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CERTAIN STRONG DIFFERENTIAL SUPERORDINATIONS
USING SALAGEAN AND RUSCHEWEYH OPERATORS

ALB LUPAS ALINA

ABSTRACT. In the present paper we establish several strong differential su-
perordinations regardind the new operator SR" defined by convolution product
of the extended Salagean operator and Ruscheweyh derivative, SR™ : AZ — Az,
SR™f(2,() = (S™*« R™) f(2,(), z € U, ¢ € U, where R™f(z,() denote the ex-
tended Ruscheweyh derivative, S™f(z,() is the extended Salagean operator and
A =1{f € H(U x U), f(2,0) = z+an1 ()" +..., 2 €U, ¢ € U}, with

91‘( = AZ, is the class of normalized analytic functions.
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1. INTRODUCTION

Denote by U the unit disc of the complex plane U = {z € C : |z| < 1},
U=1{z€C: |z| <1} the closed unit disc of the complex plane and H(U x U) the
class of analytic functions in U x U.

Let

'A:,C = {fGH(U XU)? f(Z,() :Z+an+1<<)zn+l+"'7 z € U? CEU}a
with ./4*1‘< = .AZ, where ay, (¢) are holomorphic functions in U for k > 2, and
H[a,n, (] ={f € HUXT), f(2,¢) = at+an ({) 2" +an1 () 2" +..., €U, ( €U},
for a € C, n € N, ag (¢) are holomorphic functions in U for k > n.
Denote by
2f7 (2,¢)

Kpe ={f € H(U x U) : Re =52

fing oY

the class of convex function in U x U.
We also extend the known differential operators to the new class of analytic
functions A7 introduced in [5].
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Definition No. 1 [1] For f € AZ, m €N, the extended operator S™ is defined
by S™ : .AZ — A%,

S°F (2.0 = [f(20),
S (20 = 220,
S"f(2,¢) = 2(S"f(2Q).., zeU ¢el.

z’

Remark No. 1 [1] If f € A%, f(2,¢) = 2+ 3725 a; (C) 2, then S™f (2,¢) =
24372, 5ma;(Q) 2, z€U, CeU.

Definition No. 2 [1] For f € AZ, m €N, the extended operator R™ is defined
by R™ : AZ — AZ,

Rof(Z7C) = f(Z7C>7
R'Uf(2,¢) = 2f.(20),..,
(m+1)R™f(2,() = 2(R"f(2,Q),+mR"f(z,(), z€U, CeU.

Remark No. 2 [1] If f € A%, f(2,() = 2+ 272505 () 2/, then R™f (2,¢) =
2432, 0m s 1a;(Q)2, 2€U, ¢CeU.

As a dual notion of strong differential subordination G.I. Oros has introduced
and developed the notion of strong differential superordinations in [4].

Definition No. 3 [}/ Let f(z,¢), H (2,¢) analytic in U x U. The function
f(z,¢) is said to be strongly superordinate to H (z,() if there exists a function w
analytic in U, with w (0) = 0 and |w (2)| < 1, such that H (z,¢) = f (w(2),(), for
all ¢ € U. In such a case we write H (2,() << f(2,(), z€ U, (€ U.

Remark No. 3 [}/ (i) Since f (z,¢) is analytic in U x U, for all ¢ € U, and
univalent in U, for all ¢ € U, Definition 3 is equivalent to H (0,¢) = f(0,¢), for all
CeU,and H({UxU) C f(UxDU).

(ii) If H (z,{) = H (z) and f(z,() = f (2), the strong superordination becomes
the usual notion of superordination.

Definition No. 4 [3/ We denote by Q* the set of functions that are analytic
and injective on U x U\E (f,¢), where E (f,¢) = {y € oU : ?_Igf (2,¢) = o0}, and

are such that f. (y,() # 0 fory € OU x U\E (f,{). The subclass of Q* for which
£(0,¢) = a is denoted by Q* (a).

We have need the following lemmas to study the strong differential superordina-
tions.

Lemma No. 1 /3] Let h(z,() be a convezr function with h(0,() = a and let
~v € C* be a complex number with Re v > 0. Ifp € H*[a,n, {]NQ*, p(z, ()—1—%2]92(,2, ()

326



A. Alb Lupas - Certain strong differential superordinations using Salagean...

is univalent in U x U and
1 _

then
q(z,¢) =< p(2.C¢), z2€U (e,
ane foz h(t, Q) tntdt, z € U, ¢ € U. The function q is conver and is
the best subordinant.
Lemma No. 2 /3] Let q(z,¢) be a convex function in U x U and let h(z,¢) =
q(z,¢) + %zq;(z,f), z €U, ¢ €U, where Re v > 0.
If pe H*a,n, )N Q" p(z,() + %zp’z(z, ¢) is univalent in U x U and

where q(z,() =

1 1 _
Q(ZaC) + ;Zq;(Z,C) <= p(Z7C) + §Zplz (27C)7 KAS Ua C S U:
then B
q(z,¢0) << p(2,¢), =z€U CeU,
where q(z,() = L5 fozh(t,g“)t%_ldt, z € U, ¢ € U. The function q is the best

subordinant.

