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ON SOME CONTACT METRIC STRUCTURES ON
HYPERSURFACES IN A KHLERIAN MANIFOLD

Ahmad Abu-Saleem and Galina Banaru

Abstract. We consider almost contact metric hypersurfaces in Khlerian mani-
folds. Some results detail and make more precise the data on almost contact metric
structures on hypersurfaces in Hermitian and special Hermitian manifolds.
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1. INTRODUCTION

It is known that the theory of almost contact metric structures is very important
in modern differential-geometrical researches. It is due to a number of applications of
the theory of almost contact metric structures in mathematical physics (for example,
in classical mechanics [5] and in theory of geometrical quantization [13]). Further-
more, we mark out the riches of the internal contents of this theory as well as its
close connection of this with other sections of differential geometry (for example,
with theory of almost complex and almost Hermitian manifolds).
We recall that an almost contact metric structure on an odd-dimensional manifold
N is defined by the system of tensor fields {Φ, ξ, η, g} on this manifold, where ξ is
a vector field, η is a covector field, Φ is a tensor of the type (1, 1) and g = 〈·, ·〉 is
a Riemannian metric. Moreover, the following conditions are fulfilled:

η(ξ) = 1,Φ(ξ) = 0, η ◦ Φ = 0,Φ2 = −id+ ξ ⊗ η,

〈ΦX , ΦY 〉 = 〈X , Y 〉 − η(X)η(Y ), X, Y ∈ ℵ(N),

where ℵ(N) is the module of smooth vector fields on N. As an example of an al-
most contact metric structure we can consider the cosymplectic structure that is
characterized by the following condition:

∇η = 0, ∇Φ = 0,
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where ∇is the Levi-Civita connection of the metric. It has been proved that the
manifold, admitting the cosymplectic structure, is locally equivalent to the product
M ×R, where M is a Khlerian manifold [15].
The nearly cosymplectic structure is another important example of an almost contact
metric structure. We recall that the nearly cosymplectic structure is defined by the
following condition [10], [11]:

∇X(Φ)Y +∇Y (Φ)X = 0,∇X(η)Y +∇Y (η)X = 0, X, Y ∈ ℵ(N).

The almost contact metric structures are closely connected to the almost Hermitian
structures. For instance, if (N, {Φ, ξ, η, g}) is an almost contact metric manifold,
then an almost Hermitian structure is induced on N×R [9]. If this almost Hermitian
structure is integrable, then the input almost contact metric structure is called
normal. As it is known, a normal contact metric structure is called Sasakian [9].
On the other hand, we can characterize the Sasakian structure by the following
condition:

∇X(Φ)Y = 〈X,Y 〉 ξ − η(Y )X,X, Y ∈ ℵ(N). (1)

For example, Sasakian structures are induced on totally umbilical hypersurfaces in
a Khlerian manifold [9]. As it is well known, the Sasakian structures have many
remarkable properties and play a fundamental role in contact geometry.
In 1972 Katsuei Kenmotsu has introduced a new class of almost contact metric
structures [14], defined by the condition

∇X(Φ)Y = 〈ΦX,Y 〉 ξ − η(Y )ΦX,X, Y ∈ ℵ(N). (2)

The Kenmotsu manifolds are normal and integrable, but they are not contact, con-
sequently, they can not be Sasakian. V.F. Kirichenko has noted that in spite of
the fact that the conditions (1) and (2) are similar, the properties of Kenmotsu
manifolds are to some extent antipodal to the Sasakian manifolds properties [16].
Remark that the investigation [16] in this field contains a detailed description of
Kenmotsu manifolds as well as a collection of examples of such manifolds.
In the present paper, almost contact metric hypersurfaces in Khlerian manifolds
are considered. This note is a continuation of researches of the authors (for ex-
ample, see [1], [2], [4]). We remark that the class of Khlerian manifolds is the
most important class of almost Hermitian manifolds [12]. As it is known, all Cray-
Hervella classes of almost Hermitian manifolds (among them nearly Khlerian, almost
Khlerian, Hermitian and locally conformal Khlerian manifolds) include the class of
Khlerian manifolds.
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2.PRELIMINARIES

