∑

k=n

ak,jz
k (j = 1, 2), (1.3)

we define the Hadamard product (or convolution) of f1(z) and f2(z) by

(f1 ∗ f2)(z) =
1
zp

+
∞∑

k=n

ak,1ak,2z
k = (f2 ∗ f1)(z).

For ` > 0, λ ≥ 0 and m ∈ N0 = N ∪ {0}, El-Ashwah [5] defined the multiplier
transformations Jm

p (λ, `) of functions f ∈ Σp,n by

Jm
p (λ, `)f(z) =

1
zp

+
∞∑

k=n

(
`+ λ(k + p)

`

)m

akz
k (` > 0;λ ≥ 0; z ∈ U∗). (1.4)

Obviously, we have

Jm1
p (λ, `)(Jm2

p (λ, `)f(z)) = Jm1+m2
p (λ, `)f(z) = Jm2

p (λ, `)(Jm1
p (λ, `)f(z)), (1.5)

for all integers m1 and m2.
We note that
(i) Jm

1 (1, `)f(z) = I(m, `)f(z) (see Cho et al. [3, 4]);
(ii) Jm

1 (λ, 1)f(z) = Dm
λ,pf(z) (see Al-Oboudi and Al-Zkeri [1]);

(iii) Jm
1 (1, 1)f(z) = Imf(z) (see Uralegaddi and Somanatha [9]).

Now, we define the integral operator Lm
p (λ, `)f(z) (λ, ` > 0) as follows:

L0
p(λ, `)f(z) = f(z),

L1
p(λ, `)f(z) =

(
`
λ

)
z
−p−

(
`
λ

) z∫
0

t

(
`
λ+p−1

)
f(t)dt (f ∈ Σp,n; z ∈ U∗),

L2
p(λ, `)f(z) =

(
`
λ

)
z
−p−

(
`
λ

) z∫
0

t

(
`
λ+p−1

)
L1

p(λ, `)f(t)dt (f ∈ Σp,n; z ∈ U∗),

and, in general,
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Lm
p (λ, `)f(z) =

(
`
λ

)
z
−p−

(
`
λ

) z∫
0

t

(
`
λ+p−1

)
Lm−1

p (λ, `)f(t)dt

= L1
p(λ, `)

(
1

zp(1−z)

)
∗ L1

p(λ, `)
(

1
zp(1−z)

)
∗ ... ∗ L1

p(λ, `)
(

1
zp(1−z)

)
∗ f(z)

b− − −−−−−−−−−m− times−−−−−−−−−−−c

(f ∈ Σp,n;m ∈ N0; p ∈ N; z ∈ U∗). (1.6)

We note that if f(z) ∈
∑

p,n, then from (1.1) and (1.6), we have

Lm
p (λ, `)f(z) =

1
zp

+
∞∑

k=n

[
`

`+ λ(k + p)

]m

akz
k

(` > 0;λ ≥ 0; p ∈ N;m ∈ N0; z ∈ U∗). (1.7)

From (1.7), it is easy verify that

λz(Lm+1
p (λ, `)f(z))

′
= `Lm

p (λ, `)f(z)− (`+ pλ)Lm+1
p (λ, `)f(z) (λ > 0). (1.8)

We note that:
(i) Lα

p (1, 1)f(z) = Pα
p f(z) (see Aqlan et al. [2]);

(ii) Lα
1 (1, β)f(z) = Pα

β f(z) (see Lashin [7]).
Also we note that

(i) Lm
p (1, `)f(z) = Lm

p,`f(z), where Lm
p,`f(z) =

1
zp

+
∞∑

k=n

(
`

`+ k + p

)m

akz
k;

(ii) Lm
p (λ, 1)f(z) = Lm

p,λf(z), where Lm
p,λf(z) =

1
zp

+
∞∑

k=0

(
1

1 + λ(k + p)

)m

akz
k;

(iii) Lm
p (1, 1)f(z) = Lm

p f(z), where Lm
p,λf(z) =

1
zp

+
∞∑

k=0

(
1

k + p+ 1

)m

akz
k.

2. Main results
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Unless otherwise mentioned we shall assume throughout the paper that λ, ` >
0, p ∈ N,m ∈ N0 and −1 ≤ B < A ≤ 1.

To prove our results we need the following lemma.
Lemma 1 [6]. Let h(z) be analytic and convex (univalent) in U , h(0) = 1, and let

ϕ(z) = 1 + cp+nz
p+n + ... (2.1)

be analytic in U . If

ϕ(z) +
1
δ
zϕ

′
(z) ≺ h(z),

then for δ 6= 0 and Re δ ≥ 0

ϕ(z) ≺ ψ(z) =
(

δ
p+n

)
z
−

(
δ

p+n

)
z∫
0

t

(
δ

p+n

)
−1
h(t)dt (z ∈ U) (2.2)

and ψ(z) is the best dominant of (2.2).