2. MAIN RESULTS

Definition No. 5 [2/ Let m € NU {0}. Denote by SR™ the operator given by
the Hadamard product (the convolution product) of the extended Salagean operator
S™ and the extended Ruscheweyh operator R™, SR™ : AZ — .AZ,

SR™f(z,¢) = (8"« R"™) f (2,) .

Remark No. 4 [2] If f € Af, f(2,0) = 2+ 729 a; (C) 2, then SR™f (2,() =
z+ Z;’iQ C;’fﬂ_ljma? ()2, z€U ¢eU.

Theorem No. 1 Let h(z,() be a convezr function in U x U with h(0,{) = 1.
Letm €N, f(z,¢) € AL, F(2,0) = L. (f) (2,¢) = &% [{t°f (t,Q)dt, z € U, C € U,
Rec > —2, and suppose that (SR™f (2,¢))., is univalent in U x U, (SR™F (2,()), €
H*[1,1,{]NQ* and

h(z,¢) << (SR™f(2,€))., z€U, ¢CeU, (1)

then
q(2,() =< (SR™F (2,¢))., z€U, CeU,

z’
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where q(z,{) = chfz o h(t,Q)ttdt. The function q is convex and it is the best
subordinant.

Proof. We have
AHF (0 = (c+2) [ o d
0

and differentiating it, with respect to z, we obtain (c¢+ 1) F (2,¢) + 2F.(2,{) =
(c+2)f(2¢) and

(c+1)SR™F (2,() + 2 (SR™F (2,¢)). = (c+2) SR™f (2,(), z€U, ¢CeU.

Differentiating the last relation with respect to z we have

(SR™F (). + —

57 (SR™F (2,0))% = (SR™f (2,())., z€U, C€U. (2)

z)

Using (2), the strong differential superordination (1) becomes

h(z,¢) << (SR™F (2,0)). +

4 2 (SRMP (2,O)a 3)

22

Denote o
p(z¢) = (SR™F (2,(),, z€U, ¢eU. (4)

Replacing (4) in (3) we obtain

1 /
z
C_|_2pz

h(z,¢) << p(z¢)+ (z,¢), zeU Cel.

Using Lemma 1 for n =1 and v = ¢+ 2, we have

q(2,) <=<p(2,¢), z€U, CeU, ie. q(z,¢) << (SR"F (2,¢))., z€U, (€U,

z?

where ¢(z,() = ;‘E OZ h(t,()tt1dt. The function ¢ is convex and it is the best
subordinant.

Corollary No. 1 Let h(z,() = w, where f € [0,1). Let m € N,

f(Z7C) € AZ‘? F(27C) =1 (f) (ng) = 51121 foztcf (t7 C) dt, ze U, ¢ € Ua Rec > =2,
and suppose that (SR™f (z,())’, is univalent in U xU, (SR™F (2,¢))., € H*[1,1,¢]N
Q* and

h(z,¢) << (SR™f (2,¢))., ze€U, ¢cU, (5)

then B
q(2,¢) =< (SR™F (2,()),, z€U (€U,
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where q is given by q(z,{) = 26 — ( + %%25) o f:lldt, 2 €U, ¢eU. The
function q is convex and it is the best subordinant.

Proof. Following the same steps as in the proof of Theorem 1 and considering
p(z,¢) = (SR™F (2,())’, the strong differential superordination (5) becomes

h(z,C)zm <<p(z,<)+ci2

/ J—
1+ 2 zpl (2,(), z€U Cel.

By using Lemma 1 for n = 1 and v = ¢+ 2, we have ¢(z,() << p(z,(), i.e

c+2 [ c+2 [F14+ (28 -0t
=— | hOtdt = / et de

+2)(1+¢—2B) [* tet! " , —
:25—(4—(6 )(zc+2 )/0 t+1dt<< (SR™F (2,¢)),, =z€U CeU.

The function ¢ is convex and it is the best subordinant.