We consider an almost Hermitian manifold M2n, i.e. a 2n-dimensional manifold
with a Riemannian metric g = 〈·, ·〉 and an almost complex structure J. Moreover,
the following condition must hold:

〈JX, JY 〉 = 〈X, Y 〉 , X, Y ∈ ℵ(M2n),

where ℵ(M2n) is the module of smooth vector fields on M2nAll considered manifolds,
tensor fields and similar objects are assumed to be of the class C∞. We recall that
the fundamental (or Khlerian) form of an almost Hermitian manifold is determined
by

F (X, Y ) = 〈X, JY 〉 , X, Y ∈ ℵ(M2n).

Let
(
M2n, { J, g = 〈·, ·〉}

)
be an arbitrary almost Hermitian manifold. We fix a point

p ∈M2n. As Tp(M
2n) we denote the tangent space at the point p, {Jp, gp = 〈·, ·〉} is

the almost Hermitian structure at the point p induced by the structure {J, g = 〈·, ·〉}.
The frames adapted to the structure (or the A-frames) look as follows (p, ε1 , . . . , εn, ε1̂ , . . . , εn̂ ),
where εa are the eigenvectors corresponded to the eigenvalue i =

√
−1, and εâ are

the eigenvectors corresponded to the eigenvalue −i [3]. Here the index a ranges from
1 to n, and we state â = a+ n.
The matrix of the operator of the almost complex structure written in an A-frame
looks as follows: (

Jkj

)
=

(
iI n 0

0 −iI n

)
,

where In is the identity matrix; k, j = 1, . . . , 2n. By direct computing, it is easy
to obtain that the matrices of the metric g and of the fundamental form F in an
A-frame look as follows, respectively:

(gkj) =

(
0 In
In 0

)
, (Fkj) =

(
0 iI n

−iI n 0

)
.

An almost Hermitian manifold is called Khlerian, if

∇ F = 0.

The first group of the Cartan structural equations of an almost Hermitian manifold
(or an AH-manifold) written in an A-frame looks as follows [3]:
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d ωa = ωab ∧ ωb + Bab
c ωc ∧ ωb + Babc ωb ∧ ωc ;

andd ωa =
−ωba ∧ ωb + Bc

ab ωc ∧ ωb + Babc ω
b ∧ ωc ,

where
{
Bab
c

}
,{Bc

ab} are the components of the Kirichenko virtual tensors and

{ Babc } ,{ Babc } are the components of the Kirichenko structural tensors of M2n[3],
a, b, c = 1, ..., n.

3.THE MAIN RESULTS

Theorem 1. The first group of the Cartan structural equations of an almost
contact metric structure on a hypersurface N in a Khlerian manifold M2n is the
following:

dωα = ωαβ ∧ ωβ + iσαβω
β ∧ ω + iσαβωβ ∧ ω,

dωα = −ωβα ∧ ωβ − iσβαωβ ∧ ω − iσαβωβ ∧ ω,

dω = −2iσαβω
β ∧ ωα + iσnβ ω ∧ ωβ + iσβnω ∧ ωβ.

Proof. Let us use the Cartan structural equations of an almost contact metric
structure on a hypersurface in an almost Hermitian manifold [4]:

dωa = ωab ∧ ωb + Bab
c ωc ∧ ωb + Babc ωb ∧ ωc + (

√
2Ban

b +

+ iσab )ωb ∧ ω + (−
√

2 B̃nab − 1√
2
Bab
n −

1√
2
B̃abn + i σan)ωb ∧ ω ;

dωa = −ωba ∧ ωb + Bc
ab ωc ∧ ωb + Babc ω

b ∧ ωc + (
√

2Bb
an − iσba)ωb ∧ ω+

+ (−
√

2 B̃nab −
1√
2
B̃abn −

1√
2
Bn
ab − i σab)ω

b ∧ ω ; (3)

dω =
√

2Bnab ω
a∧ωb +

√
2Bnab ωa∧ωb +

(√
2Bna

b −
√

2Ba
nb − 2i σab

)
ωb∧ωa +
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+
(
B̃nbn + Bn

nb + i σnb
)
ω ∧ ωb +

(
B̃nbn + Bnb

n − i σbn

)
ω ∧ ωb .