Theorem 1. If f(z) ∈
∑

p,n and 0 <γ< 1 . Suppose that

∞∑
k=n

ck |ak| ≤ 1, (2.3)

where
ck =

1−B

A−B
.
`m[`+ (1− γ)λ(k + p)]

[`+ λ(k + p)]m+1 . (2.4)

(i) If −1 ≤ B ≤ 0, then

(1− γ)zpLm
p (λ, `)f(z) + γzpLm+1

p (λ, `)f(z) ≺ 1 +Az

1 +Bz
, (2.5)

(ii) If −1 ≤ B ≤ 0 and ρ ≥ 1, then for z ∈ U

Re
{(
zpLm

p (λ, `)f(z)
) 1

ρ

}
>


(

`

λ(1− γ)(p+ n)

) 1∫
0

t

(
`

λ(1−γ)(p+n)

)
−1

(
1−At

1−Bt

)
dt


1
ρ

.

(2.6)
The result is sharp.

Proof. (i) Let

G(z) = (1− γ)zpLm
p (λ, `)f(z) + γzpLm+1

p (λ, `)f(z), (2.7)
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then
G(z) = 1 +

∞∑
k=n

`m[`+ (1− γ)λ(k + p)]
[`+ λ(k + p)]m+1 akz

k+p. (2.8)

Using (2.3) for −1 ≤ B ≤ 0 and z ∈ U, we have

∣∣∣∣ G(z)− 1
A−BG(z)

∣∣∣∣ =

∣∣∣∣∣∣∣∣
∞∑

k=n

`m[`+(1−γ)λ(k+p)]

[`+λ(k+p)]m+1 akz
k+p

A−B −B
∞∑

k=n

`m[`+(1−γ)λ(k+p)]

[`+λ(k+p)]m+1 akzk+p

∣∣∣∣∣∣∣∣
≤

∞∑
k=n

ck |ak|

1−B +B
∞∑

k=n

ck |ak|

≤ 1,

which proves (i) of Theorem 1.
(ii) Put

ϕ(z) = zpJm+1
p (λ, `)f(z). (2.9)

Then the function ϕ(z) take the form (2.1) and analytic in U . Differentiating (2.9)
with respect to z and using (1.8), we obtain

(1− γ)zpLm
p (λ, `)f(z) + γzpLm+1

p (λ, `)f(z) = ϕ(z) +
(1− γ)λ

`
zϕ′(z)

≺ 1 +Az

1 +Bz
. (2.10)

Application of Lemma 1 gives

ϕ(z) ≺
(

`
λ(1−γ)(p+n)

)
z
−

(
`

λ(1−γ)(p+n)

)
z∫
0

t

(
`

λ(1−γ)(p+n)

)
−1

(
1 +Az

1 +Bz

)
dt

which is equivalent to,

zpLm+1
p (λ, `)f(z) =

(
`

λ(1−γ)(p+n)

) 1∫
0

u

(
`

λ(1−γ)(p+n)

)
−1

(
1 +Auw(z)
1 +Buw(z)

)
du, (2.11)

where w(z) is analytic in U with w(0) = 0 and |w(z)| < 1 (z ∈ U).
It follows from (2.11) that

Re
{
zpLm+1

p (λ, `)f(z)
}
>

(
`

λ(1−γ)(p+n)

) 1∫
0

u

(
`

λ(1−γ)(p+n)

)
−1

(
1−Au

1−Bu

)
du > 0 (z ∈ U).
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Therefore, with the elementary inequality Re(w
1
ρ ) ≥ (Re(w))

1
ρ for Re(w) > 0 and ρ ∈

N, the inequality (2.6) follows immediately.
To show the sharpness of (2.6), we take f(z) ∈

∑
p,n defined by

zpLm+1
p (λ, `)f(z) =

(
`

λ(1−γ)(p+n)

) 1∫
0

u

(
`

λ(1−γ)(p+n)

)
−1

(
1 +Auzn

1 +Buzn

)
du. (2.12)

For this function we find that

(1− γ)zpLm
p (λ, `)f(z) + γzpLm+1

p (λ, `)f(z) =
1 +Azn

1 +Bzn
,

and

zpLm+1
p (λ, `)f(z) −→

(
`

λ(1−γ)(p+n)

) 1∫
0

u

(
`

λ(1−γ)(p+n)

)
−1

(
1−Au

1−Bu

)
du as z −→ e

iπ
n .

Hence the proof of Theorem 1 is complete.

Theorem 2. Let f(z) ∈
∑

p,n be given by (1.1) and

ck ≥
{

1, k = n, n+ 1, ..., q
cq+1, k = q + 1, q + 2, ...,

where ck is given by (2.4) and satisfying the condition (2.3), define the partial sums
s1(z) and sq(z) as follows:

s1(z) = z−p

and

sq(z) = z−p +
q∑

k=n

|ak| zk (q ∈ N; q > n), (2.13)

then we have

(i) Re
{
f(z)
sq(z)

}
> 1− 1

cq+1
(z ∈ U ; q ∈ N, q > n), (2.14)

and

(ii) Re
{
sq(z)
f(z)

}
> 1− 1

1 + cq+1
(z ∈ U ; q ∈ N, q > n). (2.15)

The estimates in (2.14) and (2.15) are sharp for q ∈ N, q > n.