Theorem No. 2 Let q(z,() be a convez function in U x U and let h(z,() =
q(z,¢) + c%zqg (2,¢), where z € U, ¢ € U, Rec > —2. Let m € N, f(z,() €
AL F(2,0) = 1.(f) (2,0 = %Etcf (t,¢)dt, z € U, ¢ € U, and suppose that
(SR™f (2,€)). is univalent in U x U, (SR™F (2,()). € H*[1,1,{] N Q* and

h(z,¢) << (SR™f(2,0)),, z€U, CeU, (6)
then B
q(2,¢) << (SR™F (2,¢))., z€U, ¢eU,
where q(z,() = chfg fo (t,O)tetdt. The function q is the best subordinant.

Proof. We obtain that
SUE (G = (e+2) [ 00 dn (7)
0

Differentiating (7), with respect to z, we have (¢ + 1) F (z,()+zF. (2,{) = (¢ +2) f (2,()
and

(c+1)SR™F (2,{) +2 (SR™F (2,0)). = (c+2)SR™f (2,¢), z€U, (€U. (8)

Differentiating (8) with respect to z we have

(SR™F (2,())., Z2(SR™F (2,0))": = (SR™f (2,0))., =2€U, CeU. (9)

z)

+2
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Using (9), the strong differential superordination (6) becomes

h(Z7C) = Q(ng) + Zq,{z (27C) <= (SRmF (Z’C))I + Z(SRmF (Z’C))HZ :

c+2 e 4+2 z
(10)
Denote
p(2,¢) =(SR"F(2,()),, z€U ¢eU. (11)

Replacing (11) in (10) we obtain

h(z,¢) =q(z¢) + 2q, (2,¢) << p(2,¢) + 2p, (2,¢), z€U ¢eU.

c+2 c+2

Using Lemma 2 for n =1 and v = ¢+ 2, we have

q(2,0) ==<p(2,0), z€U, (€U, ie. q(z,() << (SR™F(2,)., zc U, ¢cU,

2
where ¢(z,¢) = 253 [ h(t, ()t 1dt. The function ¢ is the best subordinant.
Theorem No. 3 Let h(z,() be a convex function, h(0,{) = 1. Let m €

N, f(z,¢) € AZ and suppose that (SR™f (2,¢)). is univalent and w €
H*[1,1,¢] NQ*. If

h(z,¢) << (SR™f (2,¢))., =z€U, (€T, (12)
then o pm
q(z,¢) == R";(Z’O, zeU, ¢el,

where q(z,¢) = 1 [ h(t,)dt. The function q is convex and it is the best subordinant.

Proof. Consider
SR™ f(z, 2520 O j1d™ a3 Q)27 . i
p(Z,C): R Zf(Z<):Z j=2 +Z] 17 a5(6)= :1‘1‘2;}220%4,]71]7”@?(45)'2] 1‘
Evidently p € H*[1,1,].
Differentiating with respect to z, we obtain p (z,¢) +2p, (2,¢) = (SR™f (2,¢))., .
Then (12) becomes

By using Lemma 1 for n =1 and v = 1, we have

020 <<p(0), €U, CeT, ie 50 =< LB ey cep,
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where g(z,¢) = 1 [ h(t,¢)dt. The function g is convex and it is the best subordinant.

Corollary No. 2 Let h(z,() = % be a convex function in U x U, where

0< B <1 Letme NU{0}, f(2() € A; and suppose that (SR™f (z, Q). is
univalent and w eH [1,1,{nQ*. If

h(z,¢) << (SR™f(2,¢))., =z€U C€U, (13)
then o pm
q(z,¢) << RJ;(Z’O, 2el, (el

where q is given by q(z,{) =268 —( + w In(1+2),2z€U, ¢e€U. The function
q 1s convexr and it is the best subordinant.

Proof. Following the same steps as in the proof of Theorem 3 and considering

p(z,¢) = %, the strong differential superordination (13) becomes
1+ (28—-()z _
h(Z,C):g_i_Zo _<_<p(Z7C)+Zp/z(Z7C>7 Z€U7 <€U

By using Lemma 1 for n = 1 and v = 1, we have ¢(z,() << p(z,(), i.e.

1 1180t
o0 =7 [Tniear =1 [

SR™f (2,4)

In(1+42) << =720, z€U, (el

IYIPRRET S

The function ¢ is convex and it is the best subordinant.