Here and further the indices α, β, γ range from 1 to n− 1.
Taking into account that an almost Hermitian structure is Hermitian (i.e. an

integrable structure) if and only if its Kirichenko structural tensors vanish [3]

Babc = 0 , Babc = 0 ,

we can get from 3:

dωα = ωαβ ∧ωβ +Bαβ
γ ωγ ∧ωβ +

(√
2Bαn

β + iσαβ

)
ωβ ∧ω+

(
− 1√

2
Bαβ
n + iσαβ

)
ωβ ∧ω,

dωα = −ωβα∧ωβ+Bγ
αβωγ∧ω

β+
(√

2Bβ
αn − iσβα

)
ωβ∧ω+

(
− 1√

2
Bn
αβ − iσαβ

)
ωβ∧ω,

dω =
(√

2Bnα
β −

√
2Bα

nβ − 2iσαβ

)
ωβ∧ωα+

(
Bn
nβ + iσnβ

)
ω∧ωβ+

(
Bnβ
n − iσβn

)
ω∧ωβ.

Now, we use M. Banaru-Kirichenko conditions for a Hermitian structure to be Khle-
rian [8]:

Bab
c = 0 , Bc

ab = 0 .

So, we obtain

dωα = ωαβ ∧ ωβ + iσαβω
β ∧ ω + iσαβωβ ∧ ω,

dωα = −ωβα ∧ ωβ − iσβαωβ ∧ ω − iσαβωβ ∧ ω, (4)

dω = −2iσαβω
β ∧ ωα + iσnβ ω ∧ ωβ + iσβnω ∧ ωβ.

Theorem 2. The almost contact metric structure on a hypersurfaceN in a Khlerian
manifold M2n is Kenmotsu if and only if the matrix of the second fundamental form
of the immersion of N intoM2n looks as follows:
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(σps) =



0
0
. . .
0

0

0 . . . 0 λ 0 . . . 0

0
0
. . .
0

0


. (5)

Proof. Let us use the Cartan structural equations of a Kenmotsu structure [16]:

dωα = ωαβ ∧ ωβ + ω ∧ ωα,

dωα = −ωβα ∧ ωβ + ω ∧ ωα,

dω = 0.

From these structural equations and 4 we conclude the conditions, whose simulta-
neous fulfillment is a criterion for the structure on N to be Kenmotsu:

1)iσαβ = −δαβ , 2)iσαβ = 0, (6)

3)2iσαβ = 0, 4)iσβn = 0

and the formulae obtained by complex conjugation (no need to write them ex-
plicitly).
From 6 and 6 we have:

σαβ = 0.

From 6 and 6 we have:

σαβ = 0, σβn = 0.

So, besides σnn , the rest of components of the second fundamental form of the
immersion of N into M2n vanish. That is why the matrix of the second fundamental
form of a Kenmotsu. hypersurface in a Khlerian manifold looks as 5,
Theorem 3. The following propositions on a Kenmotsu hypersurface N in a

Khlerian manifold M2n are equivalent:
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1. N is a totally umbilical hypersurface;

2. N is totally geodesic hypersurface;

3. N is a minimal hypersurface.

Proof. Now, let us use a criterion of the minimality of an arbitrary hypersurface
[17]:

gpsσps = 0, p, s = 1, ..., 2n− 1.

Knowing how the matrix of the contravariant metric tensor on N looks [2], [7]:

(gps) =



0
0
. . .
0

In−1

0 . . . 0 1 0 . . . 0

In−1

0
. . .
0

0


, (7)

we obtain:

gpsσps = gαβσαβ+gα̂β̂σα̂β̂+gα̂βσα̂β+gαβ̂σαβ̂+gnnσnn = gα̂βσα̂β+gαβ̂σαβ̂+gnnσnn.

By force of Theorem B we get:

gpsσps = gnnσnn = 1 · λ = λ.

That is why

gpsσps = 0 ⇔ λ = 0.