Proof. (i) Under the hypothesis of Theorem 2, we can see from (2.3) that

q∑
k=n

|ak|+ cq+1

∞∑
k=q+1

|ak| ≤
∞∑

k=n

ck |ak| ≤ 1, (2.16)
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By setting

g1(z) = cq+1

{
f(z)
sq(z)

− (1− 1
cq+1

)
}

= 1 +

cq+1

∞∑
k=q+1

akz
k+p

1 +
q∑

k=n

akzk+p

, (2.17)

and applying (2.16), we find that

∣∣∣∣g1(z)− 1
g1(z) + 1

∣∣∣∣ ≤
cq+1

∞∑
k=q+1

|ak|

2− 2
q∑

k=n

|ak| − cq+1

∞∑
k=q+1

|ak|
≤ 1 (z ∈ U), (2.18)

which readily yields the assertion (2.14) of Theorem 2 If we take

f(z) = z−p +
zq+1

cq+1
, (2.19)

with z = re
iπ

q+p+1 and let r → 1−, we obtain

f(z)
sq(z)

= 1 +
zq+p+1

cq+1
→ 1− 1

cq+1
,

which shows that the bound in (2.14) is best possible for each q ∈ N, q > n.
(ii) Similarly, if we put

g2(z) = (1 + cq+1)
(
sq(z)
f(z)

− cq+1

1 + cq+1

)

= 1−
(1 + cq+1)

∞∑
k=q+1

|ak| zk+p

1 +
∞∑

k=n

|ak| zk+p

,

and make use of (2.16), we can deduce that

∣∣∣∣g2(z)− 1
g2(z) + 1

∣∣∣∣ ≤
(1 + cq+1)

∞∑
k=q+1

|ak|

2− 2
q∑

k=n

|ak|+ (1− cq+1)
∞∑

k=q+1

|ak|
≤ 1 (z ∈ U), (2.20)
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which yields inequality (2.15) of Theorem 2. The bound in (2.15) is sharp for each
q ∈ N , q > n, with the extremal function f(z) given by (2.19). The proof of Theorem
2 is now complete.

Theorem 3. Let f(z) ∈
∑

p,n be given by (1.1) and

ck ≥

{
(k/p) , if k = n, n+ 1, ..., q,
cq+1

q + 1
(k/p) , if k = q + 1, q + 2, ... .

where ck is given by (2.4) and satisfying the condition (2.3), then we have

(i) Re
{
f ′(z)
s′q(z)

}
> 1− q + 1

cq+1
(z ∈ U ; q ∈ N, q > n), (2.21)

and

(ii) Re
{
s′q(z)
f ′(z)

}
> 1− q + 1

q + 1 + cq+1
(z ∈ U ; r ∈ N, q > n). (2.22)

The estimates in (2.21) and (2.22) are sharp for q ∈ N, q > n.
The results are sharp with the function f(z) given by (2.19).

Proof. By setting

g(z) =
cq+1

q + 1

{
f
′
(z)

s′q(z)
−

(
1− q + 1

cq+1

)}

=

1 +
cq+1

q + 1

∞∑
k=q+1

(k/p) akz
k+p +

q∑
k=n

(k/p) akz
k+p

1 +
q∑

k=n

(k/p) akzk+p

. (2.23)

Then we have

∣∣∣∣g(z)− 1
g(z) + 1

∣∣∣∣ ≤
cq+1

q + 1

∞∑
k=q+1

(k/p) |ak|

2− 2
q∑

k=n

(k/p) |ak| −
cq+1

q + 1

∞∑
k=q+1

(k/p) |ak|
. (2.24)

Now ∣∣∣∣g(z)− 1
g(z) + 1

∣∣∣∣ ≤ 1,

if
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q∑
k=2

(k/p) |ak|+
cq+1

q + 1

∞∑
k=q+1

(k/p) |ak| ≤ 1, (2.25)

since the left hand side of (2.25) is bounded above by
∞∑

k=2

ck |ak| if

q∑
k=n

(ck − (k/p)) |ak|+
∞∑

k=q+1

(
ck −

cq+1

q + 1
(k/p)

)
|ak| ≥ 0 (2.26)

and the proof of (2.21) is completed.
To prove the result (2.22), we define the function h(z) by

h(z) =
(
q + 1 + cq+1

q + 1

) {
s
′
q(z)
f ′(z)

− cq+1

q + 1 + cq+1

}

= 1−

(
1 +

cq+1

q + 1

) ∞∑
k=q+1

(k/p) akz
k+p

1 +
∞∑

k=n

(k/p) akzk+p

,

and making use of (2.26), we deduce that

∣∣∣∣h(z)− 1
h(z) + 1

∣∣∣∣ ≤
(

1 +
cq+1

q + 1

) ∞∑
k=q+1

(k/p) |ak|

2− 2
q∑

k=n

(k/p) |ak| −
(

1 +
cq+1

q + 1

) ∞∑
k=q+1

(k/p) |ak|
≤ 1,

which leads us immediately to the assertion (2.22) of Theorem 3.

Remark. By specializing the parameters p, λ, ` and m we obtain various results
for different operators.
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