Theorem No. 4 Let q(z,() be convex in U xU and let h be defined by h (2,() =
q(2,0) +2¢. (2,¢). If m € NU{0}, f(2,() € A7, suppose that (SR™f (2,Q)). is

univalent, w € H*[1,1,{] N Q* and satisfies the strong differential superor-
dination

h(z,0) = q(2,0) +2d. (2,0) =< (SR™f (2,()),, =2€U (€U, (14)

then

4(2,¢) <= SRm];(Z’C), zel, Cel,

where q(z,() = %foz h(t,C)dt. The function q is the best subordinant.
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Proof. Let
™ f(z, 27 Oy 1d™ a3 (0% , i
p(Z,C):SR Z(z():z j=2 +Z] 17™Ma;(¢)2 _1+2J2 o ljma?(oz] 1
Evidently p € H*[1,1,(].
Differentiating with respect to z, we obtain p(z, ¢) + 2p.(z,¢) = (SR™f (2,¢)).,,
z €U, ¢ €U, and (14) becomes

Using Lemma 2 for n = 1 and v = 1, we have

q(z,¢) << p(2,0), zeU CeU, ie.
020 = 1 [ noan << TLED ey ce
0

and ¢ is the best subordinant.

Theorem No. 5 Let h(z,() be a convez function, h(0,{) = 1. Let m € NU
{0}, f(2.¢) € A} and suppose that (%fl{;gg@)z is univalent and %}m €
H 1, 1,{neQ" If

2SR (2,0 —
h(z,¢) «( SR f (.0) ) zeU, Cel, (15)
then -
q(z,¢) << L ALY zeU, ceU,

SR™f (2,¢)
where q(z,¢) = % fOZ h(t,C)dt. The function q is convex and it is the best subordinant.

Proof. Consider
SRMHLf(z,0) 2250, CI,’ZI}J’"“ 2027 142, O a2 ()2

p(Zyo = SRmf(%C) - Z+ZJ 5 mﬂ 13 aj (g)zj - 1+Z?020m+] 1J as (OZJ 1-
Evidently p € H*[1,1,].

SR™HLf(2,0)) SR™f(2,0)).
We have pl, (z,() = W -p(2,)- G Slj%mj}((zi)))z and p (z, () +2p% (2,() =
<zSRm+1f(z,<:))’
SRf(z0) ),

Then (15) becomes

h(z,¢) << p(z,¢) + 2p.(2,¢), =z2€U CeU.
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By using Lemma 1 for n = 1 and v = 1, we have

SR™f (2,¢)

q(2,0) =< p(2,0), z€U, €U, ie. q(z,() <= SR f (2,0)

,2z€eU, CeU,

where ¢(z,() = % foz h(t,¢)dt. The function g is convex and it is the best subordinant.

Corollary No. 3 Let h(z,() = % be a convex function in U x U, where

- /
0< B <1 Letme NU{0}, f(z() € AZ and suppose that (%)Z 18
univalent, SRMT(2.0) eH [1,1,{NnQ* If

SR™ f(z,0)
m—+1 /
h(z,¢) <= (Zi]j%;f {Z(,ZC’)O>Z7 zeU, CeU, (16)
then _—
q(z,¢) << SRT=G) el CceU,

SR™f(2,¢)

where q is given by q(z,{) =28 —( + w In(1+2),z€U, ¢ecU. The function
q 1s convexr and it is the best subordinant.

Proof. Following the same steps as in the proof of Theorem 5 and considering
p(z,¢) = M, the strong differential superordination (16) becomes

_1+(@28-0)z

h(z,() = T+ <=<p(z,() +2p.(2,(), =z€U ¢eU.

By using Lemma 1 for n = 1 and v = 1, we have ¢(z,() << p(z,(), i.e.

1 114280t
Q(Z7C)—Z/0 h(taC)dt—Z/O 1—+tdt

¢—2p

m—+1
:2B—C+1+Z SE™f (2,0)

SR™f(2,0)

The function ¢ is convex and it is the best subordinant.

In(1+z) << zeU, ¢eU.

Theorem No. 6 Let q(z,() be conver in U xU and let h be defined by h (z,() =

!/

2 m+1 2 .
q(2,C0) + 2¢. (2,¢) . If m € NU{0}, f(z,() € A}, suppose that (%) is

z
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m—+1
univalent, %ﬁ;’o € H*[1,1,{] N Q* and satisfies the strong differential super-

ordination

ZSR™f (2,C)
SR™f (z,¢)

h(z,c>=q<z,c>+zq;<z,o<<< ) LeU. (el (1)

SR™1f (2,¢)
SR™f(2,¢)
where q(z,() = %foz h(t,C)dt. The function q is the best subordinant.

q(z,¢) =< 2eU, CeU,

Proof. Let
p(z C) _ SR™H1f(2,¢) _ 243052, C;’;Lljmﬂa?(g)zj _ 143772, Cgi;jmﬂa?(g)zjﬂ
’ SR™ f(z2,¢) 24350, O g™ a3 Q)2 Y5, Oy 1d™maz (€)29 71"
Evidently p € H*[1,1,].
2SR™H1F(2.0) )’