As the condition λ = 0 holds if and only if the matrix (σps) vanish, we conclude
that this condition is a criterion for N to be a totally geodesic hypersurface in
M2n. Taking into account how the matrices (σps) and (gps) look, no doubt that the
fulfillment of the equality

σps = µ gps, µ− const

is possible if and only if λ = 0.
So, the propositions (I), (II) and (III) are equivalent.
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As it is well-known (see, for example, [18] or [19]), when we give a Riemannian
manifold and its submanifold, the rank of the determined second fundamental form
is called the type number. Considering the matrix of the second fundamental form
of a Kenmotsu hypersurface in a Khlerian manifold, it is easy to see that

T = rank (σps) ≤ 1.

That is why we can state the additional result of this paper:
Theorem 4. The type number T of a Kenmotsu hypersurface in a Khlerian manifold
is at most one.
We note that the case T = 0 corresponds to a minimal totally geodesic Kenmotsu
hypersurface in a Khlerian manifold as well as the condition T = 1 holds precisely
when such a hypersurface is not minimal.

Now, we consider a Sasakian hypersurface N in a Khlerian manifoldM2n. Let
us use the Cartan structural equations of a Sasakian structure [20]:

dωα = ωαβ ∧ ωβ + iδαβ ω ∧ ωβ,

dωα = −ωβα ∧ ωβ − iδβα ω ∧ ωβ,

dω = −2iωα ∧ ωα.

From these structural equations and 4 we conclude the conditions, whose simulta-
neous fulfillment is a criterion for the structure on N to be Sasakian:

1)σαβ = −δαβ , 2)σαβ = 0, 3)iσβn = 0 (8)

and the formulae obtained by complex conjugation (no need to write them explic-
itly).
From 8 we get:

σαβ = 0.

From 8 we get:

σβn = 0.

So, besides σnn , the rest of components of the second fundamental form of the
immersion of N into M2n vanish. We obtain that the matrix of the second funda-
mental form of a Sasakian hypersurface in a Khlerian manifold looks as 5. We have
proved the following.
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Theorem 5. The almost contact metric structure on a hypersurfaceN in a Khlerian
manifold M2n is Sasakian if and only if the matrix of the second fundamental form
of the immersion of N into M2n looks as 5.
Using again the criterion of the minimality of a hypersurface [17] gpsσps = 0, p, s =
1, ..., 2n− 1 , we conclude gpsσps = 0 ⇔ σnn = 0 ⇔ λ = 0 . So, the equality
λ = 0 is the necessary and sufficient condition of the minimality for a Sasakian
hypersurface in a Khlerian manifold. Therefore we can state the following result.
Theorem 6. The following propositions on a Sasakian hypersurface N in a Khle-

rian manifold M2nare equivalent:

1. N is a totally umbilical hypersurface;

2. N is totally geodesic hypersurface;

3. N is a minimal hypersurface.

Similarly, considering the matrix of the second fundamental form (σps) of the im-
mersion of a Sasakian hypersurface in a Khlerian manifold (see (6)), we observe that
T = rank (σps) ≤ 1. So, we get the following Theorem.
Theorem 7. The type number T of a Kenmotsu hypersurface in a Khlerian mani-
fold is at most one.
Remark. As it is evident from the proof of Theorems 3 and 6, the condition of
the minimality of a Kenmotsu or Sasakian hypersurface in a Khlerian manifold is
equivalent to σnn = λ = 0. However, σnn = 0 means that

σ(ξ, ξ) = 0. (9)

We note that this condition 9 is a criterion for a minimality of Kenmotsu or Sasakian
hypersurface in a W3-manifold [2], [6].
Returning to mentioned V.F. Kirichenko remark [16] about of the contrast of the
Kenmotsu and Sasakian manifolds properties, we respectfully object to this state-
ment. Namely, we mark out that the Theorems 5,6 and 7 are perfect analogs for
Theorems 2,3 and 4 , respectively. The similarity of the conditions 1 and 2 that
determine the Sasakian and Kenmotsu structure, respectively, in certain cases im-
plies to some extent the similarity of some properties of these structures. The above
mentioned results for almost contact metric hypersurfaces in Khlerian manifolds are
a confirmation to this statement.
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