Differentiating with respect to z, we obtain p(z, () +2p’(z,¢) = (W
z €U, ¢ €U, and (17) becomes

)
z

q(z,¢) + 242(2,C) == p(2, Q) +2p. (2,¢), 2€U, CeU.
Using Lemma 2 for n =1 and v = 1, we have
q(2,¢) == p(2,(), 2€U, (€U, ie

Z m—+1
q(z,¢) = 1/0 ht, )t << 2T S (20)

- SRmf(z,g)’ZeU’CGU’

and q is the best subordinant.

Theorem No. 7 Let h(z,() be a convez function, h(0,{) = 1. Let m € NU{0},
f(z,¢) € A and suppose that LSR™T1f (2,() is univalent and (SR™f (2,()), €
H*[1,1,{NnQ*. If

heQ) << LSE™f(5,0),  z€U, CET, (18)

then
q(z,¢) << (SR™f (2,()),, =z€U ¢eU,

where q(z,¢) = :}ntll o h(t,Q)t™dt. The function q is convex and it is the best sub-
ordinant.

Proof. With notation p (2,¢) = (SR™f (2,()), = 1—1—23-";2 C’;’;‘H_ljm*la? (¢) 277t
and p (0,¢) = 1, we obtain for f(z) =z + 3725 a; (¢) 27, p(2,¢) + 7iq20% (2,) =
L1SR™HLf (2,(). Evidently p € H*[1,1,(].
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Then (18) becomes

h(Z’C) <= p(Z7<) + Zp{z(va)u z € U’ C € U

m+1

By using Lemma 1 for n = 1 and v = m + 1, we have

where q(z,¢) = 2% [“h(t,()t™dt. The function ¢ is convex and it is the best

subordinant.

Corollary No. 4 Let h(z,() = % be a convex function in U x U, where
0<pB <1 LetmeNU{0}, f(z() € A% and suppose that %SRme(z,C) is

univalent and (SR™f (2,()). € H*[1,1,{] N Q*. If

heQ) << SR (5,0),  z€U, CET, (19)

then
q(2,¢) <= (SR™f (2,¢))., z€U (€U,

z)

where q is given by q(z,() = 26 — ¢ + % OZ %dt, zeU ¢eU. The
function q is convex and it is the best subordinant.

Proof. Following the same steps as in the proof of Theorem 7 and considering
p(2,¢) = (SR™f (2,())., the strong differential superordination (19) becomes

:1+(2ﬁ—C)z 1 ,

h(z,Q) T2 <<p(z,<)+m+1zpz

(2,¢), =z€U ¢eU.

By using Lemma 1 for n =1 and v = m + 1, we have ¢(z,() << p(z,(), i.e.

_m+1 ? m _’I?’L—|—1 Zm1+(2ﬁ_C)t
14¢—2 1) [* 7 , _
_og_ ¢4 UHE Zmi)l(m+ )/0 L dt << (SR™f (2.0),, =€V, CeT.

The function g is convex and it is the best subordinant.

Theorem No. 8 Let q(z,() be conver in U xU and let h be defined by h (z,() =
q(2,¢) + g2 (2,¢) . If m e NU{0}, f (2,¢) € A}, suppose that 2SR™ 1 f (2, ()
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is univalent, (SR™f (2,¢))., € H*[1,1,{] N Q* and satisfies the strong differential
superordination

h('z7 C) =q (27 C) +

then

/ 1 m—+1 TT
ol (5,Q) << SSR™F (5.0), z€U. CeT, (20)
q(2,¢) << (SR™f (2,¢)), z€U, ¢eUl,
where q(z,() = ;’}ntll OZ h(t,)t"™dt. The function q is the best subordinant.

Proof. Let p(2,¢) = (SR™f (2,0)), = 1+ 22, O, j™a? (¢) 251,

J
Differentiating with respect to z, we obtain p(z, C)+#Hzp;(z, () = %SRerlf (2,0),
z €U, ¢ € U, and (20) becomes

Zplz(ZaC% ZGU,CEU.

q(z,¢) + 2q.(2,¢) << p(2,¢) +

m—+ 1 m—+1

Using Lemma 2 for n =1 and v = m + 1, we have

q(2,¢) =< p(2,0), z€U CeU, i.e.
q(2,¢) = er1/Zh(t, Ot"dt << (SR™f (2,¢))", z€U, (e,
0

Zm+1

and ¢ is the best subordinant.
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